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The linear dimensions and shape of an elastic twin in calcite, produced under the action of a 
concentrated load, have been measured. The linear dimensions are proportional to the load, 
and the area of the twin surface is proportional to the work done by the deforming stress. 


1. STATEMENT OF THE PROBLEM 


Caysrars of the mineral calcite belong to the 
trigonal class. They possess a highly perfected 
cleavage. A calcite crystal bounded by cleavage 
planes has the shape of a rhombohedron whose 
three obtuse angles about the three-fold symmetry 
axis are equal to 101°52’ (Fig. 1). A calcite crys- 
tal is shown in profile in Fig. 2. It has long been 
known (even in the days of Huygens!) that under 
a tangential stress, as indicated in Figs. 1 and 2, 
a calcite crystal shifts into a twinned configuration 
(see Figs. 2 and 3). The plane EGHK is the boun- 
dary separating the two crystals, parent and twin. 
The latter is the mirror image of the parent crys- 
tal in the plane EGHK. The angle AEA, (Fig. 2) 
is 38°04’; half of this angle is equal to 19°02’. 

Kelvin has suggested that mechanical twinning 
proceeds as follows (see Fig. 2): The crystal has 
two states of stable equilibrium. At first, under 
the action of the tangential stress, the angle A’ 
approaches a right angle, then attains the value 
90°, after which the crystal switches over into 
the symmetrical twinned configuration. 

Voigt? measured the tangential stress at which 
the twinning transformation occurs in a calcite 
crystal and obtained the figures 3200 and 7500 
g/mm?; these are very low values, which give 

_angle changes of 4.4’ for the first figure and 10.4’ 
for the second, and for which the deformation is 


FIG. 1. A rhombohedron of 
calcite, bounded by cleavage 
planes. 


FIG, 2. Calcite rhombo- 
hedron, profile view. The upper ea 4 
part of the crystal is brought to 
the twinned configuration by 
the load F; GE is the twinning 
plane, A, is the new position of 
point A after twinning. 


FIG. 3. The twinned calcite crys- 
tal. GHKE is the twinning plane, 
A,B, is the new position of the edge 
AB of Fig. 1 after twinning. 
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within the limits of Hooke’s law. This fact is 
common to all types of crystal rupture: rupture 
occurs at stresses that are several orders lower 
than those which follows from any theory. 

As is known, Garber!*? found a way out of this 
contradiction. The point is that mechanical twin- 
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F FIG. 4. Elastic twin (ac- 
cording to Garber '). 


Ff FIG. 5. Diagram of an elastic 

twin. /— coordinate in the direction 

of the length, J, — total length of 

the twin, b/2 — coordinate in the 

direction of the breadth, b, — total 

= width of the twin, h/2 — coordinate 
in the direction of the thickness, 


= 


FIG. 6. Preparation of the 
thombohedron of calcite, de- 
picted in Fig. 1, for the ex- 
periment. 
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ning in calcite proceeds not according to the 
scheme of Fig. 2, but in the following manner 
(Fig. 4): At first, at the point of application of 

the force F, a twin lamella is formed, whose 
length 7), breadth by and thickness hy) grow 

(or contract) with increasing (or decreasing ) 
load F. If the load F is removed, then the twin 
lamella disappears entirely. The shape of an 
elastic twin, obtained on the basis of the present 
work, is shown schematically in Fig. 5, in which 
the scale of thickness is taken three orders larger 
than the scale of 1 and b. This formation, called 
elastic twin, becomes under a sufficiently large 
applied load a residual twin — a twin lamella, 
which fills the entire crystal and which, upon 
further increase of the load F, grows in breadth 
in an irreversible manner. Upon removal of the 
load, h and b do not decrease. Garber* meas- 
ured the tangential stress necessary to increase 
the thickness of a residual twin lamella and ob- 
tained values from 50 to 400 g/mm? (reference 5). 
As to any measured values that characterize elas- 
tic twins, we have no corresponding figures. The 
object of the present work is to obtain the values 
that characterize an elastic twin. 


2. ARRANGEMENT AND OBJECT OF THE 
EXPERIMENT 


We prepared a calcite crystal for experiment 
in the following manner: 


V. OBREIMOV and V. I. 


h, — maximum thickness of the twin. 
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FIG. 7. Further preparation of the 
calcite prism beA'd’ — Adb’c’, de- 
picted in Fig. 6, for the experiment. 


FIG. 8. Diagram of the apparatus. The crystal a,a,a,a, is 
held in the vise. A piece of soft iron C is attracted to the 
electromagnet and through the lever provides a localized load 
on the calcite crystal. S) light source, F) filter, L) lens, 

P) polarizer, O) objective which projects the image of the twin 
onto a photographic plate. 


(1) The facets CBD’A’ and ADB’C’ were cut 
away with a fine cutter on a milling machine to 
form the two faces cbd’A’ and dAb’c’, perpendic- 
ular to the edge BA (Fig. 6). These faces were 
ground and polished. (After further working, the 
crystal was clamped with the face dAb’c’ on the 
underside of the upper stage of a press, the pres- 
sure being exerted by balls of various diameters 
on the lower face cbd’A’.) i 

(2) The dihedral corners b’dA and b’c’A were 
cut off by planes parallel to the edges c’d’ and ed 
and perpendicular to the major diagonal de’ (Fig. 7). 
These planes too were ground and polished. The 
crystal was illuminated through one of these and 
the elastic twin was observed through the other. 
Finally, the dihedral corners Ab and A’b’ (Fig. 7) 
were cut away. The parallelopiped ayb,b.a,asbsbya,4 
obtained became the object of further experiments. 
The specimen was clamped in a vise so that the 
face a,a,a3a, was on the bottom (Fig. 8). The 
pressure was produced by a punch, the end of which 
was rounded off in the form of a hemisphere. The 
pressure was brought to bear by a lever of the first 
order. The force on the end of the lever was pro- 
duced by the soft iron core C, which was drawn 
into a solenoid. The force was determined from 
the current, and in reality from the position of the 
Slide of the rheostat that regulated the current. 
The twinned petal was illuminated by a beam of 
parallel light (an automobile lamp at the principal 
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FIG. 9. Construction by means of which Eq. (5) is demon- 
strated. a,b,a,b, is the calcite crystal and the heavy segment 


is the twin lamella, b) its breadth, h) its thickness, i) the angle 


of incidence, r) the angle of refraction, ~) the angle of inci- 
dence of the beam on the twin lamella; y= 90° —r, X’) the 
apparent breadth of the twin. 


focus of the lens L with principal focal distance 
f~ 20cm.). The light passed through an interfer- 
ence filter F, which transmitted the wavelength 

A = 5.88 x 107° cm; the angle of incidence was 27°. 
Experiment and calculations have shown® that with 
normal incidence of light on a twin lamella, there 
must be no reflected light observed at all. The 
optimum reflection is at the 27° angle of incidence 
chosen by us. The image of the elastic twin was 
projected onto a photographic plate by means of 
the objective lens of a binocular microscope (or 
examined directly by eye). On account of the 
double refraction in calcite, two images of the 
petal were obtained. The extraordinary-beam 
image was eliminated by the Nicol prism P, and 
observations were conducted with the ordinary 
beam. We have assumed that the indices of re- 
fraction py and we for the ordinary and extra- 
ordinary beams respectively are equal to:! 


Uo = 1.658; uw. = 1.486. (1) 


With the angle of incidence at 27°, the angle of re- 
fraction for the ordinary beam is 15°53’ and the 
beam is incident on the twin at the angle y (Fig. 9). 


bop = X’2u,.cos 7/sin 2i = 3.945’, (2) 


The image of the twin was covered with interfer- 
ence fringes, through which it was possible to de- 
termine the thickness of the twin according to the 
formula 


2uh cos = nh, (3) 


where h is the thickness of the twin, y% the angle 
of refraction, p the index of refraction of the twin, 
n the number of the interference fringe, and A the 
wavelength of the light, equal to 5.88 x 10°° cm. 
With regard to the quantities » and 7, it must 
be borne in mind that inside the twin the position 
of the optical axis is different than in the parent 
crystal and the beam which is extraordinary inside 
the twin undergoes total internal reflection. Thus, 
inside the twin we have p=); » is equal to the 


ELASTIC TWIN 


IN CALCITE 


745 


1 mm 


n=0.5 
edge of picture 


2 mm 


extrapolation n = 0 


FIG. 10. Photograph of elastic twin 8B-3. The scale of 
measurement is shown at the left. Designation is given at the 
right above the lines. The figure has been cut out of a photo- 
graph, and its external contour has been extrapolated. Above, 
the spherical tip of the steel plunger is indicated. 


angle of incidence, and Eq. (3) yields: 
h = n-5,88-1075/1.658-0.2737 =1n-1.30-10% cm, (4) 


where n is the number of the interference fringe. 

The shape of elastic twin 8B-3 is shown in Fig. 
10. The length of the twin lj) is given by direct 
measurement. The width of the twin by is seen 
in projection. To obtain the true width of the twin, 
it is necessary to multiply its apparent width (X’ 
in Fig. 10) by the amount indicated in the follow- 
ing formula: 


by = X’2Quycosr/sin 2i = 3.945X’, (5) 


which is clear from. Fig. 9, if Eqs. (1), (2) and (4) 
are taken into account. The thickness of the twin 
is given by Eq. (4). 


3. SHAPE AND DIMENSIONS OF AN ELASTIC 
TWIN 


From Fig. 10 it is seen that the length J) and 
breadth by of an elastic twin are in essence quan- 
tities of the same order, while its thickness is 
three orders smaller, Schematically, the shape of 
the twin is given in Fig. 5, in which the scale of 
thickness is magnified 1000 times. Figure 11 shows 
two cross sections of elastic twin 8B-3; J) and by 
are given in millimeters and the thickness hg in 


microns. The results of measurement of twin 8B-3 
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FIG. 11. Results of measurement of twin 8B-3. The solid 
lines are lines for which n = 2.5, 2.0, 1.5, 1.0, 0.5, for the 
right-hand half of the twin. The line n =0 was obtained by 
extrapolation, and is dashed. Above and to the left, cross 
sections through the twin are shown in a different scale than 
that used in the plan drawing of the twin. The solid line shows 
the interpolated contour and the dashed line the extrapolated. 

h = 2.0 x 10°°mm. 


are presented in Table I. In Fig. 11 there is an in- 
determinacy which always occurs in the measure- 
ment of small thicknesses by an interference meth- 
od,namely in gaging the point where n=0. We did 
this by a very unreliable method for want of a bet- 
ter one. Experience in the investigation of optical 
contacts® has shown that the location of the spot 
with thickness h=0 can be determined as follows: 
The distance from the middle of the band n = 0.5 
to the “border” (a very indefinite concept) of the 
interference picture is measured. The vanishing 
point of the interference is assumed to be at a like 
distance beyond the “border” of the interference 
picture. 

We possessed three calcite crystals, Nos. 6, 7, 
and 8. Crystals 6 and 7, were colorless, cleaved 
easily upon twinning by Baumgauer’s method, and 
had mosaic cleavage planes. Crystal No. 8 was of 
light yellow color (probably due to FeCOs dis- 
solved in it) was very perfect and twinned softly 
and easily. The results of measurements anala- 


TABLE I. Dimensions of twin 8B-3: 
I) = 1.95 mm; by = 2.44 mm; 
hy = 1.95 x 1074 cm. Load F = 2.58 kg. 


| b, mm h-10-4, cm 
3.0 0 0 0 | Ao == 1.95 
225 0.11 0,34 0.45 1.63 
2.0 0.15 0,48 0.60 (SO) 
155) On23 0,72 0,93 0,98 
1.0 0.29 0,98 1,14 0,65 
O55 0.36 1,40 ey, Oxo 
0* Oe 2e nee lg==1.95% 09=2.44* Or 

*Extrapolated 
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FIG. 12. Length and 
breadth of twin 6R as a func- 
tion of load. e) values of by, 
x) values of J). 


Q f 2 a 


F, kg 
FIG. 13. Thickness h, of twin 8B as a function the load. 


gous to those presented in Table I are given in 
Figs. 12 and 13. In Fig. 12 the load F is plotted 
along the abscissa while the ordinates of by) are 
marked by dots and those of J) by crosses. It is 
seen that the length and breadth of an elastic twin 
are proportional to the load as has been noted by 
Garber.! In Fig. 13 the value of h is givenasa 
function of F. This last quantity is also seen to 
be proportional to the load. Thus, under the influ- 
ence of a concentrated load, an elastic twin changes 
its dimensions but retains its shape. 

Figures 14 and 15 show the results of measure- 
ments made at different points of crystals Nos. 6, 


10 mm/kg 
08 
—*- O06 
04 
02 
ZCNSKA’ ATEKNA’ 
BMRQ EB! BDU M 
NG N7 


FIG. 14. Results of experiments on crystals No. 6 and 7. 
Values of the quantities d/,/df and db/,/dF (in mm/kg) and 
values of dh,/dF (in cm/kg x 10°) are plotted along the ordi- 
nate. The average value of each of these quantities is given 
as a heavy line for each of the specimens. Measurements for a 
single experiment are plotted on one vertical, below which the 
number for the experiment is denoted by a letter. 0) breadth 
by, 1 mm diameter ball; e) breadth b,, 1.8 mm diameter ball; 
*) length /,, 1 mm diameter ball; x) length J,, 1.8 mm diam- 
eter ball; +) thickness h, (in the other scale). 
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FIG. 15. The same as Fig. 14, 
but for crystal No. 8. Ball diameter 
1.8 mm. 
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7, and 8. The abscissa represents the number of 
the experiment, and the ordinate the values of lp), 
by, and hg which the twinned petal assumes under 
an absolute load of 1 kg. Using these data and also 
the data of Figs. 12 and 13, we can measure the 
work of the force F. As an example, we have from 
Table la load F of 2.58 kg. = 2.54 x 10° dynes. 
The thickness of the twin is 1.95 x 1074 cm. As is 
evident from Fig. 16, the distance over which the 
plunger is displaced is 


bb, = h-2 tan 19° = 0.688-1.95-10°* cm = 1.34-104 cm. 
Hence, the work done by the plunger is equal to 
A=1/.F -6b, = 340 ergs. 


This energy can go either into production of 
elastic tension in the elastic twin and its surround- 
ings, or into formation of the surface of the twin. 
The area of our twin is mlyjb)/2, and its two sur- 
faces amount to S = mlyby = 1.42 x 107! cm?: 


A/s = 2400 ergs/cm?. 


The corresponding work of formation of one sur- 
face comes to 1200 ergs/cm?. We can show that 
the elastic energy of the deformed twin and its 


surroundings is two orders smaller than this value. 


Let us make a very rough calculation: We re- 
place the twinned petal by a platelet having the 
shape of a parallelopiped of height J), breadth 2b) 
and thickness hy. Under the action of the load F, 
the height is shortened by an amount AZ, where 
Al=1)F/Ebgh), and E is Young’s modulus. The 
work of compression of such a parallelopiped is 
equal to A?’Eb phy /2l). In place of 1/E we use 
the coefficient s,,;. For calcite, sy, = 11.3 x Loes® 
in the cgs system. As also in the foregoing exam- 


FIG. 16. Illustration for 
the calculation of the work 
done by the force F. 


FIG. 17. Observation 
of cracks associated with 
an elastic twin. I) incident 
beam of light, II) beam of 
light reflected from the 
plane of the twin, III) beam 
of light reflected from the 
cracks. 


ple, having taken Al =bl, = 1.34 x 1074 cm, by = 
2.44 x10"! em, 1, = 1.95 x 107! cm, and h = 1.95 
105" cm, we find that the work of elastic com- 

pression is equal in all to 2.9 ergs instead of 340 
ergs. Thus it is found that the entire work of the 
force F is in the surface layer of the twin. 

It is necessary to note that this energy is very 
large (the surface tension of water is equal to 70 
ergs/ cem?). If one imagines the boundary of the 
twin and parent crystal as closely contiguous, then 
such values of surface energy seem impossible. 
This value does appear possible, however, if one 
imagines that the boundary of the twin and parent 
crystal is stepped and that these little steps con- 
stitute a break in the cleavage plane. It can hap- 
pen that one of the faces of the elastic twin is a 
crystallographic twin plane in which case the en- 
ergy calculated by us applies to one of the surfaces 
of the twin. It can happen that both surfaces are 
not crystallographic planes and then the energy we 
calculated applies to both sides of the twin. 

Direct observation confirms that near the sur- 
face of an elastic twin there is a break of continu- 
ity. Specifically, if we illuminate the twin, as usual, 
with beam I (Fig. 17) and place our eye or the ob- 
jective of a microscope in the reflected beam II, 
we see the interference pattern shown in Fig. 10. 
If, however, we sight in the direction III, then we 
again see light reflected from the elastic twin, 
which indicates the presence of a crack or cracks 
close to the surface of the elastic twin. We are 
planning a detailed investigation of this phenome- 
non. 


4. BREAKDOWN OF CRYSTALS 


There are two types of crystal breakdown: 
(1) rupture along a cleavage plane with a break in 
continuity; (2) various types of “slip,” to which 
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TABLE II. The work which 
goes into the formation of 
1 cm? of surface of an 
elastic twin 


Twin No. | Work (Ergs/cm’) Work (Ergs/cm’) 
8A 
6S 8B 2400 
7U 8L 2890 


8B 


mechanical twinning is also related. 

As far as rupture along a cleavage plane is con- 
cerned, it appears that if the rupture stress is taken 
as a measure of the stability of a crystal, no fixed 
numbers are obtained and the stability depends on 
how the rupture stress is applied. If, however, the 
specific work necessary for the formation of a new 
surface is taken as the measure of stability, this 
work does not depend on how the rupture proceeds 
and it can be called an invariant of the breakdown. 

At first glance, the breakdown of a crystal by 
rupture and by slip have nothing in common with 
each other, but more and more observations indi- 
cate that, in order for the shearing action to be- 
come possible, a break in continuity is necessary 
and rupture is essential. In fact, in the case of 
optical contact of two polished optical surfaces, 
slip of these surfaces is not possible: it is neces- 
sary for them to first break away from one another, 
after which they can shift. This pertains to all 
forms of optical contact.’ In reference 10 it is 
shown that the initial stage of plastic deformation 
in rock salt is by ultramicroscopic cracks which 
manifest themselves as Tyndall cones.’ In numer- 
ous papers by Likhtman and Rebinder (e.g., ref- 
erence 11), the effect of surface-active substances 
on plastic deformation is demonstrated. It has been 
directly demonstrated how surface-active substances 
affect the formation of cracks and how cracks ini- 
tiate shears.® Finally, in the present work it is 
shown that the start of mechanical twinning in cal- 
cite is the formation of a new surface and that the 
specific work for the formation of this surface is 
an invariant quantity, characteristic of the mate- 
rial.* 


5. CERTAIN DETAILS OF THE PHENOMENON 


8 


It should be noted that not all the experiments 
go as smoothly as described in the preceeding sec- 
tions. Cases occur where the length of the twin 

*The major role which cracks in the cleavage plane play 


in plastic slip and twinning has already been indicated 
repeatedly by R. I. Garber in earlier communications. 
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depends linearly on the load, but is not proportional <« 
to the load, i.e., an impression is gained that the 
elastic twin is formed starting with a certain req- 
uisite initial load. 

In some cases application of a certain load pro- 
duces no twin at first, but the twin is produced 
after the crystal has remained under load for a 
while. | 
We feel that in our experiments it is surprising 
and noteworthy that in the breakdown of a crystal 
it is possible to obtain certain constants which we 
call invariants. In the case of an elastic twin, such 
invariants are the shape of the twin under localized 
load and the work of formation of the surface. 

Finally, the work of formation of the twin is it- 
self very large. In calculating the work of forma- 
tion of the twin, we regarded the force F as ap- 
plied to the border of the twin. It would be more 
correct to assume that the force is applied to the 
center of the twin. Then all the numbers given in 
Figs. 14 and 15 must be reduced by a factor of two, 
and with them also the amounts of work presented 
in Table II. A direct measurement of the work 
must settle this question. 


1R. 1. Garber, Dissertation, Alma Ata, 1942. 

2W. Voigt, Wiedem. Ann. 67, 201 (1899). 

3R. I. Garber, J. Exptl. Theoret. Phys. (U.S.S.R.) 
17, 1 (1947). 

4R. I. Garber, Dokl. Akad. Nauk SSSR 57, 555 
(1947). 

PResT Garber, J. Exptl. Theoret. Phys. (U.S.S.R.) 
16, 923 (1946). 

°G. B. Rais, Dokl. Akad. Nauk SSSR 106, 841 
(1956). 

"Ia. G. Dorfman and S. E. Frish, Co. cbusuyeck ux 
Koucrant (Collection of Physical Constants), 
ONTI (1937). 

81. V. Obreimov and E. S. Trekhov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 32, 185 (1957), Soviet 
Phys. JETP 5, 235 (1957). 

97. W. Obreimoff, Proc. Roy. Soc. A127, 290 
(1930). 

19 Garber, Obreimov, and Poliakov, Dokl. Akad. 
Nauk SSSR 108, 425 (1956), Soviet Phys. “Doklady” 
1, 314 (1956). 

‘Rebinder, Likhtman and Kachanova, Dokl. Akad. 
Nauk SSSR 111, 1278 (1956). 


Translated by R. Eisner 
2a2 


DOVE Diy STCS: JETP 


VOLUME 35(8), NUMBER 5 


MAY, 1959 


THE EFFECT OF NEUTRINO RECOIL IN THE BETA DECAY OF He° 


J. CSIKAI and A. SZALAY 


Nuclear Physics Institute, Hungarian Academy of Sciences, Debrecen, Hungary 


Submitted to JETP editor November 21, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 1074-75 (November, 1958) 


Experiments are described on neutrino recoil effects from the 8 decay of He® as observed 


in a cloud chamber. 


‘Tre B decay of He® has not previously been 
studied in a cloud chamber, most likely owing to 
the difficulties presented by the task of introduc- 
ing an isotope whose half-life is 0.8 sec into the 
cloud chamber. A few years ago we became con- 
vinced that it would be worthwhile to overcome 
these technicalities, because this 8 decay is most 
convenient from the point of view of the neutrino 
problem. The process He® — Li® + 6 + v+3.6 Mev 
has a wide spectrum of decay energies uncontami- 
nated by y radiation, and the daughter nucleus 
(Li®) has the smallest mass of all radioactive 
isotopes (with the exception of He’®). It may ac- 
quire a large recoil energy (maximum 1.405 ev) 
and we were hoping that its track could be detected 
in a cloud chamber filled with hydrogen at low pres- 
sure. By the simultaneous determination of the mo- 
mentum and energy of the 8 particle and daughter 
nucleus in the same elementary act we can obtain 
the missing momentum and energy carried off by 
the neutrino. 

The cloud-chamber method is more convenient 
than the electronic method utilized by a number of 
authors!” because it not only permits the observa- 
tion of single atomic processes but also the pre- 
cise measurement of angular correlations. 

A cloud chamber with a rubber membrane was 
built working well when filled with hydrogen at 200 
mm Hg and water and alcohol vapor. Figure 1 
shows how the problem of introducing He® into 
the chamber was solved. A few seconds before 
expansion the 4C(Po+ Be) source was introduced 
pneumatically into the vicinity of the weakly emit- 
ting powder [approximately 5 g of Be(OH),], 
placed in a box made out of porous filter paper and 
located inside the cloud chamber. An elastic rub- 
ber bag separated the volume of this vessel from 
the pneumatic compressor. Immediately (0.3 sec) 
prior to expansion the neutron source was pneumat- 
ically swept past the shielding layer. The same air 
shock would stretch the rubber bag forcing the He® 
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Be (OH), 


FIG. 1. Setup for the introduction of He® into the cloud 
chamber. 


Rubber bag 


liberated from the Be(OH), powder to enter the 
chamber through the porous wall. 

As can be seen from a few typical examples of 
our photographs (Figs. 2a, b, c), our expectations 
were fulfilled. The track of the recoil nucleus is 
clearly visible. Its direction is usually not directly 
opposite to that of the B particle: they form an 
obtuse angle, i.e., it is clearly seen that a certain 
amount of momentum is missing. In an analogous 
manner, in the photographs (Figs. 3a, b) in which 
the ions diffused prior to expansion, the effect of 
the neutrino manifests itself in the fact that the 
energy and momentum of the recoil nucleus are 
smaller or larger than what would have been ex- 
pected from the energy of the £6 particle alone. 

We obtained a total of more than 2000 stereo 
photographs, among which there were 120 tracks 
good enough for a quantitative analysis. The com- 
plete energy-momentum balance for the transition 
can be obtained if the curvature of the 8 track in 
a magnetic field and the angle between the f par- 
ticle and the recoil nucleus are measured. 

Figure 4 shows the electron-neutrino angular 
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FIG. 4. Electron-neutrino angular correlation from 120 
measured tracks in the B decay of He®. T and A are the 
theoretical curves for tensor (a = 1/3) and axial-vector 
(a = —1/3) interactions respectively. v/c = 0.92. 


correlation for the 120 measured tracks; statisti- 
cal errors are still large, owing to the small num- 
ber of events. A comparison of the distribution 
with the theoretical calculations of De Groot and 
Tolhoek? shows good agreement with the curve 
calculated on the assumption of tensor interaction 
for the B decay (the other curve refers to the 
axial vector interaction). 

We hope soon to be able to confirm this result 
with a larger number of measured tracks. 


‘J. S. Allen and W. K. Jentschke, Phys. Rev. 89, 
902 (1953). B. M. Rustad and S. L. Ruby, Phys. Rev. 
97, 991 (1955). 

2S. R. De Groot and H. A. Tolhoek, Physica 16, 
456 (1950). 
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Results are presented of a mass-spectrometer study of the products of disintegrations pro- 
duced by the charged component of cosmic radiation. Methods of distinguishing nuclear dis- 
integrations from showers originating in electromagnetic interactions of ¢ mesons are 
indicated. The differential momentum spectrum of secondary particles in stars with n > 2 

has been measured. It has been found that the ratio N(m*)/N() for the produced 7 me- 
sons is equal to 1.18 + 0.23 in the momentum range 0.12 to 0.9 Bev/c, and that the 7 mesons 
constitute 53 + 5% of the secondary particles with momentum 2=1 Bev/c. The ratio of charged 
to neutral star producing particles of ~ 30 Bev is equal to 1.2 + 0.16. 


ly a hodoscope study of the secondaries of stars 
produced by charged particles a difficulty is en- 
countered due to the considerable background of 
showers originating in electromagnetic interac- 
tions of 4 mesons. The majority of investigators 
limit therefore their experiments either to the 
stars produced by neutral particles! or to the 
large stars (m = 2, n= 5)* produced by charged 
particles.° In the latter case, smaller stars, which 
constitute ~50% of all events produced by charged 
particles, are disregarded. 

In the present work, data are given on second- 
aries observed in large (m = 2, n=5) and small 
(m= 2, n<5; n=1, n>2) stars produced by 
the charged component of cosmic radiation. 

The measurements were carried out using the 
Alikhanian-Alikhanov magnetic mass-spectrometer 
at 3250 m above sea level (Aragats). The hodo- 
scope, placed above the magnet, detected nuclear 
disintegrations in the targets A, B, C, D, E, F 
placed between the counter trays. The nature of 
secondaries was studied by means of the mass 
spectrometer. The instrument and the method of 
selection of particles by the magnetic field have 
been described in reference 5. The thickness of 
the targets and absorbers, and their position in 
the instrument, are given in Table I. 

In this article we discuss only the stars in which 
the angle between the primary trajectory and the 


*Stars observed by means of a hodoscope are characterized 
by the numbers m and n, where m is the number of trays 
(separated by targets) traversed by at least two particles of 
the star, and n is the observed number of secondary star 
particles (multiplicity). 
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vertical was not greater than 35°. According to 
Camerini et al.,® the fraction of such stars amounts 
to ~ 75% of all stars produced by charged particles. 
The distribution of the secondaries of large stars 
(m = 2, n=5) with respect to the direction of 
motion (the angle with the primary trajectory) in 
the plane perpendicular to the magnetic deviation 
is shown in Fig. 1. Data obtained by Camerini® by 
means of emulsions are included in the figure. It 
follows that our apparatus located with a large ef- 
ficiency particles emitted at an angle < 35° which, 
according to reference 6, amount to ~ 90% of all 
secondaries. 


SEPARATION OF NUCLEAR DISINTEGRATIONS 
AND SHOWERS INITIATED BY yw MESONS 


All observed stars were divided into groups 
according to the number of secondaries and their 
range in the targets (Table II). To determine the 
groups that did not contain showers initiated by 
#) mesons, we studied the passage of the second- 
aries of a given group through the absorbers 
(Table II).* For this purpose we used the results 
of the third series of measurements, in which the 
total thickness of absorbers is 2.5 times larger 
than the nuclear-interaction mean free path. 

It follows from the data that the stars with five 
and more secondaries, at least two of which pass 
through the next target [i.e., stars of the type 
(m = 2, n= 5)j, represent nuclear disintegra- 


*For comparison, data on the passage of secondary nuclear- 
active particles produced by neutrons are given at the end of g 
the table. 
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TABLE I 
ee pe es ee ee eae, a ee 


Lead target, cm 


Absorber, cm 


Series | re 
ANA As} MEER 003 | BE 4 2 | 3 4 | 5 | 6 
Graphite 
4 0) 7 6 5 4.) 3 4 9 4 3.6 3.9 1Pb + 9Cu 
2 OF eee OM On Orage 9 4 2 2 1Pb + 9Cu 
7 7 6 5) ONO 0 4 8 4 2 es 11Cu 
14 uf 6 D 0 ORO 4 8 4 2 3Pb-+-0.6Cu 14Cu 
Copper 
3 SF ee | On [ROM een GeO) (xS260 eae oGnheced 4 or (aad 2eror 
| 2.0%¢ 1H) 9.25 44 Pb 


tions produced by charged particles. All stars of 
this type, observed in all series of measurements, 
were regarded therefore as such. 

The remaining groups (m = 2, n<5 and m=1, 
n> 2) contain both electronic showers initiated by 
#4 mesons and nuclear disintegrations. In these, 
only the stars in which the secondaries underwent 
nuclear interactions in the absorbers were accepted 
as nuclear events. In order to exclude completely 
the mesons that produce showers both in the 
targets and in the absorbers of the instrument, 
we studied the passage of 4 mesons through the 
lead and graphite absorbers. 

Showers initiated by 4 mesons. All single par- 
ticles with momentum p = 1 Bev/c which passed 
through all the targets (25 cm Pb) without an in- 
teraction were assumed to be mesons, since 
the fraction of nuclear-active particles among such 


FIG. 1. Direction distribution 
of secondary particles (with re- 
spect to the primary). Solid curve 
represents all particles produced 
in large stars, dashed — positive 
particles with p > 10° ev/c and 
all negative particles (i.e. 
shower particles); x) = data of 
Camerini et.al., renormalized to 
the area. 


particles amounts to ~ 2% only.* Data on the pas- 
sage of 4 mesons through the absorbers of the 
apparatus as well as on the passage of secondary 
particles of large and small stars through the ab- 
sorbers, are given in Table III. 

It follows from the table that: (1) interactions 
of the type b, c, d, e, and f originate in the 
majority of cases in electromagnetic interactions 
of charged particles, and it is therefore impossible 
to distinguish nuclear-active particles from wu me- 
sons; (2) stars of the type g (m= 2, n=2), large- 
angle scattering events (h), and stopping of par- 
ticles not due to ionization losses (i) involve 
nuclear-active particles only. The stars, in which 
the secondaries underwent interactions of the type 
g, h, and i in the absorbers were considered 
therefore as nuclear disintegration.f 


NATURE AND MOMENTUM SPECTRUM OF 
SECONDARY PARTICLES 


We observed 135 particles with mass M = 
1300 me in nuclear disintegrations with n> 2 
in the momentum range from 0.12 to 0.9 Bev/c. 
The upper mass limit of the particles was esti- 
mated from their momentum and minimum range. 
The minimum range was defined as the absorber 
thickness traversed by the particle without a vis- 
ible interaction. The mass distribution of the par- 
ticles is given in Table IV. Of the 135 particles, 
73 were positive and 62 negative, i.e., the ratio 
of positive to negative mesons produced in lead by 
charged particles equals 1.18 + 0.23. The result 


*According to references 7 and 8, the fraction of nuclear- 
active particles amounts to ~ 10% of the total flux at 3200 m 
altitude. Of these, not more than 20% can traverse 25 cm Pb 
without an interaction. 

tInteractions of the type g,h, and i involving » mesons 
(~1%) are explained by the presence of ~2% protons among 
the “z mesons,” half of which should, according to data of 
Table III, undergo interactions of the type g,h, and i. 
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FIG. 2. Differential momen- 


Se f d \ h tum spectrum of secondaries in 6 
*5) angle of emission of secondary particles with re- 1 tate Ga aes): 
spect to the direction of the primary, <>) mean angle of ater (m 2,2; 22 5) 
multiple scattering. i 
**Discharges in two adjacent counters in two consecu- 
tive trays or three discharges in one tray, and stars m= 1, 


obtained refers to a’ and am mesons since of a 


the 135 particles selected by the momentum-mini- Nv 
mum range method, the masses of 83 particles are mentum range = 0.4 Bev/e, and y= 2.044 0119 
clearly less than that of the Kemeson, and K 


for positive particles of = 1 Bev/c.* 
mesons cannot constitute more than 20% of the P PB / : 

ch ; 9.40 442 particles, among them 115 negative, were 
remaining 52 particles.” 


: ; observed in the momentum range from 0.12 to 
The differential momentum spectrum of sec- : 
f 6.3 Bev/c. In the range =1 Bev/c the ratio of 
ondary particles produced in large stars (m = 2, le ; ‘ : , 
a en m Fic. 2. Th ‘ b positive to negative particles is 156:51, i.e. 
tae 18: ; i Rien Mee cme N,/Ng = 0.5 to 0.6 (Nz is the number of 7 me- 
represented by a function N(p) ~ p-Y, where 
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Sy aeieeas : or negative particles in the mo- metitin Seiesee a ). 
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TABLE III The differential momentum spectrum of 407 
Type of particles* secondary particles in the momentum range from 
0.12 to 6.3 Bev/c produced in small stars (m = 2, 
Secondaries Secondaries - 
Passage through [i-mesons in small in large N 
the absorbers** stars stars 
N |N,% N N,%| oN | N, % 
a 316 | 72 18 
b 45 1 10.3 4 
Cc 31 le 513 85 3 36 
dy 108 e283 2 FIG. 3. Differential momen- 
ee ne - Api oe : = tum spectrum of secondaries in 
f(t one) 13 3 12, 9 2 \ 2 small stars (m = 1, n> 2; 
g(m> 2, n>2) Sal O27 vl Abas OES sh AS 9 Nea 7 AS m>2,n <5). 
2 0.5 16 Dad 7 OES, a 
i -— — OZ Byes: 24 32 
Total 437 | 100 604 100 79 100 


~-*Data of the first series or measurements. N) number 
of particles. 
**a) no interaction; b) two adjacent discharges in a 


tray; c) two non-adjacent discharges in a tray; d) two ad- ———— : 

jacent discharges in two non-consecutive trays; d,, e, f, *The exponent y was determined by the method of least 
g) stars of various types; h) scattering at an angle Squares, taking into account the statistical weight of the ex- 
greater than twice the mean multiple scattering angle; perimental points. In determining the spectrum of positive 


i) stopping. particles, ionization losses in the target were neglected. 
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FIG. 4. Combined differential 
momentum spectrum of secondaries 
in stars with m>1,n< 2. 


n<95; m=1, n>2) is shown in Fig. 3. The spec- 
trum of negative particles in the momentum range 
from 0.4 to 6.38 Bev/c may be described by a func- 
tion N(p) ~ pe 9-48. while the spectrum of 
positive particles with p = 1 Bec/c is of the form 
N~p 22+. The ratio of positive to negative 
particles in the range =1 Bev/c is 122:37, i.e., 
Nyz/Ng ~ 0.5. 

The combined differential momentum spectrum 
of secondary particles produced in all observed 
nuclear disintegrations with n>2 (the spectrum 
of positive particles in the momentum range =1 
Bev/c and of negative particles in the range =0.4 
Bev/c) is shown in Fig. 4a and 4b. The spectra 
were corrected for secondaries in small stars, 
which did not interact in the absorbers and were 
excluded according to the selection rules for small 
stars. The correction was determined from a study 
of the passage of secondary particles of large stars 
({m => 2, n=5) produced by charged particles, and 
of particles produced by the neutral component. 


RATIO OF CHARGED TO NEUTRAL STAR- 
PRODUCING PARTICLES AND THEIR ENERGY 


The energy of primary particles producing large 
stars (m = 2, n=5) amounts to ~30 Bev.’ This 
value was estimated from the angular distribution 
of penetrating particles. 


755 


The interactions of secondary particles of a 
known momentum in the lead absorbers of the array 
(series 3, Table 1) were used for an estimate of 
the minimum energy of primary particles produc- 
ing small stars, (m = 2, n< 5; m=1, n> 2), 
Nineteen such stars were observed. It was found 
that the minimum momentum of the particles which 
produced them was = 3 Bev/c. 

For the determination of the ratio of neutral to 
charged star-producing particles of ~ 30 Bev, in 
the seventh and eleventh series of measurements 
we studied large stars (m = 2, n= 5) produced 
both by the charged and the neutral component. 

Out of 238 stars, 83 were produced by neutral 
particles (ND ).* Among the remaining 155 stars, 
there were stars of the type Nj + N%, which can- 
not be distinguished from proton-produced stars 

Ny because of fast secondaries (with range R > 
8 cm Pb). If we consider the stars produced by 
primary particles arriving within the angle of 35° 
then the number of stars Nf with one secondary 
emitted at an angle =< 35° with respect to the pri- 
mary amounts to ~ 12% of N® + Nee If the direc- 
tion of the primaries is arbitrary, then 


NY 0.8 (NSSEINE). 


If we consider therefore the stars having not 
more than one fast secondary (NB+ Np; NO + Neen 
the ratio of star producing protons N, to star- 
producing neutrons Ny of ~ 30 Bev in cosmic 
radiation at 3250 m altitude is equal to 1.2 + 0.16. 

In conclusion, the author wishes to express his 
gratitude to his supervisor A. I. Alikhanian, and to 
A. V. Khrimian, T. L. Asatiani, and V. Sh. Kamal- 
ian who helped in the course of the work. 
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2A. V. Khrimian, Dokl. Akad. Nauk SSSR 85, 
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5T. L. Asatiani and G. V. Khrimian, J. Exptl. 
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*NK — number of neutron-produced stars with multiplicity k. 

t+We determined the number of stars with two fast particles 
(R > 8 cm Pb) in the upper hemisphere No +Nt. It was 
assumed that ali these stars were produced by charged par- 
ticles, i.e. Ni >> Ni and that NU/Nn = NN 
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The influence of approximately 1000 atmospheres of hydrostatic pressure on the oscillation 
of the magnetic susceptibility of bismuth in magnetic fields up to 13,000 oersteds has been 
investigated at 4.2° to 1.6°K. The character of variation of the effective mass tensor, the 
Fermi energy Ep), the Dingle factor, and the electron concentration have been estimated 
by means of Landau’s equations. Suggestions are made regarding the nature of the elec- 


tron energy spectrum in bismuth. 
Ike earlier papers!~3 concerning the influence of 
pressure on the galvanomagnetic properties of bis- 
muth it was suggested that it might be possible to 
observe an appreciable pressure effect on the quan- 
tum oscillations of the magnetic susceptibility of 
metals in a magnetic field H at low temperatures, 
even under not very high pressures. Such an in- 
vestigation would make it possible to determine 
the character of deformation of the effective mass 
tensor in compressed Bi, and would provide an 
interesting comparison with experimental and 
theoretical work studying the effect of pressure 
on the de Haas-van Alphen effect.1~ 

Measurements were obtained for the three prin- 
cipal orientations of very pure Bi single crystals. 
The samples were fastened in a special holder in- 
side a magnetically isotropic pressure vessel 
(Fig. 1);4 which was joined to the suspension of a 
torsion balance. Pressures were produced by the 
method of Lazarev and Kan.’ However, for the 
purpose of improving the uniformity of the pres- 
sure, aqueous solutions of ethyl alcohol were used 
instead of water, thus greatly reducing the nonuni- 
form stresses in compressed samples and approxi- 
mating uniform compression.® Pressures were 
measured according to the elongation of the vessel 
by means of a simple indicator consisting of two 
narrow flat springs welded on the vessel at two 
different heights. 

For each sample we recorded the relation be- 
tween the moment of the forces C acting on the 
sample in a static magnetic field and the magnetic 
field direction in a plane perpendicular to the axis 
of suspension, as well as the dependence of C on 
the field strength for different directions of the 
sample at the temperatures 4.2° and 1.6°K. All of 
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these measurements were performed before the 
samples were subjected to pressure, then under 
hydrostatic pressure of about 1000 atmos, and 

finally after release of the pressure. Excellent 


FIG, 1. Construction of pres- 
sure vessel: 1) shell; 2) sample; 
3) mushroom-shaped pin; 4) cap; 
5) glass rod; 6) gaskets; 7) sam- 
ple holder; 8) pressure indicator 
with mirror. 


RY 


reproducibility of the results was obtained when 
the procedure was repeated, which was done four 
times in some instances. Figure 2 shows some 
curves of C/H? = Ay-sin d-cos % as a function 
of 1/H, where Ay is the anisotropy of the mag- 
netic susceptibility and y% is the angle between 
the principal axis and the magnetic field. The fig- 
ure shows that a pressure of about 1000 atmos re- 
duces the amplitude of oscillation by about 30%, 
with the effect increasing somewhat when ~—0 
and H is reduced; the oscillation frequency E,)/B 
is also reduced (see Landau’s equations in refer- 
ence 9). Figure 3 shows the change of oscillation 
frequency under compression as yj is varied. 


funk 
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FIG. 2. Anisotropy of the susceptibi- 
lity of bismuth (with the principal and 


binary axes perpendicular to the axis of 
suspension) as a function of magnetic 
field strength: O) p = 0, @) p = 1000 
atmos: a) & = 76°, curves 1 and 2—T = 
4.2°K; curves 3 and 4—T = 1.6°K; 


b) & = 170°, T = 1.6°K; c) f = 175°, 
Tesi 6gK¢ 


Curve 1, which is for a sample not under pressure, 
is a good fit of measurements obtained after pres- 
sure was released one or more times. Curves a 
and b were plotted from the equations used in ref- 
erence 9. For the two other orientations of the 
sample we also observed good agreement between 
the experimental dependence of E,)/8 on w and 
the theoretical curves. In addition, the variation 
of Eo /@ under pressure was in qualitative agree- 
ment with the data shown in Fig. 4. 

Our results are thus in good agreement with 
Shoenberg’s three-ellipsoid model of the Fermi 
surface for electrons. Since E,/f is proportional 
to the extremal area Sj, of a section of the Fermi 
surface cut by a plane perpendicular to the mag- 
netic field direction,!° we can conclude from Fig. 4 
that the deformation of the Fermi surface for bis- 
muth under pressure is not uniform.* 

It was also found that the change of oscillation 
phase Ax under 1000 atmos does not exceed +10°, 
and that the change of the anisotropy Ay, of the 


BF 
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constant part of the magnetic susceptibility is +2%. 


A calculation shows that Axo = x, — x, for bis- 
muth at the temperature of liquid helium corre- 
sponds to the anisotropy of the effective mass ten- 
sor for the group of electrons which produce the 
de Haas—van Alphen effect, but that the calculated 
absolute values of x, and X, differ from the ob- 
served values by an amount of the order of 0.8 x 
107® emu. Using this fact and assuming that the 
rotation angle of the Fermi surface ellipsoids does 
not change under hydrostatic pressure by more 
than 1 to 2%, we can use Landau’s equations to de- 
termine the character of the changes in the effec- 
tive masses m;y, M2, m3, and my (in the coor- 
dinate system associated with the principal axes 
of the bismuth lattice) and mj, mj and m§ (in 
the coordinate system associated with the princi- 
pal axes of the ellipsoid), the Fermi energy Eo, 
the electron concentration n, and the Dingle fac- 
tor x under uniform pressure (see the table; at 
p=0 the data are Shoenberg’s® and our own; the 
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masses are given in units of the electron mass 
M9 ye 


Relative 
h z 
p=0 p = 1000 atmos | der pressure, 
in % 
m,.103 2.4 1.840,2 954-10 
ms 2.5 2, 55-40,.12 245 
ms 0.05 0.0560 .003 4245 
ma ==0/25 0.255-+0.012 245 
m’,- 103 a.  48420.2 —25-+10 
ms 2.53 2.58-£0.12 255 
m's 0.025 0.030.001 2045 
Eo'10%erg| 2-81-+-0.07 2..68-+0.07 —5+5 
E 
ek 204-45 194-5 545 
n- 10° 1.42+40.07 4.275+0.075 | —10+10 
KK 4.70.1 2.180.05 2810 


The good qualitative agreement of the variation 
of n under pressure with the data in references 
1 to 3 is evidence that in bismuth there exists only 
one electron group corresponding to the Jones- 
Shoenberg model, and that the character of the 
deformation of its Fermi surface agrees with the 
basic ideas of Jones,!! who considers bismuth to 
be a metal with an irregular structure. On the 
basis of this model we may assume that bismuth 
can contain two groups of holes whose Fermi sur- 
faces are surfaces of revolution located at the 
corners of the Brillouin zone. One type of holes 
is represented by one such surface while the sec- 
ond type of holes is represented by two surfaces 
which transform into each other under rotation 
around the binary axis. 

It is quite possible that one group of holes with 
a nearly spherical Fermi surface, effective mass 


FIG. 3. E,/B~Sm for bismuth (principal and binary axes 
perpendicular to the axis of suspension) as a function of the 
angle y. ©) p=0, A) p, removed, 4) p,~ 100 atmos, 0) p, 
removed, ®) p,~ 1000 atmos. 


160 y° LUG 


FIG. 4. Relative 
variation AS,,/S,, at 
= 1000 atmos. 


~ 0.002 mp and Fermi energy ~ 14 x 10°" erg 
is associated with the isotropic part of the magnetic 
susceptibility (0.8 x 107°) and that the other group 
is associated with a large value of the linear term 
in the specific heat of bismuth.! It is of interest 
that eyclotron resonance experiments have revealed 
holes with the mass ~ 0.0015 my.’8 

In conclusion we wish to thank N. E. Alekseevskii 
and A. A. Abrikosov for their interest and for val- 
uable comments on the results, Master Technician 
S. G. Obruchnikov for excellent shop work, and Iu. 
V. Erofeev for assistance with the measurements. 
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We present the results of measurement of the altitude dependence of particles of various 
ranges contained in the soft component of cosmic rays at latitudes 51° and 31°. The altitude 
dependence of electrons of a given energy is computed from the energy spectrum of the p- 


meson production in the atmosphere. 


with the results of measurements made at a latitude of 31°. 


The results of the calculations are in good agreement 


This indicates that the overwhelm- 


ing majority of the soft-component particles are electrons generated by » mesons at the 
indicated latitude. An analysis of the experimental and calculated data for 51° indicates the 


existence of an excess of electrons with ranges less than two or three g/cm 


2— This phenome- 


. 


non, which is most pronounced at 51°, is most probably due to gamma quanta emitted in the 
atmosphere in inelastic neutron-evaporation reactions. The energy flux carried away by 
these surplus short-range electrons is approximately 10% of the total energy flux of the 


electron component at this latitude. 


The cosmic-ray energy flux has been evaluated at latitudes of 2°, 31°, and 51°. Based on 
these data, and also on data concerning the cosmic-ray particle intensity at the top of the 
atmosphere at 51° and 31°, an expression has been derived for the energy spectrum of the 
primary particles. A new value of 0.48 + 0.04 particles/min-cm?-sterad has been obtained 
for the primary cosmic-ray particle flux (Np + Nq) at the equator (2°). 


Ix spite of the sufficiently numerous measure- 
ments made in the upper layers of the atmosphere, 
no exact data have been obtained as yet on the ab- 
solute intensity of the cosmic radiation in the 
stratosphere. There is poor agreement between 
the measured values for the total and penetrating 
radiation in the vertical direction obtained by vari- 
ous authors using Geiger-counter telescopes. 

‘Our own observations show that the discrepan- 
cies in the data on the total intensity are due essen- 
tially to failure to account for the absorption of 
particles in the counter and telescope walls. De- 
pending on the type of counter employed, and also 
depending on the number of counters in the tele- 
scopes, the effective wall thickness fluctuates 
from 0.4 g/em? (reference 1) to 6.0 g/cm? (refer- 
ence 2). The measurements of Pomerantz? and 
Schein,” pertaining to latitudes from 52 to 55°, 
have heen made with telescopes with walls 4.2 
and 60 g/cm? thick, respectively. The values 
obtained by Pomerantz and Schein are 30 and 
~ 40% lower than ours, obtained at 51° with a 
telescope having an effective counter wall thick- 
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ness of 0.4 g/cm’. Such a difference, obtained at 


the indicated wall thickness, is readily explained 
from the point of view of the data on the particle- 
range spectrum in the stratosphere, cited in ref- 
erencemir 

In the upper layers of the atmosphere, the in- 
tensity of the proton component of cosmic radia- 
tion becomes commensurate with that of the p- 
meson component. Under these conditions it 
becomes difficult to obtain with the aid of a tele- 
scope exact data on the flux of penetrating particles. 
Upon passing through the telescope absorber (usu- 
ally 8 to 15 cm of lead), protons with energies less 
than 2 or 3 Bev form “stars” essentially without 
penetrating particles. Such protons do not pass 
through the absorber and do not produce the re- 
quired coincidence in the telescope. This reduces 
the measured value of the penetrating-particle flux. 
On the other hand, the intensity of the penetrating 
particles may appear to be too high, owing to the 
presence of high energy protons. The latter is 
connected with the fact that the aperture ratio of 
the telescope is higher for protons, and these gen- 
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erate a noticeable number of penetrating particles 
in the telescope absorber. Because of the indicated 
apparatus effects, which depend on the energy spec- 
trum of the protons, high-altitude measurements 
made at different latitudes cannot be compared with 
each other correctly. A.N. Charakhch’ian‘ over- 
came these difficulties by separating the single 
penetrating particles, which pass through the tele- 
scope absorber without interaction, from the par- 
ticles that generate electron-nuclear showers in 
the telescope absorber. The absolute number of 
the electron-nuclear showers generated in the tele- 
scope absorber (10 cm of lead) was determined 
from the measured altitude dependence of the show- 
-ers and from the geometric cross section of the 
nuclear interaction between the primary cosmic 
particles in lead. The total intensity of the pene- 
trating components at various altitudes was ob- 
tained by adding the measured number of single 
particles to the number of showers. This led to 
data that are closer to the exact values of the ab- 
solute flux of penetrating particles in the upper 
layers of the atmosphere at various latitudes. 
An important role is played in measurements 

in the atmosphere by the so-called “side” showers. 
The measured number of these showers depends 

on the multiplicity of the selected coincidences, 

and also on the amount of substance surrounding 
the telescope in the instrument. To exclude the 
influence of such showers, additional counters 
were placed on both sides of the telescope to meas- 
ure the coincidences produced by the single par- 
ticles passing through the telescope as well as the 
coincidences produced by the particles of the side 
showers. 


CALCULATION OF THE INTENSITY OF THE 
ELECTRON COMPONENT 


The calculations are based on the generally ac- 
cepted premise that the electron-photon component 
of cosmic radiation in the stratosphere is produced 
by charged and neutral a mesons, which decay in 
accordance with the following schemes: 


cp +y, p> —e* + Qv and n° —> 2y. 


The a and 7°’ mesons are produced in the atmo- 
sphere by nuclear interactions between high-energy 
nuclei (in excess of 1.5 Bev). 

We used in the calculations the corresponding 
data from the theory of electromagnetic cascade 
processes, data on the energy spectrum of the gen- 
eration of mesons in the atmosphere at 51° and 
31°, and data on the altitude of the nuclear compo- 
nent that generates the electron-nuclear showers. 
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FIG. 1. Energy 
spectra for the gene- 
ration of 4 mesons in 
the atmosphere: 1) for 
51° latitude; 2) for 31° 
latitude. 
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1. A substantial role is played in the calcula- 
tions by cascades produced by the primary elec- 
trons or photons of low energies, on the order of 
the critical energy for air. We used for this energy 
range the cascade curves calculated by Ivanenko.”° 
For electrons and photons with energies greater 
than 3 x 10° ev, the calculations were made with 
Belen’kii’s formulas.® 

In comparing the calculated data with experi- 
ment, it was necessary to estimate the role of the 
Coulomb scattering of the shower electrons in the 
atmosphere. We used for this purpose the values 
of the mean shower-electron deviation angles from 
reference 7. The angular distribution was assumed 
to be Gaussian. 

The energy spectra for the generation of u 
mesons in the stratosphere at 51° and 31° were 
investigated in references 8 and 9. The resultant 
spectra of the generated mesons are shown in 
Fig. 1, where the abscissa is the ~-meson energy 
in pe? units, and the ordinate represents the num- 
ber of ~ mesons. For p-meson energies greater 
than 10yc”, the spectrum dependence is given by 
200/e (references 2 and 6). 

3. The variation of the generating component at 
31° with altitude was taken to obey the absorption 
law for nucleons with energies greater than 1.5 
Bev, which follows from Grigorov’s calculations!® 
of the altitude dependence of the nucleon component 
for 31°. The absorption law selected is quite close 
to actual one, since Grigorov’s results are in good 
agreement with the experimental data on the ab- 
sorption of protons with energies greater than 3 
Bev in the atmosphere.!! For primary particles 
that are sensitive to the earth’s magnetic field 
between latitudes of 51 and 31°, the law of absorp- 
tion of the generating component was taken in the 
form exp {-—x/bf)}, where x is the amount of 
matter from the top of the atmosphere and Bo = 
120 g/cm?. 

The spectra of the photons generated by 7° 
mesons were calculated under the assumption that 
they are the same as the spectra for the m mesons. 
The primary energy spectrum of electrons at dif- 
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TABLE I. Calculated values of Mz) and My 
cee s | = = 
(min~! cm~ sterad cp) for 31° latitude 
ee ee ree oe a Et ee 
Electron energy, E'>0 ones 
Mev > E’ >6 E’ > 26 A a Pale 
Pale 
= ie 3/3 
Amount of matter - i ; ‘ 
from the top of M,,e M, Mz ° Ti late 
the atmosphere, a ig 5 Mu Mr Mi OS | 
t units ee “2| 3 
= |= =| 
1.4 By) 2,89 22 ey Pre PHE: 1.86 LBM 0.54 0,53 
30 TG 3.8) | 5.56 BD Boole Steele deOb a leOrssoked 53 
4.6 9.7 3,67 6.92 2.61 4.42 1.65 0.53 (yay? 
6e2 9.6 Shall 6,68 Dyer 4.18 1.36 0.54 0.53 
Theiss 8.64 2,54 5.68 AES 3.44 1.08 0.57 0.54 
9.8 6.37 1,85 4.27 1.28 DOO 0,79 0,54 0,54 
aD Ween 4 a5) 2.78 0,86 1.63 0.52 0.55 0.53 
14.6 2.58 0.88 1.64 0.58 0.99 0.35 0.59 0.57 
uae II. Gabetiated values of Myo and My 
(min™' cm™ sterad™!) for the latitude differ- 
ence (51°—31°) 
Electron energy, ‘ = 
E! Mev E’>0 E'>6 E’ > %6 ran o|S 
seh SS 
% SIF | Sle TAB 
Amount of matter il. ple { | yh 
from the top of Me My, Me My, M0 M Fah Wis Weal | 
the atmosphere, elles Aly Al, g/cm*|} £E, Mev | Al, g/cm?| E, Mev 
t units = = =f 
1.4 BOT 306°) B86 1 2eua | 166" 4,74 | 0.54.1-0.49 0.4 1.2 2.0 5.8 
3.0 An wel FS AMaalln GT oigtOe SOe Se0eS4iila.4 446 - (GOZ5IEI 0-29 0.9 2.6 6.6 | 25.0 
4.6 LO OT We 848 2501 OF 1.90. | 1.94 | 2085 hye, 50 1.2 3.3 11.4 | 45.0 
GaZ Bharato} 1.88 2.28 1,26 4.30 0.74 0.52 ORSE 
7.8 Mery 1.09 1.48 0.74 0,85 0.43 0,57 0.53 
9.8 eye®) 0.55 0.62 0.28 0.50 0,21 0.57 0.51 
12.2 0.68 0.25 0.45 OAT 0.26 0,10 O55 0.53 
14.6 0.38 0.13 0.26 0.08 0,14 0,05 Oar 0,56 


ferent altitudes was calculated from the spectrum 
of the decay electrons of a w meson at rest, with 
allowance for the energy distribution of the decay- 
ing » mesons over the altitude.® 

Experimental data on the intensity of the soft 
component at 31° are best reconciled with the calcu- 

‘lated data if the ratio of the energy carried by the 
nm mesons to that carried by the ma mesons is 
taken as k= 0.4. 

Tables I and II list some of the results of the 
calculations. Here M,0 and My, are the inten- 
sities of the electrons obtained by decay of 7 and 
yu mesons, respectively. The data in the last col- 
umns of the tables characterize the variation with 
pressure of the energy spectra of the electrons with 
energies less than 26 Mev. 

We thus draw the following conclusions from the 
calculations: (1) The number of electrons formed 
by decay of nm mesons exceeds the number of elec- 
trons due to decay of mesons at practically all 
altitudes. (2) The energy spectra of low-energy 
electrons (< 26 Mev) are practically the same 


for both latitudes and depend little on the pressure. 

It follows from a calculation of the Coulomb 
scattering of the electrons in the atmosphere that 
as the altitude increases the energy spectrum of 
the electrons becomes richer in low-energy elec- 
trons. This circumstance offers the most probable 
explanation for the fact, noted in reference 1, that 
the soft-component particle-range spectrum softens 
with increasing observation altitude. 

The calculated energy spectrum of the electrons 
in the atmosphere differs from the Tamm-Belen’kii 
equilibrium electron spectrum lies essentially in 
the low-energy region. The relative number of 
electrons with energies less than 20 Mev near the 
maximum intensity in the atmosphere is approxi- 
mately 25% less than the relative number of elec- 
trons of the same energy as given by the Tamm- 
Belen’kii equilibrium spectrum. 

Table III gives the dependence of the effective 
electron range on the electron energy, obtained on 
the basis of experiments on the absorption of elec- 
trons in aluminum.” 
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The number of charged particles with ranges 
from 1.2 to 2.0, from 2.0 to 6.6, and from 6.6 to 
11.4 g/cm? in a vertical direction at latitudes 51° 
and 31° were measured simultaneously with three 
telescopes in an instrument with suitable absorbers. 
The right corner of Fig. 2 shows the placement of 
the counters in the first telescope, which measures 
the number of particles in the range interval from 
12 tor 2.0 g/cm? of glass. The telescope comprised 
counters 1 and 2, the coincidence of which produced 
the control pulse. Three counters in group 3, con- 
nected in parallel, were so arranged that single par- 
ticles passing through telescopes 1 and 2 traversed 
the effective regions of counters 3. To measure 
the side showers, the particles of which produce 
double coincidences, telescopes 1 and 2 were sur- 
rounded on both sides by the parallel-connected 
counters of group 4. 


The electronic circuitry described in reference 
4 was used to transmit, for each of the telescopes 
in the instrument, radio signals of the following co- 
incidences: (a) 1+2-— (3,4) — coincidences of 
discharges in telescope counters 1 and 2, when no 
discharges occur in the remaining counters, in- 
cluding those in group 3. These coincidences are 
evidence that the particle has passed through less 
than five counter walls but more than three walls. 
(b) 1+2+3-— (4) — coincidences of discharges 
in counters 1, 2, 3 without discharges in counters 
4 (these coincidences correspond to the registra- 
tion of single particles). (c) 1+2+4-83 and 
1+2+3+4 — coincidences in which counters 4 
operated, and which were due essentially to side 
showers. 

The thickness of one wall in counters 1, 2, or 
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FIG. 2. Altitude dependence of the number of particles of 
the soft component with ranges more than 1.2 g/cm? of glass: 
©) experimental data at 51°, e) experimental data at 31° 
Solid curves — calculated electron component: 1) for 51°; 

2) for 31°. Dotted curve — results of calculation with allow- 
ance for the Coulomb scattering of electrons in the atmosphere 
at 31°. 


A. N. CHARAKHCH?’IAN and T. N. CHARAKHCH’IAN 


3 is 1.2 mm of glass in the radial direction. As- 
suming the particles travel along the chords, the 
effective counter of thickness is increased by ap- 
proximately 20%. Thus, three counter walls cor- 
respond to 1.2 g/cm’, and five walls correspond 
to 2 g/cm?. In the second telescope, where a 3- 
mm aluminum plate was placed between counters 
1 and 2 and a 14 mm aluminum plate was placed 
between counters 2 and 3, the coincidences 1 + 
2 — (3,4) corresponded to the number of particles 
with ranges in the interval from 2.0 to 6.6 g/cm? 
of aluminum. In the third telescope, 20 mm of 
aluminum was placed between counters 1 and 2 
and 14 mm of aluminum between counters 2 and 3. 
The coincidences 1+ 2 — (3, 4) corresponded 
there to the number of particles with ranges in 
the interval from 6.6 to 10.4 g/em? of aluminum. 
The effective length of counters 1, 2 and 4 was 
190 mm and that of the counters of group 3 was 
300 mm. The inside diameter was 20 mm in all 
counters. The distance between centers of count- 
ers 1 and 2 was 150 mm. The telescopes were 
calibrated, with an accuracy of approximately 1.5%, 
against the measured intensity of the hard compo- 
nent on the surface of the earth at 51°. This inten- 
sity is 0.46 particles/min-cm?-sterad with a 10- 
cm lead absorber. In the processing of the meas- 
urement results, allowance was made for the in- 
creased aperture of the telescopes with altitude. 
At an altitude corresponding to a pressure of 40 
g/cm’, this increase (above sea level) amounts 
to 10%. Measurements at 51° were taken on April 
1, 1952, and on May 29 and September 4, 1954. 
The measurements at 31° were made on August 6, 
12, and 30, 1955. 


MEASUREMENT RESULTS 


The results of the measurement of the total in- 
tensity of the particles are best presented in the 
form of two plots, one of the intensity of the pene- 
trating particles, and one of the intensity of the 
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FIG. 3. Altitude dependence of the intensity of penetrating 
particles (with a 10 cm lead absorber) at the following geo- 
magnetic latitudes: 1) 51°, 2) 31°, 3) 2°. 
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so-called soft component, obtained by subtracting 
the number of penetrating particles from the total 
number of particles. This makes it possible to 


separate, asa first approximation, the electronic from 


the non-electronic components..The altitude depend- 
ence of the intensity of the penetrating particles 
(for a 10-cm lead absorber), taken from refer- 
ence 4 for altitudes 51°, 31° and 2°, is shown in 

Fig. 3. The corresponding variation of the inten- 
sity of the soft-component particles (with ranges 
greater than 1.2 g/cm” of aluminum) with altitude 
is represented by the dots of Fig. 2 for 51° and 31°. 
The smooth curves represent the calculated values 
(the abscissa indicates the atmospheric pressure 


in g/cm?, and the ordinate the number of particles). 


As can be seen from Fig. 2, the measurement re- 
sults obtained at 31° are in good agreement with the 
calculated data. At 51°, the measured intensity of 
the soft-component particles exceeds the calculated 
value. However, with only these measurements of 
the total intensity of the soft-component particles 
it is difficult to explain the discrepancy between 
the calculated data for electrons and the measured 
intensities of the soft-component particles. 

Figure 4 shows, for the 31° latitude, the altitude 
dependence of the number of particles with ranges 
from 1.2 to 2.0, from 2.0 to 6.6, and from 6.6 to 


11.4 g/ em? of aluminum and of particles with ranges 
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FIG. 4. Altitude dependence of the number of particles 
(min? cm? sterad™) of the soft-component at 31° for particles 
with the following ranges: a) from 1.2 to 2.0, b) from 2.0 to 
6.6, c) from 6.6 to 11.4 g/cm’ of aluminum, d) from 11.4 g/cm? 
of aluminum to 114 g/cm? of lead; @) experimental data. 

Solid curves — calculated results, dotted curves — calculated 
results with allowance for the Coulomb scattering of elec- 
trons in the atmosphere. 


greater than 11.4 g/cm? of aluminum and less than 
114 g/ cm? of lead. The dots indicate the measured 
results and the smooth curve the calculated values. 
Disregarding certain discrepancies between the ex- 
perimental and calculated data for particles with 
ranges from 1.2 to 2.0 g/cm? of aluminum (the 
meaning of which will be explained below), a com- 
parison of the measures and calculated results, 
shown in Fig. 4, leads to the conclusion that the 
theory explains the generation of the electron com- 
ponent in the atmosphere rather well not only quali- 
tatively, but also quantitatively, and that at 31° the 
soft-component particles in cosmic radiation con- 
sist for the most part of electrons. 

Since the measured intensity of the soft-com- 
ponent particles at 31° agrees with the expected 
intensity for the electrons generated by the 7 
mesons, the excess soft-component particles ob- 
served at 51° must be attributed essentially to 
phenomena caused by primary particles with en- 
ergies less than 7 Bev (for protons). It is there- 
fore advisable to subtract the 31° data from the 
measured data obtained at 51°. As a result we 
obtain the variation with altitude of the difference 
of the soft-component particle intensity, NS = 
Nee N2° | The dots on Fig. 5 show these rela- 
tions for the same range intervals as for the 31° 
latitude, while the smooth curves show the results 
of the calculations. We see that the excess noted 
above in the total number of soft-component par- 
ticles at 51° is due essentially to short-range par- 
ticles (see curve 5a) and to particles with rela- 
tively large ranges R > 11.4 g/cm’. 

The discrepancey between the measured and 


FIG. 5. Variation with alti- 
tude of the number of particles 
ne = NS! — N32" (min cm 
sterad *) of the soft component, 
generated by the primary parti- 
cles with a critical energy less 
than 7 Bev (for protons), for 
particles having the following 
ranges: a) from 1.2 to 2.0, 

b) from 2.0 to 6.6, c) from 6.6 
to 11.4 g/cm” of aluminum and 

2 d) from 11.4 g/cm’ of alumi- 

num to 114 g/cm’ of lead. 
$¢ 0) experimental data. Dotted 
curves — calculation with 
allowance for the Coulomb 
scattering of electrons in the 
atmosphere; solid curves — 
results of calculations. 
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FIG. 6. Variation with altitude of the number of the soft- 
component particles with ranges in the interval from 0.4 to 
0.9 g/cm’ of glass at a latitude of 51°. ©) experimental data. 
Solid curve — results of calculation; dotted curve — result of 
calculations with allowance for the Coulomb scattering of 
electrons in the atmosphere. 


computed values for ranges above 11.4 g/ cm? of 
aluminum is attributed to the noticeable number 
of slow protons, with ranges from 11.4 g/cm? of 
aluminum to 114 g/cm? of lead, contained among 
the particles in this interval. These protons pro- 
duce an increased ionization (by a factor from 1.5 
to 3 times). Rapoport,'? who measured the ioniza- 
tion spectrum of particles in the stratosphere at 
51° latitude with the aid of a pulse ionization cham- 
ber, determined the intensity of particles that have 
this increased ionization. The small squares in 
Fig. 5d represent the sum of our calculated elec- 
tron intensity and the intensity obtained by Rapo- 
port for the protons. Consequently, taking into 
account the intensities of the protons of the cor- 
responding ranges, the measured and calculated 
results for electrons with ranges more than 11.4 
g/ em? of aluminum are in satisfactory agreement 
au oli. tOOk 

At short ranges, a discrepancy between the cal- 
culated and experimental data is found not only for 
1,2) 40°20 2/ em? of aluminum, but to an even greater 
extent for 0.4 to 0.9 g/cm? of aluminum. Figure 6 
shows the experimental points corresponding to the 
intensity of particles with ranges from 0.4 to 0.9 
g/cm? of aluminum at the latitude of 51° (refer- 
ence 1), and the calculated curve of electron inten- 
sity for the same range interval. The assumed ex- 
istence of a noticeable number of protons among 
the short-range particles in the above two range 
intervals contradicts the known data on the excess 
ionization produced in the stratosphere by the slow 
protons.'? In addition, on the basis of the work 
cited above, Rapoport has concluded that more than 
80% of the particles with ranges close to those con- 
sidered here are light particles (electrons). 

A striking fact is that the latitude effect of short- 
range electrons is large at great depths. At a depth’ 
of 500 g/cm? this latitude effect, between 51° and 


A. N. CHARAKHCH?’IAN and T. N. CHARAKHCH’IAN 


31°, is close to 2. Nota single component of cos- 
mic radiation, with the exception of the star-pro- 
ducing component, has a latitude effect of such order 
of magnitude at great depths. This suggests that a 
noticeable portion of the short-range electrons is 
due to the star-producing component or most read- 
ily to its principal portion, the neutrons. 

No electrons or photons of low energy are pro- 
duced in stars generated directly by fast neutrons. 
However, evaporation neutrons produced in stars 
are capable of producing hard gamma quanta dur- 
ing nuclear reactions in the atmosphere. At the 
present time there are no exhaustive data on the 
hard quanta emitted in reactions between neutrons 
and nitrogen or oxygen for the entire energy spec- 
trum of the neutrons. Data are available for 14.1- 
Mev neutrons, for which the cross section of the 
inelastic reaction with nitrogen amounts to approxi- 
mately 30% of the total cross section.'4 Since neu- 
trons lose a small fraction of their energy (~ 15%) 
in elastic reactions, and since hard gamma quanta 
carry away about half the kinetic energy of the in- 
cident neutron in inelastic reactions,'*»!® neutrons 
with energies from 5 to 15 Mev give up a substan- 
tial portion of their energy to gamma quanta as 
they pass through the atmosphere. 

It appears therefore that the excess intensity of 
short-range electrons obtained by us at 51°, par- 
ticularly in the region of medium altitudes, is es- 
sentially due to the above mechanism of radiation 
of hard gamma quanta. At the present time it is 
impossible to give a quantitative estimate of the 
role of the above phenomenon in the generation of 
short-range electrons in the atmosphere. Never- 
theless, we can attempt to answer the following 
question: does the intensity of the neutrons gener- 
ated in the atmosphere seem reasonable if it is 
assumed that all the energy carried by the excess 
short-range electrons is due to gamma quanta from 
neutron reactions in the atmosphere? 

From the area under the excess-intensity curve 
of the short-range electrons, the energy carried 
away by these electrons is ~1.5 Bev min! cm 
sterad™! (amounting to approximately 10% of the 
total energy of the electron component). It is 
reasonable to assume that the average energy of 
the gamma quanta radiated during neutron reac- 
tions in the atmosphere amounts to approximately 
5 Mev. To obtain the above 1.5 Bev min™! em™ 
sterad!, we must assume that 300 evaporation 
neutrons are generated on the average in one min- 
cm?-sterad in the entire atmosphere at a latitude 
of 51°. We can start with the assumption that in 
the entire atmosphere an intensity equilibrium is 
established between the evaporation neutrons and 
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the thermal neutrons. Assuming that approximately 
30% of the neutrons are absorbed after inelastic 
nuclear reactions (for example, in reactions 
n‘4 (na) Bit etd. "4y; the expected number of ther- 
mal neutrons in the atmosphere is 200 neutrons 
(cm~? min“! sterad™'). 

According to measurement data," the intensity 
of thermal neutrons in the entire atmosphere at a 
51° is 135 neutrons (cm~* min™ sterad™!), which 
is close enough to the value obtained above. This 
is another argument in favor of the neutron origin 
of the considerable portion of the excess short- 
range electrons observed by us. 


SPECTRUM OF PRIMARY COSMIC RADIATION 


The expressions found in the literature for the 
spectrum of primary particles are contradictory 
in that respect, that the spectra obtained in inves- 
tigations based on the measurement of the intensity 
of primary particles at different latitudes give for 
the primary cosmic-ray energy flux a value that 
is two or three times greater than that obtained 
experimentally. On the other hand, the spectrum 
obtained in reference 8 gives for the primary- 
particle flux values that are 1.5 or 2 times less 
than would follow from references 19 and 20. 

It seems to us that these contradictions are due 
to the inaccuracy of experimental data used to ob- 
tain the primary-particle spectrum. When meas- 
uring the particle intensities with the aid of rock- 
ets, the backward flux of low energy particles and 
the showers produced in the rocket housing increase 
artificially the value of the flux of the primary par- 
ticles. The lower the latitude at which the meas- 
urements are performed, the more do these sec- 
ondary effects manifest themselves in the experi- 
mental results. It is therefore necessary to assume 
that the authors who made the rocket measurements 
used exaggerated values of the particle flux to ob- 
tain the spectrum of the primary particles, particu- 
larly at the equatorial latitude. The data used in 
reference 18 on the cosmic-ray energy flux at 
various latitudes are not sufficiently accurate. In 
particular, owing to the lack of data on the intensity 
of the electron and -meson component, the value 
of the energy carried away by the neutrino in the 
decay of » mesons at various latitudes remains 
undetermined. . 

The investigations reported below on the energy 
spectrum of primary cosmic particles are based 
on data of the altitude dependence of the electrons 
studied in this investigation, and also on data on 
the altitude dependence of the ,-meson and nucleon 
components, reported in references 8 and 10 for 
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FIG. 7. Variation with al- 
titude at 31°: 1) number of 
penetrating particles; 2 and 3) 
number of identical particles 
with ranges greater than 3 and 
10 mm lead; 4, 5, and 6) num- 
ber of single particles with 
ranges greater than 11.4, 6.6, 
and 2.0 g/cm’ of aluminum, 
respectively; 7) number of side 
showers, obtained when meas- 
uring (with a telescope) single 
particles with ranges greater 
than 2.0 g/cm’ glass. 


N(min* cm” sterad* ) 


O igre) , 100 
p(g/cm’ ) 


51°, 31° and 2°. In addition, we used in this work 
the values of the cosmic-ray intensity on the top 
of the atmosphere, obtained for 51° and 31°. 


PRIMARY FLUX OF COSMIC RADIATION AT 31° 


In the measurements described above we also 
obtained data on the intensity of single particles 
with ranges greater than 2.0, 6.6, and 11.4 g/cm? 
of glass and aluminum, and also with ranges greater 
than 3 and 10 mm of lead. The results of these 
measurements, made at low pressures, are shown 
in Fig. 7, where the ordinates are the measured 
intensities of single particles and the abscissas 
the pressure in g/cm’. 

Let us examine the particle intensities obtained 
by extrapolation of these variations with altitude to 
the top of the atmosphere. As can be seen from 
Fig. 7, the straight lines (each of which passes 
through three measured points on curves 2, 3, 4, 
5, and 6) intersect the ordinate axis within an in- 
tensity range from 1.2 to 1.9 particles (min! em~™ 
sterad”'),* Curve 1 of Fig. 7, representing the in- 
tensity of the penetrating particles, is based on the 
data of reference 4. The average value of the flux 
of primary particles is 1.5 + 0.1 particles. Itis 
somewhat smaller than the values obtained in ref- 
erence 21 (1.8 particles) and in reference 22 
(2.0 particles). The above error for the particle 
intensity corresponds to the mean squared devia- 
tion from these extrapolations. 


*Henceforth we shall omit the dimensions min* cm? 
sterad*. 
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In the measurements we also obtained data on 
the intensity of the side showers registered with 
the telescope. The results of one of the measure- 
ments are given in Fig. 7 (curve 7). This curve 
represents the altitude dependence of the intensity 
of the side showers, obtained when measuring 
single particles with ranges greater than 2.0 g/com?. 
As can be seen from the diagram, to us the intensity 
of the showers is almost constant in the pressure 
range of interest. It is therefore quite likely that 
the number of showers remains constant to the top 
of the atmosphere. Under the conditions of our ex- 
periments, this gives 1.1 particles, leading to an 
increase of approximately 60% in the flux of the 
primary particles. 


ENERGY OF PRIMARY COSMIC RADIATION 


The energy carried away by the primary cosmic 
radiation has been determined in the following man- 
ner. Knowing the altitude dependence of the inten- 
sity of the electron and p -meson components, we 
determined the energy carried away by the 7 and 
nm’ mesons in the atmosphere. The energy liberated 
in the atmosphere by slow nucleons?!” is then added 
to the found m-meson energy. 

The initial data for the determination of the en- 
ergy flux carried away by the a mesons in the at- 
mosphere are the data on the electron component. 
By calculating the area under the curve of the in- 
tensity of the soft component in the altitude interval 
from the top of the atmosphere to sea level, and 
multiplying this area by the ionization losses of the 
electrons in air (2.15 x 10° ev-g-!-cm™), we find 
that the energy carried by the electrons with ranges 
more than 1.2 g/cm? of glass amounts to 8.2 + 0.16 
Bev at 31°. On the basis of the calculations per- 
formed, this energy must be increased by 25% be- 
cause of the electrons with ranges greater than 
1.2 g/cm?. Thus, the energy liberated by the elec- 
trons in the atmosphere at 31° amounts to 10.2 + 
0.2 Bev. 

For the 2° latitude, there are no direct data on 
the composition of the soft-component particles. 
Nevertheless, it is quite likely that at this latitude, 
as at 31°, the predominant portion of the soft com- 
ponent is made up of electrons. When evaluating 
the electron energy at 2° from the data of refer- 
ence 23, the area under the soft-component inten- 
sity curve is reduced by 8% (because the side 
showers have not been excluded in the measure- 
ments made at 2°) and is increased by 25% (on 
account of the electrons with ranges less than 
i g/cm’). After introducing these corrections, 
the electron energy liberated in the atmosphere 
at 2° latitude becomes 6.10 + 0.2 Bev. 
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It was shown above that at 51° the soft compo- 
nent contains a noticeable number of slow protons. 
In addition, a considerable portion of the electrons 
with ranges less than 2 or 3 g/cm? is generated 
not by ma mesons, but by gamma quanta emitted 
upon interaction of the evaporation neutrons in the 
atmosphere.* The energy of the electron-photon 
component, due to 7 mesons at 51°, is therefore 
best determined from the calculations. These yield 
a value of 13.5 Bev. 

Starting with the known m-meson decay schemes 
(nt —pt+v, u*>—e*+2v, and r’—2pv) itis 
possible to obtain a relation between the energy of 
the electron component and the energy carried by 
the m mesons in the atmosphere. The energy 
transferred to the electron component in the proc- 
ess of decay of charged m-mesons is 


life (= E+E, ion) f 


where E,+ is the energy carried by the 7 me- 
sons; E,,jon is the energy lost by the 4 mesons 
to ionization in the atmosphere and in the soil; My 
and m, are the rest masses of the uw and 7 me- 
sons. Adding to this energy the energy E70 of the 
neutral a mesons, we obtain for the energy of the 
electron component in the atmosphere 


Bas a(t Ex — Ey ion) + Ene. 


After suitable transformations, we obtain for the 
os 0 


total energy of the m™ and m mesons, at my/m 7 
= 0.78: 
: 1+k 
E12 + Ew = 555 (E. +5 Ey ion) (1) 


where k is the ratio E,0/E,+. 

The energy lost by the » mesons to ionization 
in the atmosphere at 51°, 31°, and 2° was determined 
from the areas under the corresponding penetrating- 
particle intensity curves (Fig. 3), with correction 
for the intensity of the protons, the variation with 
altitude of which was determined from the variation 
with altitude of the electron-nuclear showers.2! The 
energy carried by the mesons at sea level was taken 
to be 2.0 Bev. 

The value of the ratio k= E,0/E,+ in formula 
(1) has not been established experimentally with 
sufficient accuracy. According to the data of the 


*These two sources of soft-component particles are na- 
turally also present at 31° latitude. But the contribution of 
such particles to the soft component, compared with the num- 
ber of electrons due to generation of 7 mesons in the atmo- 
sphere, is much less at 31° than at 51°. 
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TABLE IV 
Geomagnetic latitude 2° 31° | bre 
Energy flux *carried by 7 mesons, 15.5+0,5 24,8+0.5 | 32,540.5 
Bt 0 * ( . 
Energy consumed in nuclear disintegra- 3.2+0,3 5,640.4 | 22,544.2 
tion) (Buc: eis 
Energy lost to ionization by primary 0,4+0.04 0.50.05 1.7+0,2 
cosmic particles, Ep m 
Total flux of energy of cosmic radiation 19,1-+0.6 30,9+0.6 | 56,7+1.3 
E, + E7o +Enuc + Ep Tm 
Flux of primary particles Np + Ng, 9,0 1,540.1 | 0.48+0,04 
min * cm? sterad? es 


*The energy is given in Bev-min *-cm™ -sterad?. 


present work, this ratio in the stratosphere at 31° 
is 0.4, and at any rate not greater than 0.5. We 
assume k=0.4 regardless of the latitude. The 
inaccuracy admitted in the value of k cannot in- 
fluence the results substantially. Thus, for ex- 
ample, the total energy E,*+E,0 will be only 7% 
greater at k=0.4 than at k=0.5, and 8% less 
when k = 0.3. 

Inserting into expression (1) the values of Ee 
and Ey ion for the corresponding latitudes, we 
obtain the total energy carried by the charged and 
neutral mt mesons at geomagnetic latitudes of 51°, 
31°, and 2°. These data are given in the first line 
of Table IV. 

In the generation of the electron component in 
the atmosphere, a certain role is played by the 7 
and pu mesons, which come from the decay of K 
mesons. In this case the fraction of the energy 
that goes to the neutrino will be greater compared 
with the fraction of the neutrino energy accounted 
for by formula (1), the latter being obtained under 
the assumption that all the charged mesons are 
formed directly in nuclear interactions. However 
this hardly affects our results, as can be seen from 
the following example. We can assume, for example, 
for a latitude of 2°, that the energy carried away by 
the charged K mesons amounts to 0.25 of the total 
energy of the charged + and K mesons, and that 
the neutral to charged a meson energy ratio is 
0.5. Then, in the decay of a K mesonintoa 7 
meson and two neutrinos, when the energy carried 
away by the neutrino is maximum, the energy flux 
of the cosmic radiation at 2° increases by only 5%. 

The second line of the table gives the energies 
Enuc going into nuclear disintegration, as given in 
reference 10. The value of Enyce cited for 51° is 
increased by 30%, owing to the need for considering 
that approximately 20% of the global flux of charged 
particles at this latitude is due to nuclear disinte- 


gration. The third line of the table gives the energy 
lost to ionization by primary particles. The values 
of the total energy liberated in the atmosphere by 
cosmic radiation are given in the fourth line. The 
fifth line gives data on the flux of primary particles 
(for 51°, in accordance with reference 21). The 
errors in the table are statistical. The value for 
2°, which will be discussed below, was obtained in 
the present work. 


EMPIRICAL EXPRESSION FOR THE ENERGY 
SPECTRUM OF THE PRIMARY PARTICLES 


With data on hand on the flux of energy of cos- 
mic radiation at 51°, 31°, and 2°, and with a definite 
assumption made regarding the a particle to pro- 
ton intensity ratio in the primary radiation, it is 
possible to find the energy spectrum of the primary 
particles. At the present time there is no agree- 
ment on primary-proton to a@-particle intensity 
ratio. However, the available experimental data 
do not contradict the opinion that the fraction of 
the particles in the total flux is independent of the 
latitude. 

For primary particles with energies that are 
not too low, it is advisable to use first a power- 
type spectrum of the type «~Y, where y is a con- 
stant. In this case the relation between the energy 
flux Up and the intensity Np (> €p) of the primary 
protons has the simple form 


Yat, 
oir Neen) ria, Pas (2) 


where €p is the kinetic energy of the protons. 


It follows from Kq. (2) that if the values of Up 
and €p are specified, the value of the flux Np 
(> €p) will increase with increasing y. The ex- 
perimental data lead to the assumption that y = 3.0. 
Taking y= 3.0 we find an upper limit for the inten- 
sity Np (> €p). 


770 


For the 2° latitude, the flux of the cosmic-ray 
energy is 19.1 + 0.6 Bev. The energy flux carried 
by the protons is accordingly 13.3 Bev. Inserting 
this value for Up anda value of 14 Bev for €p 
into Eq. (2), we find that Ne (> 14) = 0.48 protons. 
Performing paaloeene) operations for the 31° lati- 
tude, we find that Np (> 7) = 1.6 protons. Meas- 
urements of the intensity of primary particles at 
these latitudes should give results that are in agree- 
ment with the preceding inequalities. From this 
point of view, our value of the total intensity of the 
primary particles at 31° appears sensible. 

We obtain the flux of the primary protons at 2° 
with the aid of relation (2), which we apply to the 
2° and 31° latitudes: 


Nac 25, ade kU) (eng en) Nee (stes)) 


where ef = 14.0 Bev and ey = = 7.0 Bev. 

We assume that Us joe equals the corre- 
sponding ratio of the eee of the total energy of 
the cosmic radiation, and that net amount to 85% 
of the total flux of primary Poatioles: Inserting 
these values into (3) we find that Ne (14) =0.41 4 
0.03 protons. Accordingly, the total flux of the 
primary particles Np +Nq will be 0.48 + 0.04 
particles at 2°. 

With the aid of a power-law energy spectrum 
it is possible to obtain the ratio 


(3) 


(G5 2p) =p al Ups 


from which we get y — 2=0.7 + 0.05. 

It is preferable to represent the general empiri- 
cal expression for a primary-particle integral en- 
ergy spectrum that satisfies the experimental data 
at the three latitudes, 51°, 31°, and 2°, in the follow- 


ing form 
A A 
N Pn eee p P : 
Pp (> p) , a ae «, a 22-1 ) 
A A. . 
Na(> &) = = = 


Ler a een pot ae 


Here the first expression is for protons and the 
second for a particles, while €p and €q are 
the kinetic energies of the primary protons and 

the primary a particles, in Bev. The other quan- 
tities in the right halves of the equations are con- 
stant, including y and y’. The terms 2 and 5 in 
Eq. (4) are so chosen as to make the ratio (€q + 5)/ 
(Ep +2) independent of €q and €p. This ratio is 
equal to 2, accurate to within 3 or 4%, for €p > 1.5 
and accordingly €g > 2.2 Bev (values of the criti- 
cal energies at 51°). If y=y’, the integral spec- 
tra of the protons and a particles will be similar, 
and the fraction of the a particles will be inde- 
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TABLE V 
ee es 


Flux of primary Intensity of primar 
Geo- : ops ntensity of p y 
P cosmic-radition en- f : 
matic Exponent ergy (Bev-min™ coer cater) 
SO cm™?-sterad™) 
pe 2.8 28.7 0.70 
3.0 18.6 0.50 
3,2 12.4 0.38 
Experiment 19.1+0.6 0.48-+0.04 
ale 2.8 43,2 1,96 
3.0 31.0 1.60 
3.2 23.2 4.30 
Experiment 30.8+0.6 4.5+0.4 
Dig 2.8 69% ad) 
3.0 58,3 9.0 
3.2 51.0 ee W) 
Experiment 56.74+1.3 9.0 


pendent of the latitude. The constants Ap, Ap for 
Np (> €p) and Aq, Aq for Nq@ (> €q) in Eq. 
(4) are chosen such as to make the value of the 
primary-particle flux at 51°, for definite values of 
the index y, equal to none particles,”! with 85% of 
this value pertaining to protons and 15% to a par- 
ticles. This value of the flux of primary particles 
at 51° is quite accurate and has been well confirmed 
in supplementary experiments performed by us at 
this latitude. 

With the aid of the spectra (4), we calculated 
the energy fluxes at 51°, 31°, and 2° and the inten- 
sities of the primary cosmic particles at 31° and 
2° for values of y of 2.8, 3.0, and 3.2. These 
data are given in Table V. The third column of 
the table gives the values of the total energy car- 
ried by the primary protons, a particles, and 
particles with charge Z=383 (the energy flux 
carried by the particles with charge Z=>3 has 
been estimated to be approximately 20% of the 
energy flux carried by the q@ particles). The 
fourth column gives the values of the flux of pri- 
mary particles Ny +Nq. The table gives also 
experimental data for the corresponding latitudes, 
taken from Table IV. As can be seen from Table V, 
a good description of the experimental data is ob- 
tained when the index is y= 3.0. For y= 3.0, the 
spectra (4), written with the numerical values of 
the constants, become 


Np (> Sp) = 110/ (ep + 2)¥-1 — 700 / (8, + 2)2"-1, 
50 > 8, > 1.5; 
(5) 


Na(> &a) = 80/ (24 + 5)*-1 — 4-108 / (e, + 5)2¥-1, 


100 > 4 > 2.2, 


where y = 3.03):)3. The second terms in (5) de- 
crease rapidly with increasing proton and a-par- 
ticle energies. For €p = 1.5 Bev and €q = 2.2 Bev, 


MEASUREMENT OF COSMIC-RAY INTENSITY IN THE STRATOSPHERE 771 


k 
20 
15 Za — FIG. 8. Dependence 
of the exponent k on 
t0 the energy e for an 
integral spectrum of 
OS primary particles of the 
type const/e*. 
0 
0 20 (gev) 


the second terms amount to 15% of the first terms. 
When €p = 4 Bev and €q =6.6 Bev, the second 
terms diminish by a factor of 6. 

Naturally, high-energy primary particles are 
not effective in our experiments. Only one-third 
of the flux of cosmic-ray energy at 2° is due to 
primary particles with energies greater than 50 Bev 
(for protons). The foregoing energy spectrum (5) 
cited above is therefore apparently effective up to 
primary-proton energies of 30 to 50 Bev. We re- 
mark that the spectra (5) are equivalent to a power 
relation of the type const/ cK, where the exponent 
k is a function of the energy €. The dependence 
of k on € is illustrated in Fig. 8. It is seen from 
this diagram that k(¢€) varies rapidly at first and, 
at energies of 10 to 20 Bev, reaches values of 1.7 
to 1.8, usually obtained in extensive atmospheric 
showers. 

The authors express their deep gratitude to Prof. 
S. N. Vernov for interest in the work and for a dis- 
cussion of the results, and also to I. P. Ivanenko for 
valuable advice on the computations performed. 
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A radiochemical investigation of the isotopes of bismuth, mercury, and gold produced in the 
disintegration of bismuth by 660-Mev protons has been carried out. A method for quantitative 
determination of the radio isotopes, based on L radiation, is proposed for isotopes that have 
undergone elementary capture. The half-life of Hg! (4 hr) andthe E capture in the gold 
isomer Au!8™ have been determined by successive extraction of the daughter fraction. The 
dependence of the yields of the reactions (p, pxn), (p, 4pxn) and (p, 5pxn) on the number 
of neutrons emitted leads to certain conclusions regarding the mechanism of disintegration 


of complex nuclei by high-energy protons. 


INTRODUCTION 


‘Tae reactions (p, pxn), (p, 4pxn), and (p, 5pxn) 
take place when complex nuclei interact with high- 
energy protons. The target employed to study these 
reactions can be an element with only one stable 
isotope. In the case of medium nuclei, these reac- 
tions have been studied for the interaction between 
protons of various energies with cobalt (60, 100, 
170, 240, 370 Mev),!*? yttrium (240 Mev),® ce- 
sium,’ and tantalum (340 Mev).° Whenever sev- 
eral isotopes of the same element could be separ- 
ated, it was observed that the yield of the (p, 4pxn) 
and (p, 5pxn) reactions tends to increase as x 
increases to the maximum, while the yield of the 
reaction (p, pxn) decreases. 

As to heavy nuclei, a study was made of the dis- 
integration of uranium and thorium by 340-Mev 
protons.® The same dependence is observed for 
these reactions as for light nuclei, but the situa- 
tion is masked here by the competing fission proc- 
ess, particularly in the case of uranium. The dis- 
integration of bismuth was studied by bombarding 
it with 375- and 450-Mev,' 480-Mev,®”? and 660- 
Mev protons.? But in none of these investigations 
were the yields of more than two or three isotopes 
of the same element determined. This is explained 
by the complexity of the decay schemes of heavy 
nuclei, and also by the lack of a satisfactory pro- 
cedure for counting the radio isotopes that decay 
via E capture. 

In reference 7, which deals with disintegration 
of bismuth, the yields of the radio isotopes that 
disintegrate by E capture have not been corrected 
for the efficiency of the counting apparatus. In 
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other papers, the count of the radioactivity of the 
isotopes experiencing capture of an orbital elec- 
tron, was determined from the K radiation? or 
from the K and L radiation.’ In either case, to 
calculate the absolute yields of the above radio iso- - 
topes it is necessary to know not only the decay 
schemes, but also the ratio of the L capture to 
the K capture, and to take into account the con- 
tribution of the soft gamma radiation, the wave- 
length of which is comparable with that of the K 
radiation. 

It is known’? that the probability of L capture 
increases with diminishing transition energy and 
with increasing forbiddenness of the transition. 
Theoretical calculations, however, yield a single- 
valued solution only for the allowed transitions. 
Since the probability of Lyy capture in an allowed 
transition is small, andno Ly capture has been 
observed at all, the ratio of the probabilities of L 
capture (Aj,) to those of K capture (Ax) is 
given by! 


Rope eae ae 
aq AK Wot Wx) ge’ 
where gj is the wave function, W, the transition 
energy, Wj the transition of the i-th level. When 
2 2 
Wy > Wr and Wy > Wie A AL, AK el BL, /8k - 


The ratio g1,/ kk for allowed transitions, cal- 
culated by Rose and Jackson,’ increases smoothly 
with increasing mass number and reaches a value 
of 0.18 for heavy nuclei. At the same time, the 
experimental L/K capture ratio has a great va- 
riety of values for neighboring elements and in 
some cases, particularly in the range of heavy 
nuclei, becomes greater than unity. 


RADIOCHEMICAL 


N 1% 


1.2 g/cm? 
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FIG. 1. Absorption curve for electromagnetic radiation from 
Re’** in aluminum: 1) L radiation; 2) gamma background (N is 
the number of counts as percentage of the initial count). 


It follows from the above that at the present 
time there are not enough theoretical and experi- 
mental data on the contribution of L capture in 
the case of forbidden transitions. 


SETUP OF THE EXPERIMENT 


In this investigation we studied the reactions 
(p, pxn), (p, 4pxn) and (p, 5pxn) with radio- 
isotopes of gold, mercury, and bismuth, obtained 
by disintegrating bismuth with 660-Mev protons. 
For this purpose, spectrally pure metallic bismuth 
in quantities of 0.5 or 1 g was irradiated in the in- 
ternal beam of the synchrocyclotron of the Joint 
Institute for Nuclear Research. After irradiation, 
the bismuth was dissolved in concentrated nitric 
acid and the gold, mercury, and bismuth were sep- 
arated on suitable isotope carriers. The radioiso- 
topes were identified by their half-lives, by the 
radiation energy, and by the genetic bonds. The 
proton current was determined!® from the yield 
of the reaction Al?’ (p, 3pn) Na”. 


Counting Procedure 


To avoid substantial errors due to the indeter- 
minacy in the L/K capture ratio, we determined 
the activity of the radioisotopes experiencing E 
capture from their L radiation. This method is 
effective because K capture is accompanied not 
only by K radiation but also by L radiation of 
almost the same intensity. The number of second- 
ary x-ray L quanta that accompany the K cap- 
ture, can be calculated from the following formula 


em 2UK LL) (Kee bX) 
m= oe (a) Suse irate: aecl! 


where wx is the fluorescent yield, NK,/N is 
the ratio of the intensity of the Kq radiation to the 
intensity of all the K rays, ax is the number of 
Auger K electrons, and (K-—LX) is the partial 
yield of the Auger electrons. 

The number of secondary L quanta amounts to 
80% in the range studied (Z = 80). If the ratio 
L/K capture ratio is assumed to be unity, the total 
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FIG. 2 ©) absorption curve of total radiation from Re’®® in 
aluminum; x) L radiation; @) beta component; solid line — 
gamma background. 


number of L quanta per decay due to E capture 
amounts to 0.9. Even at very large deviations of 
L/K from the chosen value, the error in the esti- 
mate of the total number of decays deos not exceed 
10%. 

The detector employed was a standard argon- 
filled TM-20 end counter which transmitted the 
K radiation and the soft gamma quanta (0.1 to 
0.05 Mev) with almost no absorption (efficiency 
0.5%), and which recorded x-rays with an efficiency 
of 20%. The counter efficiency was calculated from 
the formula 


Q =] —e™, 


where d is the thickness of the gas layer of the 
counter in g/ cm? and w is the mass absorption 
coefficient, found from the tables compiled by 
Allen.’® In addition to calculating the efficiency, 
the counts corresponding to the activity of the 
radioisotope experiencing E capture were cor- 
rected for the following factors: (1) absorption 
of radiation in the counter window, in the air gap, 
and in the covering of the sample; (2) self-absorp- 
tion in the source material; (3) background of hard 
gamma quanta (determined with the aid of a lead 
absorber ); (4) L-fluorescence yield (according to 
Burhop’s data'®); (5) number of x-ray L quanta 
and electrons due to internal conversion (using 
the decay schemes listed in Table III below. The 
conversion coefficients were determined from the 
tables of Sliv and Band!" and Dranitsina.® 

The sources used to verify the proposed pro- 
cedure were the radioisotopes Cu® (Kg radiation 
of wavelength 1.65A, close to that of the L radia- 
tion from the heavy elements) and Re! (Loa with 
2 =1.43A). The number of E captures or f de- 
cays per disintegrating atom of either isotope is 
found in the literature. We first measured the 
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total activity with a standard end counter and then 
deflected the charged particles in the magnetic 
field and registered only the electromagnetic 
radiation. 

An investigation of the absorption of the radia- 
tion from Re in aluminum with the magnetic field 
on (Fig. 1) and off (Fig. 2) has shown that the ab- 
sorption curves contain none of the component cor- 
responding to K radiation from tungsten, i.e., the 
A capture is registered only because of the L 
radiation. The measurement results listed in 
Table I are in good agreement with literature data. 
The accuracy of the method amounts to 20 or 30%, 
without allowance for the error with which the de- 
cay scheme is determined. 


Determination of the Half-Life of Hg!” 


In many cases there were no accurate half- 
lives available for the mercury radioisotopes. 
Thus, Seaborg’s table” lists several values for 
Hg! (10 hours, 14.5 hours, 29.0 hours, and 
5 hours) and none for Hg!**, To determine the 
unknown half-lives we used the Neuman and Perl- 
man method,”* whereby the daughter fractions are 
separated from the mother substance at equal time 
intervals, corresponding approximately to the ex- 
pected half-life qf the mother element. If N,A, is 
the activity of the daughter material and k is the 
counting efficiency of the daughter material, then 


RNyhyy = Noho = 


Ty — Fy (e-*2* io Boe 


where N,A, is the activity of the daughter material 
and T is the growth time. When T=const, the 
activity of the daughter substance is proportional 
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FIG. 3. Radiochemical 
yield of daughter activity 
of Au’’® as a function of 
time. 
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to the rate of decay of the mother substance at the 
start of the period. 

To determine more exactly the half-life of Hg!®3 | 
the daughter gold fractions were separated from the 
mercury every three hours. The component with 
half-life of 16 hours belonging to Au!83" was sep- 
arated in the decay curves for gold. The rate of 
decrease in activity of this component was used 
to determine the half-life of Hg!®?, which was found 
to be four hours (Fig. 3). 

To prove that the half-life obtained pertains to 
the ground state of Hg!®* and not to the isomer 
Hg!™M we plotted the theoretical curve for the 
growth of Au’? (T=16 hr) from Hg! (T =4 
hr), shown in Fig. 1. The data obtained in several 
experiments are in good agreement with the theo- 
retical values. 


E Capture of the Au!™ Isomer 


It follows from the above that the isomer Hg!??™ 


(T=12hr), if it is formed at all in the disintegra- 
tion of bismuth, decays via E capture into the iso- 
mer Au!™ (T = 3.8 sec), which is directly con- 
verted, also by capture of an orbital electron, into 
the isomer Pt!#8™ (T = 3.8 days), bypassing the 
ground state of gold (Fig. 5). Indications that the 
transition Au!%™ _, p¢!98M is possible are found 
in the paper by Brunner.”4 

To observe the activity of Hg!®™) the daughter 
platinum was separated from the mercury fraction 
every four hours. To exclude the influence of the 
mass-191 chain, the mercury was separated from 
the bismuth every 12 hours after the termination 
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FIG. 4. Growth curve of daughter activity of Au’? as a 
function of time: 0) theoretical curve; A, e, 0, x) experimen- 
tal data, 
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FIG. 5. Decay scheme of Hg'®’. 
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of the radiation. From the change of the activity 
of the platinum (half-life 3.5 days) we found the 
half-life of foo to be approximately 12 hours. 
Aitempts at observing the three-day activity in the 
platinum fraction separated from the daughter gold 
were not successful. 

Let us see whether the existence of this transi- 
tion contradicts the fundamental theoretical prem- 
ises. The probability of transition of the excited 
nuclear state for gamma radiation depends on the 
multipole order of the transition, on the energy of 
the gamma rays, and on the wave functions of the 
nuclear states participating in the transition. For 
specific calculations of the probabilities of the 
gamma transitions it is necessary to specify some 
nuclear model; In our case we can consider radia- 
tion from an individual proton, moving in the con- 
stant field produced by other particles contained 
in the nucleus. The probability of the electrical 
2 transition can then be expressed by the follow- 
ing Weisskopf formula”? 


AEE ae eo 
Te = a ne) (arity 


ee 


x BES (j:, Liz) 10"! sec, 


Where L is the multipole order, a = 1.45 x 
10713 41/3 em, S. isa statistical factor, and hw 


where a is the internal-conversion coefficient. 

It must be noted that the theoretical calculations 
are rough and cannot be expected to be able to rep- 
resent exact transitions in actual nuclei. They can 
serve, however, as the starting point for the inter- 
pretation of the experimental results. 

We have estimated the probabilities of the gamma 
transitions from the 11/2 level to the 5/2 level for 
Ay AU and Au’®"™_ The initial calculated 
results are listed in Table II. 

As can be seen from the results, the probability 
of radiation transition diminishes rapidly from 
Au®™™ to Au‘? According to the data of Gillion 
et al.,”° the probability of decay by isomer transi- 
tion diminishes also for Hg!®™, Hg!™M > and 
Hg!9™ (in a ratio of 0.16:0.5:1). At the same 
time, the probability of E capture increases with 
increasing neutron deficit of the isotope, i.e., the 
capture/emission ratio can be rather large for the 
nucleus considered. 

The above data make it possible to conclude that 
a Au'#m _, p¢!938M transition exists and has an 
intensity of at least 90% (within the limits of ex- 
perimental accuracy ). 


Half-Life of Hg! 


To observe the activity due to Hg! the daughter 
gold was separated from the mercury fraction at 5 
various time intervals (from 20 minutes to 20 hours). 
The 40-hour activity belonging to Au! was found 
in none of the separated daughter fractions. The 
mercury was separated from the bismuth within 
45 minutes to one hour after the completion of the 
irradiation. Consequently, the half-life of Hg! 
is either large or else is less than ten minutes. 

The latter is not likely, since the Weisskopf mass 
formula predicts for the Hg! — Au! transition 
an energy less than 80 kev. 

A prolonged measurement of the activity of the 
mercury fraction (on the order of one year) yielded 
for the long-lived activity a half-life of 130 days. 
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FIG. 6. Dependence of the cross sec- 
tion for the production of radioisotopes 
ie of gold, mercury, and bismuth on the 
mass number, at a proton energy of 660 
— Mev: +) yield of mercury radioisotopes 
in the ground state; x) the same in the 
33 isomer state; @) total yield of radio- 
isotopes of mercury and bismuth; 

[36] 0) yield of gold radioisotopes. 
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This result is in good agreement with the data of 
Brunner et al.?® who ascribed the 130-day mercury 
activity to the mass 194. 

During the course of the investigation, we de- 
veloped chemical procedures that ensure a most 
exact determination of the separation time of the 
daughter and mother fractions.* The mercury 
was separated from the gold by extraction of gold 
chloride with diethyl ether with subsequent pre- 
cipitation of the gold with sulfite. The platinum 
was separated from the mercury and the gold by 
extraction of chloride complexes of mercury and 
gold with ethyl acetate, while the platinum remain- 
ing in the water film was precipitated with formic 
acid. Chemical procedures described in reference 
30 were used to separate the gold, mercury, and 
the bismuth from the irradiated bismuth. 


DISCUSSION OF THE RESULTS 


As a result of the investigation we identified 
approximately 20 radioisotopes of gold, mercury, 
and bismuth, produced through (p, pxn), (p, 4pxn), 
and (p, 5pxn) reactions in the disintegration of 
bismuth by 660-Mev protons. We also calculated 
the cross sections for the production of these iso- 
topes. The results are listed in Table III. 

The yields of the radioisotopes Hg!®, Hes 
Hg8M Hg! Bi2 and Bi23 have been calcu- 
lated from the yield of the daughter fractions of 
platinum, gold and lead. The isomer-pair Hg!®?/ 
Hg and Hg!/Hg!5™M yield ratio was found 
to be equal to 2.5. For comparison, we measured 
the Hg!?/Hg!8™ ratio at a lower bombarding- 


*L. V. Filatova helped with the chemical operations. 


proton energy. The ratio increases to 8 at a pro- 
ton energy of 220 Mev, indicating that when the 
irradiation energy is increased, the yield of the 
isomer in the higher spin state (Hg'*™, spin 1%) 

is greater than the yield of the isomer in the 

lower spin state (Hg'*, spin 4). The results 

are in good agreement with the data of Hicks and 
Gilbert.*8 

The dependence of the cross section for the pro- 
duction of the identified isotopes on the mass-num- 
ber is shown for each element in Fig. 6. As can be 
seen from the diagram, the course of the curves 
for mercury and gold, produced via reactions 
(p, 4pxn) and (p, 5pxn) differs from the curve 
for bismuth [reaction (p, pxn)]: while the yields | 
of the radioisotopes of gold and mercury increase 
with the neutron deficit of the isotope and go through 
a maximum in the case of mercury, the opposite is 
observed for the bismuth radioisotopes. 

To interpret the data obtained it is necessary to 
consider the mechanism of interaction of high en- 
ergy particles with complex nuclei. According to 
the model proposed by Serber,®® the interaction 
between a fast proton and a nucleus proceeds in 
two stages. First the colliding proton knocks out 
from the nucleus a few fast particles, from essen- 
tially neutrons and protons, leaving the remainder 
of the nucleus in an excited state, which is then de- 
excited by evaporation of neutrons, protons, and 
a particles. 

The nuclear cascade was first calculated by 
Goldberger*® by the Monte Carlo method, and then 
by a few other authors. The quantitative calcula- 
tions are laborious and require the use of elec- 
tronic computers. The calculations show that when: 
660-Mev protons interact with a bismuth nucleus, 
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of two fast protons and two fast neutrons are emit- 
ted on the average from the latter. 

The evaporation of the excited nucleus is satis- 
factorily explained with the aid of nuclear thermo- 
dynamics. In our case, without introducing a sub- 
stantial error, we can consider the evaporation of 
neutrons and protons only. Then, according to the 
simplest variants of nuclear statistical theory, the 
total number of evaporated nucleons can be calcu- 
lated with the aid of the following equations:°® 


WU Ta(En +27) +T, Vy + Ey +27) 
O(n+p) ears ‘ 
Vv 
IP. Ww —-? G 
0S ta gal 
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where U is the excitation energy of the nucleus, 
Yn and Yp are the widths of the energy levels of 
the neutrons and protons (proportional to the emis- 
sion probability ), Ex is the particle binding energy 
in the nucleus (Ep = En = 7.5 Mev), A is the mass 
number, C is the nuclear charge, Ep is the height 
of the Coulomb barrier for protons (8 Mev), and 

T is the temperature of the nucleus (0.22VU Ne 

The calculated dependence of the total number 
of evaporated particles N, the number of the neu- 
trons n, and the number of protons p on the ex- 
citation energy is shown in Fig. 7. If the knock-out 
component contains two protons and two neutrons, 
the evaporation involves, two protons and seven to 
eleven neutrons in the case of gold, and two protons 
and six to thirteen neutrons in the case of mercury. 
The greatest yield, according to our measurements, 
is obtained with the radioisotope Hg!®* (two protons 
and eleven neutrons are evaporated), correspond- 
ing to a most probable value of excitation energy of 
150 Mev. This value may be somewhat too high, if 
the yield of the radioisotopes of thallium, which 
were not investigated in this work, is greater than 
that of the mercury radioisotopes. The most prob- 
able excitation energy is then reduced to 100 or 110 
Mev. 

When bismuth nuclei are formed, there is emitted 
from the nucleus one proton that can be attributed 
with full justification to the knock-out component. 
In this case neutrons alone will be evaporated from 
the nucleus and, according to Fig. 7, the most prob- 
able excitation energy should not exceed 50 Mev. 

Our experimental results are in good agreement 
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FIG, 8. Cross sections for disintegration as a function of 
the number of emitted neutrons n and the number of protons p: 
a) for p = 1 (x — calculated values, e — experimental values for 
Bi); b) for p = 2 (0 — calculated values, @ — experimental data 
for Hg) and for p= 3 (x — calculated values, + — experimental 
data for gold). 


with the theoretical calculations of Jackson.** The 
cross sections he calculated for the disintegration 
of elements with A ~ 200 by 400-Mev protons are 
shown in Figs. 8A and 8B, which also show, for 
comparison, our experimental data. 

It is seen from Fig. 8 that the curve for the bis- 
muth isotopes is similar to the theoretical curve, 
and that the knock-out mechanism is decisive for 
the (p, pxn) reaction. The discrepancy in the ab- 
solute values of the yields of the (p, pxn) reaction 
can apparently be ascribed to the fact that our ex- 
perimental data have been obtained at a higher pro- 
ton energy. 

The dependence of the yields of the reactions 
(p, 4pxn) and (p, 5pxn) (Fig. 8B) is in good 
agreement with the theoretical data for 2p and 3p. 
This fact can be readily explained by the circum- 
stance that when he calculated the evaporating 
process, Jackson” neglected the evaporation of 
protons, while it is seen from Fig. 7 that on the 
average 10 to 12 evaporated neutrons are associ- 
ated with two evaporated protons. It follows from 
the comparison of the theoretical and experimental 
values that the evaporation process plays the de- 
cisive role in the formation of radioisotopes of 
mercury and gold and dictates the character of 
the dependence of the radioisotope yields on the 
mass number. 

The same characteristic features of the reac- 
tions (p, pxn), (p, 4pxn), and (p, 5pxn) are 
also observed in the disintegration of elements of 
medium atomic weights,‘~® since the difference in 
the yields of neighboring isotopes of the same ele- 
ment increase with diminishing Z of the irradi- 
ated nucleus and with diminishing energy of the 
incident protons. 

It can thus be concluded that in the disintegra- 
tion of complicated nuclei by high-energy protons, 
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the distribution of the residual nuclei is caused by 
the following interaction mechanisms: (1) during 
the course of the reactions (p, 4pxn) and (p, 5pxn), 
the decisive process is evaporation and the yield 
of the radioisotopes increases with increasing neu- 
tron deficit and goes through a maximum; (2) the 
(p, pxn) reactions occur when a small excitation 
energy is transferred to the nucleus, the emission 
of a large number of neutrons is difficult, and con- 
sequently the yield of the radioisotopes diminishes 
with increasing neutron deficit. 
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An electron-optical system is proposed for forming circular charged-particle trajectories; 


the system consists of magnetic slits arranged in a circle. 


The strength of the magnetic 


field in this system increases rapidly with distance from the axis, but there is no vertical 
defocusing. A system of this type can be used in an accelerator with a fixed guide field. 
An experimental investigation has been made of the first circuit of an electron beam in a 


system of this kind. 


i the present note we consider an electron-optical 


system for forming circular charged-particle tra- 
jectories by means of a magnetic field which in- 


creases rapidly toward the periphery of the systems; 


this field does not cause vertical defocusing. 

The system consists of magnetic slits,* located 
at equal intervals about the periphery of a circle. 
The fields in adjacent slits are in opposite direc- 
tions. Regardless of the field direction each slit 
deflects charged particles toward the axis of the 
system; with appropriate choice of magnetic field 
and particle vector velocity the particle will de- 
scribe a trajectory which is essentially circular. 

In order to simplify the analysis we replace the 
slit system by an equivalent system; the equivalent 
system consists of linear conductors in which the 
direction of current flow alternates as one goes 
around the circle (Fig. 1). 

In this system the vector potential is: 


ie ee AQ it aa OO 
e FE OX pre hema” oes Oviee 
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Here I is the current in each conductor; r is the 
distance from the system axis O to the point P 
at which the vector potential is computed; ¢ is the 


polar angle, measured from a line OK which passes 


*By “magnetic slit” is meant an electron-optical deflection 
element which consists of two magnetic poles of opposite sign 
(elongated in one direction); in contrast with an ordinary 
deflection magnet, an electron is affected by the “fringing 
field” rather than the field in the gap itself. If the electrons 
which enter the field of a magnetic slit move in a direction 
which is perpendicular to the long dimension of the poles the 
trajectories are characterized by displacement in this rs 
tion and deflection in the direction of the magnetic slit. 


FIG. 1 


through the system axis O and one of the conduc- 
tors; a is the distance from the axis to the con- 
ductor and 2n is the number of conductors. 
Because the vector potential is independent of 
z this coordinate is cyclical. Hence the general- 
ized momentum component Pz is a constant: 
OL 


Pp, =e m2 fA = he, Ay = CONS 
Oz c c 


L=F(e+7+2)+—Az 


is the Lagrangian. Ina plane OM which passes 
through O and midway between any two neighbor- 
ing conductors the vector potential vanishes. If the 
particle starts at any one of these planes with 

Z) = 0, in passing through any other of these planes 
its velocity component Zz will always be zero. Be- 
tween any of the planes OM the particle is deflected 
upward and then downward (we assume that the con- 
ductors are oriented vertically ); however, since 
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these deflections are equal, the particle oscillates 
about a plane perpendicular to the axis. The pro- 
jection of the particle motion on this plane is de- 
scribed by the equation (in Cartesian coordinates ) 


i AQ m ¥ 0Q 
aoe Oxi te Y Oy ’ 
eae: 
= om“ 


and can be represented by a rubber-sheet model 
in which small balls move under the influence of 
gravitational forces.* 

The profile of the rubber-sheet model consists 
of a number of elevated points (equal to the num- 
ber of conductors) located in a circle. The height 
of the profile h is proportional to Q. It is appar- 
ent that conditions can be found for which a small 
ball will roll along the inner sides of the slopes, 
describing a trajectory which is almost circular. 
Because of frictional effects, however, only one 
complete circuit can be achieved. Nevertheless, 
this is sufficient to demonstrate the essential 
nature of the particle motion. We also note that 
a system of conductors in which the current flows 
in the same direction can also be used to confine 
charged particles. However, in a system of this 
kind it would be difficult to avoid loss of particles 
in the vertical directions. 

An experimental device has been built to check 
the analysis given above (Fig. 2). The deflection 
elements are magnetic slits, since these provide 
considerably stronger magnetic fields than can be 
achieved with current-carrying conductors. The 
fields in adjacent slits are in opposite directions. 
In order to provide vertical focusing, the poles 1 
which form the magnetic slits are concave in shape; 
although it would not defocus the beam, a system of 
straight magnetic slits would not produce focusing 
in the vertical direction. Each pole has a coil 2 
of 200 turns. The chamber 3 is barrel-shaped and 
is provided with observation windows 4. Inside the 
chamber there is an electron gun 5 and a fluores- 
cent screen 6. The electron gun forms a cylindri- 
cal beam with a divergence angle of 3°. It can be 
rotated about axis 7 and displaced over a small 
range. The screen can be moved around the axis 
of the system. 

An investigation was made of the shape of the 
electron beam when the following parameters were 
varied: magnetic field strength, electron energy, 
position of the electron gun, and starting direction 
of the beam. At appropriate values of these pa- 
rameters the electron beam is deflected in alter- 
nate directions by the magnetic slits, forming a 
complete circle. 

An examination of the displacement of the lu- 
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| 
minous spot on the screen when the latter is moved | 
shows that the electrons describe a spatial trajec- 
tory characterized by periodic radial and vertical 
oscillations, which are superimposed on a circle. 
With 16 poles and with the gun 4 to 5 cm from the 
poles the amplitude of the radial oscillations is 
approximately 2 cm and the amplitude of the ver- 
tical oscillations is approximately 5 cm. Under 
these conditions the electron energy is 5 kv and 
the current in the windings, which is a strong func- 
tion of the distance between the gun and the poles, ~ 
is 5to 10 amps. The width of the image, which is 
a slightly curved band, varies between 1 and 3 mm, 
depending on the position of the screen. The image 
height is 10 to 20 mm. Similar results are ob- 
tained with 32 poles, although the oscillation am- 
plitude is somewhat smaller. 

Thus it would appear that a system consisting 
of magnetic slits arranged in a circle can provide 
a charged-particle trajectory that is almost cir- 
cular. 

Because the strength of the magnetic field in- 
creases rapidly with increasing distance from the 
axis of the system and because there are no ver- 
tical defocusing forces, a system of this kind can 
be used in an accelerator with a fixed (also vari- 
able) magnetic guide field. The charged particles 
in such a system can be accelerated by an induction 
scheme or by a variable electric field. 


‘ Baranovskii, Kaminskii and Kel’man, J. Tech. 
Phys. (U.S.S.R.) 25, 610 (1955). 

2 Baranovskii, Kaminskii and Kel’man, J. Tech. 
Phys. (U.S.S.R.) 25, 1954 (1955). 

’V. N. Kel’man and I. V. Rodnikova, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 21, 1364 (1951). 

4kKel’man, Kaminskii and Iavor, J. Tech. Phys. 
(U.S.S.R.) 24, 1410 (1954). 
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The feasibility of using high-frequency fields for controlling the motion of particles in cyclic 


accelerators is indicated. 


In 1947 one of us directed attention to the possibil- 
ity of cyclic acceleration of charged particles in 
rapidly varying magnetic fields. The basic idea of 
an accelerator of this kind is described below. 

If a constant or slowly-varying (in time) mag- 
netic field acts over sectors, rather than over an 
entire circular area, at an appropriate field value 
(the same in all sectors) a particle with constant 
energy will move along a curve which is a closed 
polygon with rounded vertices. 

Instead of a fixed magnetic field or a slowly 
varying magnetic field, we can use a rapidly vary- 
ing field; if the time in which the particle traverses 
one sector is a multiple of the period of the mag- 
netic field, the particle will enter each magnetic 
sector at a time such that the field in the sector 
is at the desired value. The sectors can be rectan- 
gular wave guides with closed ends. A traveling- 


wave circular accelerator has also been considered. 


Calculations carried out by Burshtein and Kolo- 
menskii! indicated, however, that the variants cited 
above would not provide stable motion. 

We wish to point out the possibility of cyclical 
acceleration by a rapidly varying electromagnetic 
field. As in the above examples, this field must 
act as a guide field. 

The characteristic feature of the method pro- 
posed below is that the particle is not in the high- 
frequency electromagnetic field for a fraction of 
a period, as above, but rather for a large number 
of periods, or even for the entire time of accelera- 
tion. Consider the motion of a particle in a field 
produced by a plane standing wave Ey = Ey cos kx 
x sin wt and Hz =—H) sin kx cos wt where Ey 
and Hy are the amplitudes of the electric and mag- 
netic fields respectively. Integrating the appropri- 
ate equations of motion we have 


als 


d : e : 2 
. sin 2kx cos? wt. 
2k > 


Slee 


(1) 


*This work was carried out in 1956. 


Thus, on a particle in the field of a standing wave 
there is exerted a force which tends to localize the 
particle at the nodes of the electric field.* If we 
now assume that the nodal surface is a cylinder, 

it is easily shown that the particle will be confined 
by the varying field, executing oscillations about 
some closed orbit. 

As an example, we consider the motion of a 
particle in a coaxial cylindrical resonator in which 
an axially symmetric TM mode is excited (the 
axis of the resonator is taken as the z axis). We 
are not concerned with the acceleration mechanism 
and shall consider only the stability of a particle 
with given energy. 

We have the following equations of motion 

omaee le Pe 
ap ar = mre? = éE — 2H, 
(2) 


4 mr24 = 0 


d . e- 
i aR mz = eE, + —-rHo, 


where 


E,= Apr? cos i (r — a) Sin Az sin wt, 
E, = — Apr sind (r — a) cos hz sin of, 
ig = Aor—2 cos i (r — a) cos hz cos wt, 


h=nz/(b—a), h=ms/d, P= w/e =h? +2, 


a and b are the major and minor radii of the cyl- 
inder and d is the height. It is assumed that Ar 
> 1 and that the asymptotic expressions for the 
Bessel functions can be used. 

In the general case the solution of these equa- 
tions is extremely complicated; however, as an 
illustrative example, we may consider the case in 
which n=2 and m=0. Assuming that r=Ry) +p 
where Ry =(a+b)/2 and that p/Ry <« 1, to first 
order in p/Ry we have: 


«The problem of trapping particles in high-frequency fields 
has been considered by Gaponov and Miller.” 
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~~ 2 COS ko cost, 


go 9 
ag 12 =m (Ro + 9) 4? + 


MR, (Ro + 26) = Mp, (3) 


d eH, 


a 0 cos ko cos wf, 


mz = eE,sinko sin wot — 


where Ey = Hy = AyRp 7. Whence we obtain the 
equation for p: 
Ms 3M= e2 
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EH 
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or sin 2ke cos? wt. (4) 


Assuming now that eK) < km,c”, kp <1 and pr « 
PH as is the case for large radii, we have 

dod? ar p20 cos? t = p2Ro, (5) 
where 


<= Of, Py =%/0, Px = 07/0, 


Wy = M,/mRi, oy = eH /mce. 

Equation (5) is the Mathieu equation which, as is 
well known, has stable solutions. By choosing an 
appropriate frequency w and high-frequency field 
Ey) we can achieve operation in a given stability re- 
gion. Under these conditions, a particle moving 


along the circle will oscillate about p ~ 2Ry(po/py)?. 


As the energy increases the representative point 
is shifted toward the origin of the stability diagram. 
Thus, if we do not operate in the first stability re- 
gion, leaving other considerations aside, the maxi- 
mum energy is determined by the value of py 
which obtains at the boundary of a given stability 
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region. The motion of a particle in a system of 
this kind is reminiscent, in some respects, of mo- 
tion in a strong-focusing accelerator. 

In the example considered above we have not 
considered stability in the z direction. However, 
by appropriate choice of mode and resonator shape 
it is also possible to achieve vertical stability .* 

An interesting feature of the mechanism consid- 
ered here is the fact that the force is independent 
of the sign of the charge; thus a system of this type 
could be used for confining quasi-neutral bunches. 
In turn, this makes possible the use of a radiation 
acceleration method? for cyclic acceleration of 
quasi-neutral bunches. 


1, L. Burshtein and A. A. Kolomenskii, Reports 
of the Institute of Physics, Academy of Sciences, 
USSR (1947). 

2, V. Gaponov and M. A. Miller, J. Exptl. 
Theoret. Physics (U.S.S.R.) 34, 242 (1958), Soviet 
Phys. JETP 7, 168 (1958). 

$V. 1. Veksler, Proceedings of the CERN Sym- 
posium on High-Energy Accelerators, I. Geneva 
1956. 
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*By absence of stability here we mean that a state of neu- 
tral equilibrium obtains. 
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Using a nearly-monoenergetic electron beam and the single-collision method, cross sections 
have been measured for the capture of slow electrons by the molecules SF,, CCly, CFsl, 
CCl,F,, BCl3;, HCl, and HBr; capture cross section for electrons with energies of several 
electron volts by O, and H,O have also been measured. The width of the electron energy 
distribution was 0.2 to 0.3 ev; the energy was measured with an accuracy of 0.01 to 0.02 ev. 


The following values were found for the maximum cross sections: SF, 5.7 x 10°'8 em’; 


e 


CClnid.3e10 ° em, CFsl,o7.8 100 \cm?; CCl, Fy, 5.4 %107"" em27BCly, 2:8 x10" ems, 
HBriy5.8 10° em*; HCl, 3.9.x 107"? om?; H,O,/4:8°x10718 em*; (Os,.1.3 107 em? alone 
found that the appearance potential for O” in O, is 4.63 + 0.04 ev; the appearance potential 


for H™ in H,O is 5.45 + 0.09 ev. 


In the present work we report on measurements 
of the cross sections for capture of slow electrons 
by She, CCl CFs, .CCioF>, BCl,,. HCl, HBr 
and the capture of electrons with energies of sev- 
eral electron volts by O, and H,O. The meas- 
urements were carried out by the single-collision 
method, using a nearly-monoenergetic electron 
beam. The method of measurement is as follows. 
A beam of electrons, which is collimated by a 
honeycomb diaphragm (divergence angle of 2°) 
and a magnetic field of 15 to 20 oersteds enters 
an equipotential region through a system of grids 
and then strikes a collector. Ions which are formed 
in the equipotential region are collected by a cyl- 
indrical electrode. To eliminate the effect of the 
cathode voltage drop on electron energy the cath- 
ode is heated by pulses and the electrons are ex- 
racted during the time in which heater current 
does not flow. In the path of the electron beam 
there is a diaphragm which is at a potential greater 
than the space-charge potential of the beam (1 to 
1.5 volts). Only electrons with energies greater 
than this value pass through the diaphragm. The 
electron current is approximately (1 to 3) x KOn, 
amp, with a beam cross-sectional area of approx- 
imately 3 cm?, so that space charge effects are 
negligibly small. 

The energy distribution of the electron beam 
which passes through the diaphragm is exponen- 
tial, with a sharp cut-off on the low-energy side; 
the width of the distribution is approximately 1 ev. 
By employing a nearly-monoenergetic beam? it is 
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possible to reduce the width to 0.2 or 0.3 ev. The 
logarithm of the ion current for the monoenergetic 
component is found to be a linear function of the 
retarding potential; hence it may be assumed that 
the distribution in the monoenergetic component is 
exponential. 

Provision is made for compensation of the con- 
tact potentials of the diaphragms and grids which 
define the equipotential region. The elements of 
the system are gold-plated in order to achieve 
stable contact potentials. By careful compensa- 
tion of the contact potentials and avoidance of dis- 
tortion of the electric fields in the equipotential 
region it is possible to determine the energy with 
an accuracy of the order of 0.02 ev. 

The magnetic field makes it impossible for 
scattered electrons to reach the ion collector. 
Since the divergence angle of the electron beam 
is 2°, a beam of 15 to 20 oersteds is sufficient to 
eliminate scattering. Because of the small field 
the radii for ions with masses greater than 20 
atomic mass units is greater than the radius of 
the ion collector; however, most of the ions strike 
the collector. By introducing corrections for the 
instrument geometry it is possible to determine 
the ion collection with an accuracy of the order 
of several percent. 

Because the divergence angle of the beam is 
small, it is possible to determine the length of . 
the electron path in the equipotential region with 
good accuracy. It should be noted that the sole- 
noid which produces the magnetic field is posi- 
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tioned in such a way that increasing the field to 
30 or 40 oersteds does not increase the number 
of electrons which pass through the diaphragm. 
Thus, there is no change in the effective diverg- 
ence angle of the electron beam, or the path 
length, when the magnetic field is turned on. 

The ion and electron currents are measured 
with electrometer amplifiers. The gas pressure 
is measured with an ionization gage which is cali- 
brated against a McLeod gage for the gas being 
studied. 

The measurements are carried out in the 0 to 
1 ev and 0 to 3 ev electron-energy ranges. In the 
first case the ion and electron collectors are at 
zero potential with respect to the cathode and the 
current of scattered electrons is negligibly small. 
In the measurements in the energy region up to 
3 ev, the collector potential is maintained at +4 
volts and the scattered-electron current can be 
important. It is possible to estimate the current 
of scattered electrons from the current at the ion 
collector. In this case, the cross sections is cal- 
culated by subtracting the scattered-electron cur- 
rent from the current at the ion collector. It has 
been found that the cross-section values obtained 
in experiments without scattering and the values 
computed from the collector current (subtracting 
the scattered-electron component) are in agree- 
ment within the accuracy of the measurements. 
The capture cross section is computed from the 
formula 

wey. T,/n& 
(1,/8)-3.55-10!6-273 (yp/T)AL  ? 


where Jj is the ion current, Ie is the electron 
current, p is the gas pressure shown by the ioni- 
zation gauge, x is the conversion coefficient for 
converting the reading on the ionization gauge to 
the true pressure, T is the temperature of the 
operating region, L is the length of the operating 
region, $ is a correction for interception of ions 
by the grids which shield the ion eollector, é is 
a correction for ion loss, and A is a correction 
introduced to average over paths of electrons 
which move at different angles. The total error 
in the corrections is approximately 20 to 25%. 

In those cases in which the width of the capture 
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FIG. 1. Negative ion current in SF,. 
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region is smaller than or comparable with the 
width of the electron energy distribution the dis- 
tribution is taken into account in computing the 
cross sections. Let I(V) be the observed de- 
pendence of ion current on accelerating potential 
and Ne(U)dU the number of electrons with en- 
ergies between U and U+dU; in the present 
case Ne(U) =Ny) exp{—U/kT} and E=U+V 
is the total electron energy. Then 


IV) = \ Ao (E) Nye—UkTAU, 
0) . 
where A = 969.15 x 10!® néypAL/Bt. Converting 
to the variable E, we have 


] (V) = AN eV !#t \ g (E) e-ElATdE 


V 


and us 
lea y : 
I' (V) = AN, Ee evier | o (E) e-EIRkTdE — (V) | 
V 
whence 
I (V) —&TI'(V) 
o(V) Af ere 


The quantity 


NokT =\ Noe-UikTdU 
0 
is the total electron current. Determining the ef- 


fective value of kT from the slope of the function 
log Ie =f(-V), finding I’(V) by graphical dif- 
ferentiation of I(V), we can ascertain the true 
dependence of cross section on electron energy. 

The cross-section curves for a given molecule, 
obtained in different experiments, were averaged 
over the points. The mean-square error for each 
point is less than 15 to 20%. 

1, SFz, CCl, and CFs3I. If the width of the 
capture region is much smaller than the width of 
the electron energy distribution the ion-current 
curve should be similar to the distribution curve 
and the displacement of the ion current peak with 
respect to the distribution peak characterizes the 
energy at which capture takes place. In an earlier 
report? it was shown that these curves are, in fact, 
similar for SFg and CCl; hence the width of the 
capture region in these cases is several hundred 
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FIG. 2. Negative ion current in CCl,. 
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FIG. 3. Negative ion current in CF,I. 


electron volts. The displacements of the peaks 
are 0+ 0.01 ev for SF, and 0.02 + 0.01 ev for 
CCl,. In CFs3I it is also found that the ion current 
curve is similar to the distribution curve and that 
the ion current peak is displaced with respect to 
the distribution maximum by 0.05 + 0.01 ev (av- 
erage of four measurements ). 

Figures 1 to 3 show the ion current as a function 
of accelerating potential for SFg, CCl, and CF3lI. 
In each figure are shown the data of three different 
experiments. The ion current is given in arbitrary 
units and is adjusted to obtain coincidence of the 
peaks obtained in different experiments. The en- 
ergy scale is given with respect to the position of 
the first ion-current peak. 

It has been shown by mass-spectrometer stud- 
ies*»> that in SF, the ions SFg, SF;, and F7 
are formed in this energy region. According to 
the data reported in reference 4 the SFg current 
is shifted with respect to the electron peak by 0.1 
ev; the width of the region in which SF; is formed 
is approximately 1 ev. The ratio of the maximum 
SF, current to the maximum SF; current is ap- 
proximately 25. The F current is approximately 
100 times smaller than the SF; current. 

Thus, the curve shown in Fig. 1 represents the 
total current for SFg, SF; and F . The current 
at the maximum is mainly the SFg current. Itis 
apparent from. Fig. 1 that when the acceleration 
potential is greater than 1.5 volts the current does 
not change very much as the electron energy is 
varied. Since the F current is very small, it 
is reasonable to assume that the collector current 
in this region is due to scattered electrons. To 
compute the cross section the current of scattered 
electrons was taken equal to two units on the scale 
in Fig. 1. 

Figure 2 shows the ion current curve for CCl,. 
The data obtained in the different experiments are 
consistent, with the exception of a discrepancy in 
the region of the first peak. The discrepancy is 


explained by the fact that Curve 1 (dotted) was 
taken at zero collector potential. In this case the 
width of the electron energy distribution is consid- 
erably smaller than in the other experiments. The 
discrepancy in this region is not important as far 
as a determination of the cross sections is con- 
cerned since these cross sections are determined 
by measurements at zero collector potential. 

A number of workers have observed the forma- 
tion of negative ions in CCl,.°!° The appearance 
potentials for these ions are as follows: 


Appearance 
Ion Potential, ev Probability 
Cl" 2022 (8) role) CCla shes CCl re Cleton nt) 
Cle = 0.8 CClat+e—> CCle+ Cle (2) 
CGli= esi 1.4 CChitte> Che cen oO) 


According to the data of reference 10 the Cl, 
peak is approximately 45 times smaller than the 
Cl” peak while the CCl3 peak is approximately 
450 times smaller than the Cl” peak. For this 
reason the second maximum observed on the curve 
in the present work cannot be attributed to Cl, 
or CCl3. It is apparently explained by the process 
given in (1), with the transition to another potential 
curve of the intermediate ion CCl,. The second 
maximum has also been observed in reference 9, 
in which a Lozier apparatus was used. The fact 
that this maximum has not been observed by other 
workers is explained by the large width of their 
energy distributions. Actually, it has been found? 
that the appearance potential for negative ions is 
0.2 ev while the ion current peak is at 1.7 ev; 
whence it follows that the width of the energy dis- 
tribution in these experiments was not smaller 
than 2 or 3 ev. It is natural that the first and sec- 
ond maxima would not be resolved under these con- 
ditions. 

As is apparent from Fig. 2, the ion current be- 
comes relatively insensitive to energy at electron 
energies greater than 2 ev. In computing the cross 
section it was assumed that the current due to scat- 
tered electrons was equal to 3 units on the scale in 
Fig. 2. 

A curve showing the dependence of ion current 
on accelerating potential for CF 3I is shown in 
Fig. 3. The formation of negative ions in CF3I 
has been studied earlier in reference 11 to 13. 

The following appearance potentials were found: 


Appearance 
Ion Potential, ev Probability 
F- 1,540.2 [2]; 3.640.3 [4], ~OP]  CFjJ +e— CFoJ + F> (4) 
Ae ~0 ~0 ~0 CFa Jct e > CFs: Jans) 


In this case the I” current at 0 ev is 10 times 
larger than the F current. Thus, there is little 
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FIG. 4. Electron cap- 
ture cross sections in 
the molecule SF,. 


FIG. 5. Electron capture 
cross sections in the mole- 
cule CCl,. 


doubt that the narrow maximum at 0.05 ev is due 
to the process in (4). The origin of the second 
maximum is not clear. It arises either as a result 
of (4) with transition to another potential curve of 
CFs3I, or by virtue of the process in (5). The curve 
shown in Fig. 3 was taken at zero collector poten- 
tials since the current due to scattered electrons 
was negligibly small. 

Figures 4 to 6 show the capture cross sections 
o as functions of electron energy for SF,s, CCl 
and CF3I. In computing the cross section in the 
energy region 0 to 0.2 ev only the data obtained in 
experiments with zero collector potential were 
used. 

2. CCl,F,. Figure 7 shows the ion current as 
a function of accelerating potential for CCl,F,. In 
this same figure the dashed curve denotes the elec- 
tron energy distribution. The shape of the beginning 
of the ion current curve is similar to the distribu- 
tion curve. This indicates that the cross section 
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FIG. 7. Negative ion 
current in CC1,F,. 


FIG. 8. Electron capture 
cross sections in the mole- 
cule CCLF,. 
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FIG. 6. Electron capture cross 
sections in the molecule CF;,I. 
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increases from zero to maximum in an energy re- 
gion which is small compared with the distribution 
width. The curve has a flat maximum which is 0.12 
volts wide. The beginning of the maximum is shifted 
with respect to the electron energy peak by 0.07 + 
0.01 volts (average of six measurements). There 
are no reliable data on the formation of negative 
ions in CCl,F, so that the observed effects could 
not be interpreted. 

A curve showing the capture cross section as a 
function of electron energy is given in Fig. 8. 

3. BCl;. A curve for the negative ion current 
in BCl3; is shown in Fig. 9. The initial part of the 
curve is again similar to the electron curve 
(dashed). The curve has a flat maximum 0.2 volts 
wide. The beginning of the maximum is shifted with 
respect to the peak in the electron distribution by 
0.23 + 0.01 ev (average of six measurements ). 

The dependence of capture cross section on elec- 
tron energy is given in Fig. 10. The formation of 
Cl” at electron energies close to zero has been 
observed by a mass-spectrometer measurement 
in BCl;.‘4 The authors, however, think it is pos- 
sible that the Cl” ions are formed because of 
HCl impurities. The present results indicate that 
the negative ions in BCl3 are in fact a result of 
the reaction BCl3 + e— BCl,+ Cl’, since the 
maximum in the negative ion current in HCl oc- 
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FIG. 9. Negative ion in BCl,. FIG. 10. Electron cap- 
ture cross sections in the. 
molecule BCl,. 
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FIG. 11. Negative ion current 
invHel: 
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curs at an electron energy of 0.05 ev and the HCl 
capture cross section is of an order of magnitude 
smaller than that observed for BCly. 

4. HCl and HBr. The ion current curves for 
HCl and HBr are given in Figs. 11 and 12. In 
these cases scattering is important even at zero 
collector potentials since the initial part of the ion 
current curve (up to 0.25 volts for HCl and up to 
0.15 volts for HBr) is determined by the scattered 
electrons. The curve showing the increase in ion 
current in these cases is similar to the electron 
energy distribution curves. The ion current curves 
have flat maxima. The shift of the beginning of the 
maximum with respect to the distribution peak for 
HCl is 0.46 + 0.02 volts (average of six measure- 
ments ); in HBr this shiftis 0.43 + 0.01 volts 
(average of four measurements). The width of 
the maximum in HCl is 0.15 volts; in HBr itis 
several hundredths of a volt. 

The appearance potentials for Cl” in HCl and 
Br in HBr in this energy region have been de- 
termined by mass-spectrometer methods. The fol- 
lowing results were obtained: 


Appearance 
Ion Potential, ev Probability 
Br- 0.6 +0.3 [2 HBr+-e—> H+ Br- 


Cr 0.8+0.3[9]; 0.4f9; 0.66+0.02[5] HCl+e+H+Cl- 
The value 0.66 + 0.02 ev was found by Fox for the 
shift in the Cl” peak with respect to the SF, peak 
in a mass-spectrometer investigation of the nega- 
tive ions in HCl, using a nearly-monoenergetic 


electron beam. Since the SF, peak occurs at zero 
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FIG. 13. Electron cap- 
ture cross sections in the 
molecule HCl. 
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FIG. 12. Negative ion current 
in HBr. 
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electron energy, the shift in the Cl” peak with re- 
spect to the SF, peak should be the same as the 
shift in the Cl” peak with respect to the electron 
peak. However, in the present case a flat maximum 
is observed; the maximum extends from 0.46 + 0.02 
ev to 0.62 + 0.01 ev. The discrepancy may be ex- 
plained by the difference in the shape of the energy 
distribution in the present experiments as com- 
pared with those in the Fox experiments. Since the 
distribution in the Fox experiments did not have a 
sharp cut-off, the ion current peak may be in the 
middle or at an extremity of the region in which 
the capture cross section is not strongly affected 
by energy. The width of the distribution in the Fox 
experiments (approximately 0.5 ev) was larger 
than the width of this region whereas in the, present 
case approximately 60% of the electrons have ener- 
gies within an interval of 0.1 ev and the total width 
of the distribution is 0.25 to 0.30 ev. The distri- 
bution has a sharp edge on the low energy side so 
that the beginning of the ion peak should coincide 
with the beginning of the region in which the cross 
section is not a strong function of energy. 

Curves showing the dependence of capture cross 
section on electron energy are given in Figs. 13 and 
14. The capture probability and the electron stick- 
ing coefficient for HCl have been measured earlier 
by diffusion methods.'”!85 An estimate of the cap- 
ture cross section on the basis of the data reported 
in reference 17 shows that the cross section at the 
maximum is of the order of 107'8 em?; this result 
is in good agreement with the value obtained in the 
present work, 4 x 107! cm. 

5. O, and H,O. These measurements were 


6,10 ent 


FIG. 14. Electron cap- 
ture cross sections in the 
molecule HBr. 


0 WEE MG YS) 


Electron energy, ev 


788 Ihe 


carried out in the electron energy ranges 0 to 8 ev 
for O, and 0 to 10 ev for H,O. It has been shown 
by mass-spectrometer measurements that the fol- 
lowing processes occur in this energy region: 


Process Appearance Potential, ev 
Qs-Fe— O-- O- 4.7 £0.14 [81920] (6) 
H.O0 + e— H- + OH 5.6 + 0.5 [71.22] (7) 
H- + OH (maximum at 7.1 ev) (8) 
O-+- 2H 175 40.8 r 


In the present case the appearance potentials are 
determined from the ion current curve. Under 
these conditions the electron energies are given 
by the accelerating potential. The zero of the en- 
ergy scale is established by compensation of the 
contact potentials of the grids which define the 
equipotential region and is verified by the position 
of the peak in the electron energy distribution. It 
is found that the position of the peak in the distri- 
bution does not depart from V=0 by more than 
0.02 or 0.03 ev. 

Although a nearly-monoenergetic electron beam 
is used, in determining the appearance potentials 
one must take account of the width of the electron 
energy distribution. This procedure is carried out 
as follows.”? As has been indicated above, the de- 
pendence of ion current on accelerating potential 
is of the form 

Vv) =\ Ac (E) Noe-UieT dU = No \ p(E) e-2kTdU, 

0 0 
where p(E) is the capture probability. Let the 
appearance potential be A. Thenfor E< 4A, 
p(E)=0. We assume that when E>A, 


p(E)=a(E— Ay. 


Considering the cases n=1 and n=2 we find 
for the first case: 


dinl;/dV =1:/kT for V < A; 
dinI;/dV =1/(kT +V—A) for V> A. 


In the second case: 


dinl;/dV =1/kT for V< A; 
dinI;/@V =2(V—A-+AT)/[R?T? + (V—A+AT)?] 
fore 

Thus, assuming a linear or quadratic dependence 
of electron capture probability on energy, the func- 
tion In Ij =f(V) is a straight line with slope 
1/kT up to the point V =A, at which the acceler- 
ating voltage is equal to the appearance potential. 
For V >A, In]j is some other curve. The ap- 
pearance potential can be found by determining the 
point at which the transition from the straight line 
to the other curve takes place. 


S; BUCHE DYNIK OMA 


log J; 


LG hi AR aed Coe 50 54 88 62 
Accelerating potential, V Accelerating potential, V 
FIG. 16. The quan- 

tity In Ij = f(v) as a func- 

tion of accelerating 
potential for H,O. 1) total 
ion current 2) current 

of the monoenergetic 

component, 


FIG. 15. The quantity In Ij 
= f(v) as a function of accel- 
erating potential for O,. 

1) total ion current 2) current 
of the monoenergetic compo- 
nent, 


Figures 15 and 16 show the dependence of the 
logarithms of ion current on accelerating potential. 
It is apparent from the figures that the initial part 
of the function ln ]j is actually a linear function 
of V. The appearance potential is determined 
from the transition point between the linear seg- 
ment and the curvilinear segment (A on the fig- 
ures). It was found that the appearance potential 
for O in O, is 4.63 + 0.04 ev (average of fif- 
teen measurements ); the appearance potential for 
H in H,O is 5.45 + 0.09 ev (average of nine 
measurements ). It should be noted that the uncer- 
tainty in the given energy scale appears in the 
spread of the appearance potentials. 

The appearance potential for O” is frequently 
used as a standard for calibrating energy scales in 
determining the appearance potentials for negative 
ions. However, the available data are not consist- 
ent. Thus, in the work reported by Lozier*! it was 
found that A(O”) is 4.8 ev. McDowell and War- 
ren,2° taking the appearance potential of O in 
CO as 9.3 ev, found A(O”) tobe 4.9 + 0.1 ev. 
The most reliable value of A(O~) has been ob- 
tained by Marriott and Craggs® using a Lozier ap- 
paratus. Calibrating the energy scale by the ap- 
pearance potential of the of ion, 12.19 ev, these 
workers found that A(O ) =4.7+4 0.1 ev. The 
value found by us for the O7~ appearance potential, 
4.63 + 0.04 ev, is in good agreement with the value 
4.7 + 0.1 ev, which was obtained with better accu- 
racy. It should be emphasized that in the present 
case the appearance potential is determined on an 
absolute scale without reference to any standard. 

In computing the capture cross section the cur- 
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rent due to scattered electrons was subtracted from 
the ion collector current; this electron current was 
taken equal to the collector current at at accelerat- 
ing potential smaller than the appearance potential. 
In O, the scattered-electron current was 1 or 2%; 
in H,O it was 5 to 10%. The presence of an elec- 
tron energy distribution was taken into account only 
in the initial part of the curve. Since the width of 
the capture region is large compared with the width 
of the distribution in the region far from the appear- 
ance potential, taking account of the distribution will 
not affect the results to any great extent. It should 
be noted that in spite of the magnetic field all the 
H™ and O° ions must strike the collector since, 
according to the data in the literature, the kinetic 
energy of these ions is greater than 1.5 ev.?!»24 
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FIG. 17. Electron cap- 
ture cross section in the 
molecule O,. 


FIG, 18. Electron capture 
cross section in the molecule 
H,0. 


Curves showing the dependence of capture cross 
section on electron energy for O, and H,O are 
given in Figs. 17 and 18. In O, the cross section 
peak occurs at an energy of 6.2 ev, Omax = (1.3 + 
0.2) Xx 107'8 cm? (average of seven measurements). 
In H,O the first peak occurs at € =6.4 ev, Omax 
= (4.84 1.5) x 107!8 cm?; the second peak occurs 
at €=8.6 ev, dmax = (1.3 + 0.1) x 107% cm? 
(average of eight measurements). 

The second peak on the H,O curve is apparently 
due to the formation of excited H,O°, which disso- 
ciates into H™ and OH. It should be noted that at 


789 


rent is somewhat high because of O°, although, ac- 
cording to the data of reference 21, the maximum 
O” current is approximately four times smaller 
than the H™ current. 

The value of the capture cross section for O, 
at the peak has recently been determined by the 
single-collision method.?® The measurements were 
carried out in a Lozier apparatus, using a magnetic 
field of approximately 200 oersteds. The capture 
cross section was determined from the ionization 
cross section for O, or Ar by a comparison of 
the positive and negative ion currents. Since no 
measures were taken to avoid the effects of space 
charge, the cross section determined in this way 
depends on electron current. Furthermore, a de- 
pendence of cross section on pressure and mag- 
netic field was observed as a result of changes in 
scattering and changes in the electron path length 
with changes in p and H. To avoid these errors 
the curves showing the dependence of o on Ie, 

p and H were extrapolated to the zero values. 
In making the calculations the values of o* deter- 
mined in refereces 27 and 28 were used. 

The measurements show that the capture cross 
section at the peak is (2.25 + 0.3) x 107!8 cm? 
(average of four measurements). Taking account 
of the errors pointed out above and possible er- 
rors in the values of o* it may be assumed that 
this value is in agreement with the value found in 
the present work (1.3 + 0.2) x 107! cm?. 

6. The table below lists the values of the elec- 
tron capture cross sections at the peaks and the 
electron energies at which the peaks occur. 

A tendency toward increased cross section with 
increased molecular complexity can be discerned. 
It is characteristic that in all the molecules con- 
taining halogens which have been investigated the 
capture cross section increases sharply in the re- 
gion of the appearance potential. All the molecules 
which contain halogens have a capture region whose 
width is approximately several tenths of an electron 


electron energies greater than 7.5 ev the H  cur-_ volt at electron energies of the order of tenths of an 
| | Cross sec- Electron ‘ 
Cross section {Electron energy| tion at the energy at Relative 
Molecule at the first at the first second thelsecond dielectric 
maximum, cm*| maximum, ev maximum, maximum, ev strength* 
cm’ 
Sie lied ere 0.00 -— ~0.1 [4] 2.3—2.5 [22] 
CCl, 4340s 0.02 4.0-10-16 0.6 Grom 22] 
CF3J 7.8-10-27 0.05 3.2-10-37 0.9 ag 
CCleF2 5.4-10-1? 0.15 2.4—2.5 [?9] 
BCl 2.8-10-1? 0.4 jad 
HBr Do" 10m" OFS 2.2 [39] 
HCl 3.9-40-18 0.6 1.5) [80] 
H2O 4.8-10-18 6.4 1.3-10-18 8.6 — 
Og 4.3- 10-38 6.2 — 


*With respect to N, = 1. 
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electron volt. Further, the more complicated mole- 
cules (SF,g, CCly and CF3I) have a capture re- 
gion whose width is of the order of hundredths of 

an electron volt at electron energies of the same 
order of magnitude. O, and H,O capture elec- 
trons with energies of several electron volts and 
the width of the capture region is also several 
electron volts. 

The observed capture reactions can be explained 
in terms of rotational (hundredths of electron volts) 
or vibrational (tenths of electron volts) excitation 
of the molecule upon collision with the electron and 
subsequent capture of the electron. As has been 
shown theoretically*!>” and experimentally, *?»*4 in 
the molecules Hy and Ny» the excitation cross sec- 
tions for the vibrational and rotational levels in- 
crease sharply in the threshold energy region 
(hundredths of electron volts for rotational levels 
and tenths of electron volts for vibrational levels ). 
The same dependence of capture cross section on 
electron energy near the appearance potential has 
been observed in the present case. Capture of 
this type can be interpreted by the intersection of 
the potential curve for the negative ion with the 
potential curve of the neutral ion at a point corre- 
sponding to an excited level. In O, and H,O the 
potential curve for the negative ion lies consider- 
ably above the curve for the molecule so that this 
transition requires an energy of the order of sev- 
eral electron volts. 

It is interesting to consider the SF, ion. This 
ion is apparently an excited ion and the excitation 
energy, which exceeds the S-F binding energy, is 
distributed in the different vibrational and rota- 
tional degrees of freedom:* 

A determination of the capture cross sections 
for slow electrons is of great interest in connec- 
tion with the dielectric strength of gases. It may 
be assumed??»*5%6 that a higher dielectric strength 
is to be associated with a lower value of the Town- 
send coefficient a. Obviously the coefficient a 
is reduced with increasing electron capture. 

The last column of the table lists values for 
relative dielectric strength. It is evident from 
the table that there is some correlation between 
the values of the capture cross section and the 
dielectric strength. Complete agreement is not to 
be expected since the measured cross sections 
(aside from SF.) are cross sections for dissoci- 
ative capture. At high pressures triple collisions 
are of greatest importance. In this case the cap- 
ture probability can increase by virtue of stabili- 
zation of the molecular ion. 

At low pressures, if the greater part of the un- 
stable molecular ions decay with electron detach- 
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ment, the capture probability with stabilization may 
increase many fold. On the other hand, if the mo- 
lecular ions dissociate completely an increase in 
pressure will have essentially no effect on the cap- 
ture probability. It is possible that this is the case 
in HCl and HBr. The cross section for dissocia- 
tive capture in HBr is larger than the capture 
cross section in HCl and the dielectric strength 
in HBr is also greater than the dielectric strength 
of HCl. The increase in capture cross section, 
which is characteristic of increasing molecular com- 
plexity, may explain the increase in dielectric | 
strength with increasing molecular weight of the | 
gas which has been frequently observed. | 
| 
| 


I wish to thank V. L. Tal’roze for his interest 
in the work and valuable comments. 
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Angular distributions of electrons from the decays of 4 mesons in C, O, Mg, 8S, Zn, Cd, 
and Pb mesic atoms were measured using scintillation counters. The y-meson polariza- 
tion was determined from the results of these measurements. The polarization amounts to 
(19+7)% in Mg, Zn, Cd, and Pb mesic atoms, andto (15+4)% in C, O, and S 
mesic atoms. Depolarization of ~ mesons in substances with zero nuclear spin is explained 
as due mainly to the spin-orbit interaction in the mesic atom formation process, and due in 
part to the action of the magnetic field of the atomic electron shell on the » meson during 


its lifetime in the K orbit. 
1. INTRODUCTION 


Ir is known that in the process of slowing down, 
negative » mesons first form mesic atoms and 
then undergo nuclear capture. The capture process 
may be described by the reaction u7 +p—n+vp. 
The study of the angular distribution of neutrons 
produced in the capture of ~~ mesons in liquid 
hydrogen provides a method for the determination 
of the form of the weak wu -meson-nucleon inter- 
action.!»? However, experiments? on the polarization 
of uw mesons in liquid hydrogen indicate that this 
method is not useful, owing to the total depolariza- 
tion of the ~~ mesons. A theoretical discussion 

of the capture of polarized u~ mesons by light 
nuclei shows? that measurement of the angular dis- 
tribution of neutrons with energies near the upper 
end of the spectrum may provide a means of deter- 
mining the interaction form. The neutron angular 
distribution is given by the formula 


W (8) = 1 + aBycos§, (1) 


where f is the asymmetry coefficient whose mag- 
nitude and sign depend on the interaction form, @ 
is the angle between the direction of emission of 
the neutron and the 7 meson spin, a is a coeffi- 
cient which depends on the degree of polarization 
of the ~~ meson in the mesic atom, and y isa 
coefficient that depends on the depolarization of 
the neutrons inside the nucleus. 

It follows from Eq. (1) that an experiment on 
the neutron angular distribution should be preceded 
by experiments on ww -meson polarization in mesic 
atoms and on neutron depolarization in nuclear mat- 
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ter. The present work is devoted to the study of 
the u~ -meson polarization in various substances. 


2. MAIN THEORETICAL ASSUMPTIONS 


We start from the following assumptions about 
the depolarization mechanism of ~-mesons which 
are being slowed down and stopped in matter. It 
follows from the work of Ford and Mullin‘ and 
Bincer® that in the slowing down of » mesons no 
depolarization occurs prior to their capture into 
a mesic atom orbit. In the process of mesic atom 
formation depolarization is possible due to the fine 
structure, and due to the action of the magnetic 
fields of the atomic electron shell and the atomic 
nucleus. Depolarization due to the spin-orbit in- 
teraction will occur if the lifetime T]j;f2 of the p7 
meson in a given 1/0 level is longer that the 
time Tflip necessary for the »-meson spin to 
flip under the action of the magnetic field created 
by the orbital motion. The lifetime T]jf4 can be 
calculated from the formula given by Fermi and 
Teller.® The time Tflip Can be estimated from 
the relation Tf]jpAE ~h where AE is the sep- 
aration of the fine structure levels in mesic atoms.’ 
It turns out that T]ife is larger than Tflip by sev- 
eral orders of magnitude. Depolarization due to 
the action of the magnetic fields of the electronic 
shell and of the nucleus will be negligible in the 
process of the meson reaching the K orbit. In 
fact, for this case one has T]ife < THip, where 
Tflip = h/AE’ (AE”’ is the separation of the hyper- 
fine structure levels). 

It can therefore be said that in the process of 
formation of mesic atoms depolarization proceeds — 
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mainly due to the fine and hyperfine structure in- 
teractions. After the 7” meson reaches the K 
orbit, where it remains until its decay or nuclear 
capture, depolarization may be caused by the mag- 
netic field of the electronic shell (I. M. Shmush- 
kevich, private communication). 

Depolarization due to the hyperfine structure 
can be avoided by employing materials with zero 
nuclear spin. Depolarization due to the field of 
the electronic shell cannot be avoided in this man- 
ner, since the mesic atom formation process is 
always accompanied by a rearrangement of the 
electronic shell of the capturing atom (owing to 
the change in the effective charge of the nucleus 
by one unit). Consequently, in the stopping of p7 
mesons in such materials the main sources of de- 
polarization will apparently be the spin-orbit in- 
teraction and the interaction between the magnetic 
field of the electronic shell and that of the p7 
meson during its lifetime in the K orbit. 

Starting from these assuinptions, we measured 
the polarization of ~~ mesons in a number of sub- 
stances, 85 to 95% of which were composed of 
atoms with zero nuclear spin, namely C, O, Mg, 
Sn, Od, Vand.Pb* 


\ 
- 


10 


I 


cea A : 
7 WS Oh B 


1, 2,3, 4) scintillation counters; 5) target; 6) magnetizing 
coil; 7) paraffin filter; 8,9) aluminum filters; 10) lead shield. 


3. THE EXPERIMENT 


The polarization of the ~~ mesons was studied 
by measuring the anisotropy in the angular distri- 
bution of the decay electrons. The experimental 
arrangement was the same as that used previously. 
The ma and p mesons were slowed down by alumi- 
num filters. The pu~ mesons, after traversing the 
filters, were stopped in a target made of the sub- 
stance under investigation. The targets measured 
15x 15cm and were 2 to 6 g/cm? thick. The 
angle between the target and the “axis” of the 
meson beam was 45°. The target was wrapped 
in a copper wire coil which served to create the 
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magnetic field necessary to make the » mesons 
precess. Our previously published work® gives a 
detailed description of the experimental conditions, 
the scintillation counters, and the electronic appa- 
ratus. In the present experiments the polyethylene 
filter between counters 3 and 4 was 4 to 8 g/cm? 
thick. 

For carbon, oxygen, magnesium, and sulphur 
the asymetry coefficient a in the decay electron 
angular distribution I1(@)=1+acos@ was de- 
termined from the dependence of the number of 
electrons observed on the intensity of the magnetic 
field H surrounding the target. For zinc, cad- 
mium, and lead the quantity a was determined 
from the number of electrons obtained when the 
field value was Hmax and Hmin, corresponding 
to the maximum and minimum intensity of elec- 
trons in the precession curve calculated from the 
expression 


te 
I(H) = \ e-tl= [1 + acos (Qnft + 8)] dt, 


ty 


taking into account the delay time t;, the “gate” 
width t,—t,, and the lifetime tT of w™~ mesons. 

The “gate” width was approximately equal to T 
in the C, O, Mg, and S experiments and 27 to 
3T in the Zn, Cd, and Pb experiments. The ratio 
t,/(t,—- t1) was approximately 0.3 in all experi- 
ments. In the carbon experiments, for example, 
the counting speed at H=0 was 120 electrons 
per minute, while in the lead experiments it was 
about 8 electrons per minute. The background 
level amounted to 3 counts per minute and was 
independent of the field H. The background was 
taken as half the sum of the electron detector 
counts obtained without the target and magnetizing 
coil and the counts obtained with the coil but with- 
out the target. 

As a result of the experiments, values of the 
asymmetry coefficient a were obtained for elec- 
trons which traversed more than x = xX; + 3X») + 
x3 g/cm? (here x, is the thickness of the filter 
between counters 3 and 4, x, is the target thick- 
ness, and x3 is the thickness of the scintillation 
counters in the electron detector). Then, using 
the data!” on the energy dependence of the asym- 
metry in ut—et decay, we obtained values for 
ay, the asymmetry coefficient for the integrated 
spectrum, i.e., for x=0. The values of ap are 
listed in the second column of the table. 

The listed values of ay were corrected for the 
delay time, “gate” width, ~ -meson decay, and 
the solid angle of the electron detector. The in- 
dicated errors are standard statistical deviations. 


8,9 


794 AT Es 
Polarization 
Substance met) P, % 

G 0.040+-0.005 14+4 

O(A2) 0.043--0.005 15+4 

Mg 0,058-++-0.008 20-+5 

S 0.042-++-0.006 15-4 

Zn 0.056--0.014 19+-7 

Cd 0.055--0.012 19+7 

Pb 0.054-+0.013 19-+-7 


4. DISCUSSION OF RESULTS 


On the assumption of invariance under CP, the 
magnitude of the polarization P_ of m~ -mesons 
in mesic atoms can be obtained from the equality 
ajy/P_=aj/P., where aj and aj are the asym- 
metry coefficients for the uw~- and ut-mesons 
respectively and P, is the degree of polarization 
of p*-mesons before decay. Let us assume that 
the degree of polarization of u*-meson beams 
obtained from internal targets in synchrocyclotrons 
is independent of the energy of the accelerated pro- 
tons.!° If the ju~-meson beam we used is taken to 
have the same degree of polarization as the pt- 
meson beams, then P_ can be obtained from the 
inequality!’ 3a) <P <4ay. Values of P obtained 
in this manner are listed in the third column of the 
table. Only errors in the quantity ay were taken 
into account in this calculation. As can be seen 
from the table the polarization amounts to (19+7)% 
in magnesium, zinc, cadmium, and lead mesic atoms, 
and (15+ 4)% in carbon, oxygen, and sulphur mesic 
atoms. From a comparison of the maximum polari- 
zations observed for p~ and ie mesons we con- 
clude that w~ mesons are depolarized to a larger 
extent. The strong depolarization of ~~ mesons 
can be explained by the factors mentioned earlier. 

The question arises whether it is possible to 
restore in some manner the polarization of pu 
mesons in mesic atoms. Clearly, there is no sim- 
ple way to eliminate the depolarization due to the 
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spin-orbit interaction. The depolarization due to 
the action of the electronic shell can, apparently, 
be eliminated. Placing the target in a longitudinal 
magnetic field of ~ 10,000 Oe should result in a 
“partial restoration” of the polarization due to the 
decoupling of the electronic shell and the p™ meson. 

In conclusion, the authors consider it their duty 
to thank Prof. B. Pontecorvo for a number of valu- 
able comments. The authors also take this oppor- 
tunity to thank S. S. Gershtein, V. B. Beliaev, and 
B. N. Zakharev for discussion of the results and 
continued interest in this work. 
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Twelve types of fragments from the photofission of Th? ata peak bremsstrahlung energy 
of 10 Mev were identified by a radiochemical method. The dependence of the fission product 
yield on the mass number was determined. The dependence of the peak-to-valley ratio of the 
Th?2 and U2 photofission yield curves on the peak bremsstrahlung energy was determined 
in the energy range from 8 to 14 Mev. Results of calculations by Fong’s method relating to 
the photofission of thorium and uranium are presented. 


‘Tae photofission of heavy nuclei at low excitation 
energies provides several important items of infor- 
mation on nuclear properties. The items investi- 
gated are the photofission thresholds, the differen- 
tial cross sections, the distribution of fission frag- 
ments in mass, energy and charge, the average 
number of neutrons per fission and, finally, the 
angular anisotropy in the distribution of fission 
fragments. 

The overall picture of the mass distribution of 
fission fragments enables us to determine the most 
probable type of fission, the dependence of the sym- 
metric fission on excitation energy, the mean num- 
ber of neutrons per fission, and also the role played 
by the shell structure in the yield of the primary 
fission products and the role played by the collec- 
tive oscillations of nuclear matter at low excitation 
energies. From published work it can be seen that 
the mass distribution of fission fragments depends 
on the structure of the nucleus undergoing fission 
and on the type and energy of the particles produc- 
ing fission. 

At the present time there are two papers de- 
voted to the experimental study of the mass distri- 
bution of the products of photofission of TUNES 
Hiller and Martin! identified thirteen fragments 
by a radiochemical method and used the data so 
obtained to plot the dependence of the yields on 
the mass number for the photofission of Mhices 
at a bremsstrahlung peak energy of 69 Mev. In 
Avdonin and Petrzhak’s paper? the determination 
of the mass distribution of fission products was 
not the main problem, and at a maximum y-quan- 
tum energy of 12 Mev essentially only the posi- 
tion of the minimum has been determined for the 
photofission of heen. 

However, photofission at low excitation ener- 


gies has a number of advantages over other forms 
of fission. Only in the case of photofission is it 
possible to observe the fission of the nucleus under 
investigation, since the absorption of a y quantum 
does not change its charge and mass. Low excita- 
tion energy also eliminates the indefiniteness in 
the mass and in the charge of the nucleus under- 
going fission, since at such energies the emission 
of nucleons before fission is energetically impos- 
sible. The study of the characteristics of photo- 
fission near the threshhold and below the threshhold 
permits us to elucidate the nature of spontaneous 
fission. For example, spontaneous fission may be 
regarded as a special case of photofission ata y- 
quantum energy equal to zero. It therefore appeared 
to be of interest to study in greater detail the shape 
of the yield curve for the photofission of Theeeeae 
low excitation energies. 

The literature already contains a number of 
papers®° on the low energy photofission of use 
To be able to compare the yield curves for thorium 
and uranium, the peak bremsstrahlung energy for 
the study of Th?®2 was therefore taken to be 10 
Mev. The work was carried out with the betatron 
of the Leningrad Technological Institute, with a 
maximum energy of 15 Mev. To obtain greater 
fission-fragment activities, the samples were irra- 
diated inside the betatron accelerating chamber. 
The accelerated electrons were stopped directly 
in the substance of the sample undergoing irradi- 
ation, and this increased the betatron-radiation 
utilization factor. The fraction of fissions pro- 
duced by electrons is assumed to be insignificant 
in view of the small interaction cross section for 
the electron and of the large surface density of the 
sample in the direction of the electron beam (of 
the order of 10 g/cm”). The number of fissions 
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induced by the neutrons produced in the sample 
itself and in the surrounding materials by fission 
or by the photonuclear effect can be estimated 
from the known neutron cross sections and geo- 
metrical conditions. In our case they were cal- 
culated to be less than 0.2% of the total effect for 
thorium and uranium. This question has been in- 
vestigated experimentally by Richter and Coryell! 
and by Schmitt and Duffield.® Their results also 
lead to the conclusion that the number of fissions 
due to neutrons is less than 1%. 

The sample for irradiation was prepared by 
pressing baked thorium oxide (in the case when 
uranium was irradiated it was prepared from 
uranium oxides). The weight of the sample was 
0.5 to 1.0 gm. The time of irradiation was usually 
~ 10 hours. 

The energy of the betatron radiation was cali- 
brated.by making use of the known values for the 
thresholds of photonuclear reactions in a number 
of elements. In the course of the work the con- 
stancy of the calibration was checked by means of 
the threshold of the reaction Cu®? (y3 n) Guv The 
stability of the energy during irradiation was mon- 
itored by a voltage induced in a loop situated in 
the magnetic field of the betatron. The error in 
the determination of the peak bremsstrahlung en- 
ergy is estimated to be +0.3 Mev. The constancy 
of the radiation intensity was monitored by means 
of an ionization chamber. 

The irradiated sample was dissolved in acid 
and a certain amount of isotopic carriers was 
added to the solution so obtained. Usually from 
two to five fission fragments were separated out 
from a mixture of products after one irradiation. 
The methods described in reference 7 were taken 
as the basis for the chemical procedures for the 
separation and the radiochemical purification of 
fission products. Certain changes were introduced 
into them associated with the necessity of opening 
up the irradiated oxide samples, and of separating 
the fragments from thorium. At the end of the 
radiochemical operations the carrier was precipi- 
tated for quantitative analysis. The preparation 
for 6 counting was made by transferring this pre- 
cipitate onto a disk of filter paper. 

The £8 activity of the preparations was meas- 
ured by an end counter for several half-lives. The 
decay curves for each element were analyzed and 
the fact that the resultant activity belonged to the 
isotope under investigation was established by 
means of the half-life. 

Twelve different kinds of fragments were sep- 
arated in the course of the work. Fission fragments 
with different mass numbers from 83 to 143 and 
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having short half-lives were selected. Relative 
activities of the fission products were determined, 
i.e., one fission fragment was chosen as a standard 
and was separated in each experiment, and the in- 
tensity of the 6 radiation of the others was deter- 
mined relative to the intensity for the standard one. 
Ce!43 was chosen as the standard. The relative 
activity for each kind of fission fragment was de- 
termined by taking the average of the results of 
from 2 to 6 irradiations. 

To convert from the relative activity to the rela- 
tive yield for a pair of fission fragments it is nec- 
essary to know the efficiency of the end counter for 
the 6 radiation from these fragments. To obtain 
the required conversion coefficients, uranium sam- 
ples were irradiated under similar conditions. The 
same fission fragments were separated from the 
fission products of Ue as in the case of thorium, 
and their relative activities were found. By utiliz- 
ing data available in the literature*** on the photo- 
fission of U?*® at 10 Mev, we determined the co- 
efficients needed for the conversion from relative 
activity to relative yields. These coefficients were 
then used to obtain the relative yields fox the photo- 
fission of Th???, 

Along with determining the yield curve for the 
photofission of Th?®? at 10 Mev, we also investi- 
gated, for both thorium and uranium, the depend- 
ence on the bremsstrahlung peak energy in the 
energy range from 8 to 14 Mev of the ratio of the 
most probable type of fission to symmetric fission. 
For this purpose three fragment elements (silver, 
cadmium, and cerium) were separated from sam- 
ples irradiated at different energies. The relative 
yields of Ag!!8, cd! and Cd!!? determined the 
position of the minimum of the yield curve, while 
the yield of Ce! corresponded within experimen- 
tal error to the maximum yield. Experiments on 
the determination of the peak-to-valley ratio car- 
ried out at the peak energy of 10 Mev demonstrated 
good reproducibility of the results. We found it 
therefore possible to determine this ratio at other 
energies by means of a single irradiation. 

The results of determining yields for the photo- 
fission of Th?®? at 10 Mev are given in Table I. 

In this table column 3 gives the yields of the fis- 
sion products relative to the yield of Ce!43, We 
assumed that the total yields of the fragments 
shown in the table are equal to the total yield of 
the chain of a given mass number. An examination 
of the independent yields of the subsequent mem- 
bers of the chain shows that this assumption holds 
with a high degree of accuracy. 

In the fission process to each mass number 
indicated in the table there corresponds a com- 
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TABLE I. Yields of products of photofission 
of Th??? at a maximum bremsstrahlung 
energy of 10 Mev 


a a ee ee eee 
Yield relative 


Yield in % nor- 
Separated Hees to Cel43 normalized to 200% 
fragment h 3 
ours 
Value % error Value % error 
4 2 3 4 
Br88 2.4 0.187 25 1.8 0.44 
Sr®l Sir OFooT 16 Sia Oa Shil 
Zr? 17.0 | 0.244 22 | DES 0.54 
Mo?99 68.3 0.149 18 1 sk 0.2 
Ag!138 Dae 0.007 24 0.066 0.016 
Cd'15 53 0.0034 26 0.032 0,008 
Cd'17 2.83 0.0039 30 0.037 0.041 
Sb?29 ey 0.052 48 0.50 O25) 
J1838 20.5 0.45 40 4.3 ey 
Bal89 1.43 OsD3 15 5.0 0.75 
Bal4o 306 0.808 24 Thai abe) 
Cel43 33.0 ALO) — 9.5 — 


plementary “mirror-point” fragment, which has 
the same yield. To determine its mass it is nec- 
essary to know the mean number of neutrons 
emitted per fission. By making different assump- 
tions with respect to the mean number of neutrons 
we found that the fundamental and the mirror points 
fit a smooth curve best when v=3 (Fig. 1). By 
equating the area bounded by the smooth curve of 
relative yields to 200% we obtained the values for 
the absolute yields of the fission products under 
investigation. The absolute yields are given in 
column 4. 

The large values of the errors in Table I is 
explained in the following manner. In view of the 
low activities of the products of low energy photo- 
fission of Th?*?, the error in the relative activi- 
ties obtained directly from experiment was about 
6% in the neighborhood of the peaks and about 10 
to 12% in the neighborhood of the minimum. The 
larger errors for Sb!28 and I'%3 are due to the 
poor reproducibility of results in the former case 
and to the difficulty in analyzing the complex de- 
cay curve and to the extrapolation error in the 
latter case. Our method of calibrating the count- 
ing apparatus requires us to take into account the 
error in the determination of relative activities 
in the photofission of U?®® and the error in the 
relative yields taken from references 3 and 4. 
The error introduced through the normalization 
of the area bounded by the smooth yield curve to 
200% is insignificant and was not taken into ac- 
count in our work. 

Figure 1 shows three curves of the dependence 
on the mass number of the fission product yields. 
The main characteristics of these curves are 
given in Table II. 

From a comparison of the yield curves for the 


FIG. 1. The dependence of fission product yields on the 
mass number. Solid curve gives the results of the present work 
for the photofission of Th?*? at 10 Mev: @ are the basic points, 
O are the mirror points; the dotted curve corresponds to the 
photofission of Th?*? at 69 Mev;! the dot-dashed curve corre- 
sponds to the photofission of U?** at 10 Mev.?’* 
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photofission of T and at 10 Mev it may 
be seen that the peak for the light fragments in 
the thorium curve is noticeably displaced towards 
lower mass numbers compared to the same peak 
in the case of uranium. At the same time the posi- 
tions of the heavy fragment peaks almost coincide. 
Such a distribution of fission-product yields of 
thorium and of uranium agrees well with the mech- 
anism of fission proposed by Hill’ and determined 
by the nuclear shell effect and by the principal role 
played by the heavy fragment. 

In the neighborhood of mass numbers 133 and 
96 on the yield curve for the photofission of Th??? 
higher yields are observed compared to the smooth 
decrease of the yields from the peak towards the 
minimum. In the heavy fragment peak this region 
coincides with the region of mass numbers where 
“fine structure” is observed in the photofission of 
u?83_ This enables us to make the hypothesis that 


TABLE II. Principal characteristics of the 
yield curves for the photofission of 
Th222 and 238 


U*** (yy03 £) 
from refer- 
ences 3 and 4 


sistas (V9; f) 
from 
reference 1 


Th” (10; f) 
present work 


Parameters of 
the yield curves 


Position of the 
heavy fragment 
peak 


Position of the 97 
light fragment 
peak 
Maximum yield 6.0% 
Half-width of 12—13 


peak 
Peak-to-valley 
ratio 
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FIG. 2. Dependence of the peak-to-valley ratio on the maxi- 
mum bremsstrahlung energy for photofission of: solid curve — 
Th?*?, dotted curve — U?**. 


the higher yields in the photofission of Th?”? are 
associated with the preferred formation among the 
primary fission products of nuclei with a closed 
shell (N = 82). 

A comparison of the yield curves! for the photo- 
fission of Th?** at 10 Mev and at 69 Mev shows 
that in this case the positions of the peaks almost 
coincide. However, in the former case the half 
width of the peak of the yield curve is less and 
the value of the maximum yield is greater than 
in the latter case. Thus the peak of the yield 
curve becomes wider and lower as the excitation 
energy of the nucleus undergoing fission is raised, 
while the proportion of symmetric fissions in- 
creases. The width of the peak also increases as 
the mass number of the nucleus undergoing fission 
is increased. 

The peak-to-valley ratio is one of the basic 
characteristics of the dependence of the fission 
product yield on the mass number and is specially 
investigated in a number of papers 37599910, In our 
work this ratio is determined for the first time 
for the photofission of Th?*? in the region of low 
excitation energies and it is shown that the varia- 
tion of this ratio in the range from 8 to 14 Mev 
for the peak bremsstrahlung spectrum energies 
is more pronounced for thorium than for uranium. 
Figure 2 shows the variation of this ratio with en- 
ergy. The results of the present work are in good 
agreement with the number 80 obtained for the 
photofission of thorium at 12 Mev.? 

In Fong’s last paper?! a new method was pro- 
posed for calculating the yield curve theoretically. 
We considered it to be of interest to utilize this 
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method to calculate the yield curves theoretically 
for the photofission of thorium and of uranium. 
Unfortunately, final results have not been obtained 
due to the lack of precise values for the nuclear 
masses of Th?** and U8. As a result of these 
calculations we have obtained only the differences 
in the maximum excitation energies for a given 
type of fission and for symmetric fission [formu- 
la (46) of reference 11]. The dependence of this 
difference on the ratio of the masses of primary 
fission fragments enables us to show in general 
outline the shape of the yield curves and the posi- 
tion of the peaks on these curves. 

The results obtained by us for the photofission 
of Th? and U?38 agree well with the experimen- 
tal data both with respect to the shape of the curves 
and also with respect to the position of the maxima. 
Thus, the position of the maxima of the theoretic- 
ally calculated curve for iiss? 
89 and 140, while for U*® the corresponding val- 
ues are 97 and 138. The calculated curve for the 
photofission of U?*8 has “fine structure” at mass 
number 132. 
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A derivation is given of the kinetic equations for the distribution functions of electrons and 
vibrations of a crystalline lattice. In the spatially homogeneous case, the equation for the 
distribution function of the electrons is identical to the kinetic equation in Bloch’s theory 


of electric conductivity. An equation is obtained for the lattice vibrations, and expressions 
have been found for the frequency and the damping decrement of these vibrations. 


In the present paper, the method of Bogoliubov!’? 


ch Pi G : (1) 
has been applied to the derivation of the kinetic ie iw Im TH cs \° (4 — a) dive 2 (Qk 
equations for the electron and the oscillations of : sa (1) 
a crystalline lattice. S ji i - 1 pi" i? 

crystalline lattice everal very interesting re X sin keg + Q cos k-q) dq ay > (P"/2M 4 Mw2Q"/2). 


searches, devoted to the theory of superconductiv- 
ity, have recently been reported. On the one hand 
there are the researches of Bardeen, Cooper, and 
Schrieffer ,* and on the other, the new method in i ; 
the theory of superconductivity developed by M is the mass of the ions; Ql), Py) are the co- 
Bogoliubov.’ In this connection, there is interest 

in the study of the kinetic equations for systems 

of electrons interacting with the lattice vibrations. 
However, for the purpose of finding a simpler ap- 
proach to the description of nonequilibrium proc- 
esses in solids, we limit ourselves in the present 
note only to the approximation leading to the Bloch 
theory, and do not take up the question of supercon- 
ductivity. We note that, in recently published 
works,°»® a derivation has been given of the quantum 
kinetic equation for electrons interacting with lattice 
vibrations, in the spatially homogeneous case. This 
equation is identical to the well-known equation of 
Bloch theory. The approximate kinetic equations 
have been obtained by us both for electrons and 

also for the oscillators of the crystalline lattice in 
the homogeneous case. Initially, the equations were 
obtained for the distribution functions of the elec- 
trons and the oscillators of the lattice in the classi- 


k j=1 


Here N is the number of electrons, c is the inter- 
action constant, which has the dimensions of energy; 


ordinates and the momenta of the lattice oscillators; 
j=1,2; w,=ks is the vibration frequency with 
wave number k; s_ is the sound velocity without 
consideration of the interaction between the elec- 
trons and the lattice vibrations of the crystal. 
Making use of the Hamiltonian (1), we obtained the 
equations of motion for the electrons and for the 
oscillators of the lattice. Desiring to set up the 
kinetic equations for the distribution functions of 
the electrons and the waves of the crystalline lat- 
tice, we introduce the distribution functions of the 
coordinates and momenta of all the electrons and 
oscillators of the lattice of the crystal. This dis- 
tribution function can be normalized since the event, 
that the coordinates and momenta of the electrons 
and lattice oscillators have any values at all, is 
certain. By virtue of the Hamilton equations for 

the distribution function f thus introduced, the 


cal approximation; these have the form of the Fokker- odes ath 
* ° ’ eee k 2 (7) Of 

Planck equations in phase ae Then a derivation oe ae s a Ai > (ir x a = — Mwai a 
was given of the kinetic equations for the corre- \ k 
sponding inhomogeneous quantum distribution func- : a sin k @ 5 # 
tions. x Vani (Qi-k) Ay 

Following Frohlich, we shall write the Hamil- k, jd cos k-qi 
tonian function for the system of electrons inter- eG) 
acting with the lattice vibrations of a crystal in = va k o aa (2) 
the form N —sink-q; Px 
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is obtained. Here and below, the upper function 
refers to the term with j=1, while the lower 
refers to j= 2. From this equation we can, by 
integration, obtain a chain of equations for the 
corresponding distribution functions. We have 
limited ourselves to the consideration of the 
equation only for the first distribution functions 
of the electrons and lattice oscillators 


fy(a, ps t) F, (@2), Pe); 


second distribution function #,(q-p; ap, pt), t). 


t), and only for one mixed 


For brevity, we shall not write out the expansion 
here. (Where possible, we shall omit the argu- 
ments of the distribution functions in what follows.) 
To obtain a closed set of approximate equations ac- 
cording to the work of Bogoliubov and Gurov,” we 
have made use of the following approximations of 


the second distribution functions: 


®, (q, P; Qx, Px; t) = fi (q, ps t) Fi (Qk, Px; 2) 
+ 2(q, p; Qx, Px; £), 


where g is the correlation function that governs 
the interaction of the electrons with the lattice vi- 
brations. The third distribution functions are rep- 
resented in the form of products of the correspond- 
ing first distribution functions. Here the interaction 
between the electrons and the lattice vibrations is 
assumed to be weak, and we can therefore regard 
the function of the correlation deviation g to be 
small in comparison with the products of the first 
distribution functions. In the approximation under 
consideration, the equations for f,;, F, and g 

take on the following forms: 


sin k-q 
a F) 
AR Et TE (Qk) Fi (Qu Pes) 
ik cos k-q 
(3) 
sink 
x dQ dP, k 8 = — YT (kai?) k 52 dQydPy; 
Nx cos k-q 
OP pe SEE PLY car, a Nipetal ae. 
SER Rey dee se 
di +2 M aq eee apd ) 
alain ca OF 
—~—=— >) f1(q; p; ¢) dq dp k —— 
gba y teins ; apt) 
k. 
Ee ile Saile ata 
= aS k—2— dqdp; v=V/N; (4) 
Z qap; v 
TBO cintag® OE 
dg , p og , yi/PK ag (/) 
eae dq _ aq) — Mo iQ = | 
i eats cos k-q mela fe rig tka) ‘ k 2h p, 
— — 
YN j; — sink-q apy.) cos k-q oP 


(5) 
If, with the aid of Eq. (5), we express the function 
g in terms of the first distribution function f,, F, 


L. KLIMONTOVICH and’S. V;. TEMERO 


and substitute the expressions thus obtained in 
Eqs. (3) and (4), then we can get a set of equations 
for f,; and F;, which serve for the description of 
random processes in the crystalline lattice with 
account of the previous history. General consid- 
eration of such a type of processes was carried 
out by Khinchin.’ However, the solutions of these 
equations will naturally depend not only on the ini- 
tial values of the functions f,, F ;, but also on the 
initial values of the correlation function g. Inas- 
much as the initial value of g is usually unknown, 
we are obliged to consider the system of approxi- 
mate kinetic equations for the functions f;, and 
F,, the solutions of which must depend only on the 
initial values of the functions f; and F,. Sucha 
system of approximate equations is valid only over 
time intervals that exceed the correlation time. 
This corresponds to the fact that, in the solution 
of the equation for g, the time dependence of the 
correlation function is determined by specifying 
the first functions f,; and F, at this same instant 
of time. 

Wishing to obtain from such a system of equa- 
tions for f; and F, a separate approximate 
equation for the electron distribution function f; 
with accuracy up to c”, we assume that at the 
initial instant the lattice vibrations are in equilib- 
rium, while the states of the electrons depart little 
from the equilibrium state. In this case we must, 
by way of the initial distribution of the oscillators 
of the lattice, substitute in Eq. (5) the solution of 
the equation for F, at c=0; this has the follow- 
ing form: 


FO = Bexp a >} (PLM + MoiQ!! "2x7 
i 
In transforming the left side of the equation for the 
function f,, (by virtue of the required accuracy ) 
we require a more detailed solution of the equation 
for F,, namely 


Fuss EY) (QW”, Pe ty) te 


anf. 


vials 


1=10 == sink 


at oO 
cos k-q { aFo 

f(a, B: £8) qa (Spor) a 
“q 


Here 
(f) 
k A 
sin w,9, 
Op 


F P 
(j) 
Qi’ cos ©, 4 — rT 


(6) ie 
Py” = Mo, QL? sin o,6 + P! cos «49, 
(...)9 means that Qi, pi)? must be substituted 


for Qt), pi) after differentiation. After the elimi- 


nation of the functions F, and g from Eq. (3), we. 
obtain the kinetic equation for the distribution func- 
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tion of the electrons, interacting with the lattice vi- 
brations of the crystal, in the form of the Fokker- 
Planck equation in phase space:° 


P Oft ge 
at 4nMs? Ag 


(q’,p’;¢—|q—@q’ |/s 
5 lq |/s) Maer 
Play dq’dp Op 

| q—q’ | <s(t—t) 


s ae B(s; p) *“ fi (q, p; t) + aA (s; p) fi (@. ps t). (7) 


Here A and B are the Fokker-Planck coefficients 
for the given system: 


(8.0) = seis | 8 (oe — SP) kedk, 
A(s; p)= Se \ erak (o — <P) dk. 


We note that the coefficients of “diffusion” and 
“friction” in Eq. (7) are different from zero only 
upon satisfaction of the radiation condition. It is 
natural that, in the classical approximation, the 
Fokker-Planck coefficients A and B diverge 
for large wave numbers k. However, we can 
break off the integration over k at some value 
Kmax Which can be chosen from the Debye tem- 
perature @©: kmax = KO@/fhs; x is the Boltzmann 
constant. After integration over k, the coeffi- 
cients A and B take the following form: 


Tansy (jg) D(*), 


c?mu 


~4nMs?p \its (=) D(x); BY = 


A = 


where 


x 
1 ( ytdy es S) 
x4 Je¥—1’ T 
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D(xsy= 


In the equilibrium case, Eq. (7) is satisfied by the 
Maxwell distribution. The region of integration on 
the left side of Eq. (7) is bounded by the condition 
|q—q’| =s(t—ty). This limitation of the integra- 
tion over q’ arises from the fact that the problem 
is considered when, at the initial moment t = ty, 
the distribution functions of the electrons and the 
oscillators of the lattice are given. Therefore, the 
only electrons that can have an effect on the change 
of the function f, at the point q and time t > ty 
are those removed from q by the distance |q—q’| 
=s(t--t)), since in this case the electrons inter- 


act only through vibrations of the crystalline lattice. 


The approximate kinetic equation for the distri- 
bution function of the oscillators of the lattice is 
similarly constructed. Only now we must consider 
the initial distribution of the electrons at equilib- 
rium. On the other hand, the initial state of the 
lattice vibrations here must be assumed to differ 
slightly from the equilibrium state. As a result, 
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the equation for the distribution function F, has 
the form: 


ti) 
ss ay Pour ORy 2 (/) 
+2 M aa 98 Ma Oe 
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Here 
Qe = wf + (c?k?/M) Re li; 
(0) 
k ae dp 


fl ec 


F'dp 
(k-p/m) — o, ” 


he 


UM = — 02 (K-QU) Fy (Qe, Pa #8) k 


x sin <2 6. dp dP; 

£() is the equilibrium distribution function of the 
conduction electrons. In the case of thermal equi- 
librium, F(9) does not make the right side of 

Eq. (8) vanish. Because of the presence of the inter- 
action, the stationary distribution of the waves of 

the lattice, by virtue of Eq. (6), takes the form 


F,(Qy, Py) = FL" (Qy, Py) + °F!) (Q,, Py), which 


agrees with the assumption of Peierls.® 

Upon the derivation of the quantum kinetic equa- 
tion for electrons and phonons, we start out from 
the equation for the quantum distribution function 
(the density matrix in the mixed representation) 
in the form set forth by Wigner. As a Hamiltonian, 
we again use Eq. (1). In the self-consistent approxi- 
mation for the quantum distribution function of the 
conduction electrons f,, we find: 


Of1 p Of, ic? 1 
ot a0 m oq + 4xs*Mh (2n)8 


Ween eto 


1 
BE ae ea 
k q 3 45 


Ag 


__ fila’, p53 ¢—!q — a’ + fi7/2 | /s) 
1q—q’ + h7/2 | 


x eit(n—P) f, (q, 9; t) de dy dp'dq’ = 0. (9) 
The region of integration over q’ in this equation 


is limited by the condition |q—q’ + ht/2| < 
s(t—t)), where the upper sign refers to the first, 
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and the lower, to the second, integral. For F(°) 
we have used the expression for the quantum dis- 
tribution function of oscillators obtained in refer- 
ence 10. Account of correlation permits us to 
compute the change in the distribution function f; 
at the expense of the “collision” of electrons with 
the lattice waves, which can be represented in the 
form of a set of three expressions. The first of 
these is similar to the diffusion term in Eq. (7) and 
can be written in the form 


| p (p+hk? . \ 
amas my Pe 2 A 2m ho ) 
k 
[he tak, a )— heal] 
eet Somes ; nk, q; t) — 1 (p, a3 £)]! 
+ 3(f — EEE + how) tf (p + tk, ot) — fi (P, a #1] 
where 
ho, 
Tk = ho, + 


exp {ho,/xT}—1 ” 


the second is similar to the term of systematic 
friction and has the form 


mee a ho, p? 
s*aMN a 2 {3 2m 
k 
x [fi (p+ ak, qt) +f (P, 4 6)| 
Saf Wo (p + hk)? 
3 ( 2m 2m 
while the third is due to exchange effects and has 
no classical analogue: 


co 
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k 0 
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x exp {i (q qe! 6) = 


te ( 2 as us —n)| d6 dq’ dx’ dx” dz dn. 

Joining these together, after substitution in the 
right side of Eq. (9), we find the quantum kinetic 
equation for the electrons in the inhomogeneous 
case. For a homogeneous distribution, the ex- 
change term is materially simplified, and the equa- 
tion for the distribution function of the electrons 
takes the following form: 


de (Ge i — Bon) [noe 
(P+ Ak)(1 — 0 (P) — Who, + BO) @(P) (1 —o(p + 4k) | 
+3($-— 
x (1—w(p)) — 


Ow(p;t) = mc? 
Of sthMNn 


ik 
— BF + hoe) [(Waog + hon) (p+ 1k) 


Myon (P)(1—w(p-+ak))]}. (10) 
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Here 
sevial 


Naor = tory (eh? — 1); w(p; t) = fi (ps ¢). 
This equation is identical with the well known equa- 
tion of Bloch theory .?>+4 Relative to the quantum 
kinetic equation for the distribution function of the 
phonons F,, we note that it preserves the form 

of Eq. (8), with this one difference, that the expres- 
sions for the potential (8) and for the integrals I, 
and I, are changed. From kq. (8) we get the av- 
eraged equation of the vibrations of the crystailine 
lattice, which, for a homogeneous distribution of 
electrons, has the following form: 


GP +2710! + OFA = (11) 


Qo” = \ Qi? EF dQap\: Qe = peta: —Im ie 

In the case of complete Fermi degeneracy for the 
electrons, the frequency of the characteristic vi- 
brations Q, and the damping decrement y, of 
the lattice waves are easily computed: 


2 
OF = oe my | RG ; «(= ) fa ies 
where €9, py are the limiting values of the energy 
and momentum for the Fermi distribution. 

The value for 9, corresponds to the expres- 
sion obtained in the work of Frdhlich.'* For the 
estimate of the value of the damping y,;, we can 
use, for example, the tabulated data for (c/€)) 
given by Bethe and Sommerfeld.? 

We note that in a number of cases it is not pos- 
sible to obtain separate equations for f,, F, from 
the approximate (in the sense given above) sys- 
tem of equations for the distribution functions of 
the electrons and waves of the crystalline lattice. 
We must then solve simultaneously the set of equa- 
tions for these functions. Jn our treatment, we 
started from the Hamiltonian of Fréhlich, in which 
neither the periodic field of the ions nor the inter- 
action between the phonons and the Coulombic inter- 
action between the conduction electrons were con- 
sidered. Employing the results of the present note, 
we hope in the future to consider more accurate 
kinetic equations for the electrons and the vibra- 
tions of the crystalline lattice. 

In conclusion, we wish to express our gratitude 
to Academician N. N. Bogoliubov and D. N. Zubarev 
for discussion of the present research. 
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INTERACTION BETWEEN OUTER AND INNER ELECTRONS IN FERROMAGNETIC 
TRANSITION METALS 
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The interaction between 4s and 3d electrons in transition metals is investigated. It is 
shown that the dynamical part of the interaction manifests itself in the interaction between | 
Fermi and Bose elementary excitations. At low temperatures elastic collision between | 


these excitations predominate, whereas at high temperatures transition processes begin 
to play an important part. The magnetization is calculated as a function of temperature 


and field strength. 


{hi During recent years increased interest has been 
shown in the transition metals, but agreement still 
has not been reached regarding the electron inter- 
actions that produce the ferromagnetic state of 
these metals. It is therefore necessary to analyze 
these interactions carefully in.every model of the 
transition metals. The so-called s-d exchange 
model developed by Vonsovskii and his coworkers?’ 
is based on the assumption that electrons of the un- 
filled 3d shell play an important part in transition 
metals in addition to the 4s valence electrons. A 
strong exchange interaction with a positive exchange 
integral leads to complete ordering of the 3d elec- 
tron spins, that is, to ferromagnetism.. The 4s 


2 


H=E,+t ho +h; 


ko 


electrons are collectively responsible for transfer 
phenomena in a crystal. 

This electron system has a mixed spectrum with 
Bose and Fermi branches. The Bose branch is as- 
sociated with the 3d electrons which provide the 


elementary excitations called “ferromagnons” (or . 


“spin waves”) while the Fermi branch is associ-~ 
ated with the 4s electrons which provide the ele- 
mentary excitations that we call “conduction elec- 
trons.” 

The Hamiltonian of weakly-excited electron 
states in the s-d model can be represented as 
follows: 


g 


H, Nate » J (ky ke) 6 (ks — k, + g) (Ox) Aa —Og <a A (4A, 0g] 


k, kg 


- = DJ (kik) § (ke — ky ++ & — 82) [aie ony —yOgibe, — any Ax4¢,0e,1- 


i Ko81S2 


Here a, and al are the Fermi second-quantiza- 
tion operators with the signs + and — denoting 
the spin projection (in the ground state of a 3d 
electron the spin projection is denoted by —); 
bg and bg are Bose operators; k and g are the 
quasi-momentum of a conduction electron and of a 
ferromagnon, respectively; J(k,k,) is the s-d 
exchange integral. 

The Hamiltonian (1) was obtained by Vonsovskii 
and Turov.2. The following expressions were ob- 
tained for conduction electron energies: 


g = — a+ n7k2/2m_3 ot = a + nk?2/2m,, (2) 


(1b) 


where m_ and my, are the effective electron 
masses with the respective spin directions and a 
is the coupling constant of s and d electrons, 
which is determined by expanding the s-d ex- 
change integral in powers of the quasi-momenta 
(for a cubic crystal): 


J (k,k.) = 20 — y [(ak,)? + (ak,)?] +... (3) 
The terms in (1) have the following significance: 

Ey is the constant energy of the 3d electrons with 
completely ordered spins; Hy is the combined en- 


ergy of all elementary excitations (conduction elec- 
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trons and ferromagnons); H, represents the energy we obtain from (4) and (5), to second order terms, 


of interaction between the latter. 

The complete Hamiltonian of the electron sys- 
tem must contain two more terms, one of which 
will describe the interaction between ferromagnons 
while the other describes the interaction between 
conduction electrons. However, as Dyson? has 
shown, the interaction between spin waves (ferro- 
magnons) in a ferromagnet is very small and car 
be neglected at temperatures up to one-fourth of 
the Curie temperature. 

Neglect of the interaction between conduction 
electrons does not have the same rigorous justifi- 
cation, but it can be assumed that the interaction 
between the original 4s electrons is partly taken 
into account self-consistently in the effective mas- 
ses of the conduction electrons. 

Thus the interaction between 4s and 3d elec- 
trons is manifested in two different ways. The con- 
duction electron spectrum is altered [Eq. (2) in- 
cludes the s-d interaction parameters]. This can 
be called the static part of the interaction, which 
leads to the 4s -electron magnetization noted by 
Vonsovskii. 

Equation (1b) describes the dynamical interac- 
tion of 4s and 3d electrons by means of the inter- 
action between conduction electrons and ferromag- 
nons. The term of H, which contains three oper- 


ators describes transitions between these elementary 


excitations, while the term with four operators de- 
scribes elastic collisions between these same exci- 
tations. In the present work these interactions will 
be taken into account in the thermodynamic function 
of the system. 

2. We limit ourselves to low temperatures (not 
above one-fourth the Curie point) and use the per- 
turbation theory of statistical mechanics with Ay 
asa perturbation.’ The free energy is obtained 
from 


Catt = Sp e—bH, (4) 


where 6 =1/kT. We obtain the following expansion 
of the trace in powers of Hj: 


oer , S =1)" 
Sp e~ 8M tiy) = Sp e~ 0% + 8 >) "5 
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B As Ap—2 che F ; (9) 
x \\ \ dh, .. . Bde Sp [e-2% Hy (hy). «Ay hea) Al, 
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Hy (0) = eee, (6) 


When the free energy F is expanded in powers of 
the small parameter ~ H;/H, 


F=FotFitFet.---, 
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Fy =—f?InSp e-biy Fy = F153 (7) 
8 
Py =p f (Hays —\ a AQ) As}, (8) 
1) 
<...2> denotes averaging over the statistical as- 


sembly with the Hamiltonian fy. A direct calcula- 
tion by means of (6) shows that the H, — H;(A) 
transition corresponds to the following substitution 
of operators: 

Ops aye, af — abe™*, “by -S be “ey bp bees. 
In calculating various average values we use the 
following expressions, which can also be derived 
by direct calculation: 


<bgibe.>e = 8 (1 — S2) fp (Si) = 9 (Si — 8) [exp {03g} — 1175 
(9) 
< ai 4) Qua 4) = 8 (Ky — ke) fe (ki) 


= 6(k, —k,) [exp {8 (ee, —§)} + 1)7, (10) 
where & denotes the chemical potential of the elec- 
trons and is determined from the conservation of 
the number of 4s electrons: 
Dilie (k) + fe (K)] = Ns. 
k 
The following results are now obtained from a cal- 
culation of (7) and (8): 


B? S\ [In (1 + exp {—B (exe —8)}) 
k (12) 
+ In(1 + exp {—8 (ex —£)})] + 8 S\In (1 — exp {— feg}); 
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(14) 
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We note that the first approximation of the three- 
operator terms vanishes in virtue of the properties 
of the operators bg and bg, so that F() is the 
first nonvanishing correction from the three-oper- 
ator terms in Hy which describe transitions. This 
corresponds formally to the second approximation 
in the perturbation theory. Fy, is the first approxi- 
mation correction from the four-operator terms in 
Hy. 

3. We shall now calculate the magnetization 
M = 0F/9H. Ina magnetic field directed along the 
axis of spontaneous magnetization the energy is 
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changed by the amount 


AH = — Nyoll + 2Quoff yng + poll >) (te — me), 
g k 
after which the distribution functions f,(k) and 
f¢(g) will depend on the magnetic field. For the 
zero approximation of the magnetization we obtain 


Mi = Nuo {1 — 4 Dh ®)} (15) 
& 


Ms = bo Dy lfe (k) — fF (K)]. (16) 
k 
Instead of immediately calculating the next approxi- 
mation of the magnetization we shall first calculate 
the free energy corrections F, and Fe), We note 
that (11), (13), and (16) possess the same structure 
and can be calculated by the same method. In these 
expressions we pass from summation over k to 
integration. Integrating by parts, we distinguish 
the derivative of the distribution function in the 
integrand and regard it as the nucleus of an inte- 
gral operator which is approximated by 


d ‘ r . ‘ oe? a 
— fee pits py (lt+FH+...), an 


since B& is much larger than unity. After calcu- 
lation of the integrals the results can be repre- 
sented conveniently by means of the notation 


re m_ \P ; a+ po So ms \P = 
Xep= (75) ¢ a é et m_) (1 


where m is the electron mass. From (11) we ob- 
tain the chemical potential of the conduction elec- 
trons in the magnetic field: 


ae () Xu 
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ng is the number of 4s electrons per unit volume. 
Since (kT/é,)? < 107+ we can neglect the depend- 
ence of € on temperature. In the same approxi- 
mation we obtain for (16) and (13): 


a+u.H ‘i 
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We cannot calculate (14) to the same order of 
approximation; a number of supplementary approxi- 
mations are required. We neglect the energy and 
momentum of the ferromagnons if they are of the 
same order as the energy and momentum of elec- 
trons, Since the principal contribution to the sums 
comes from terms with small ferromagnon mo- 
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menta and large electron momenta (on the order 
of the Fermi momentum). Separating the summa- 
tions over k and g, we integrate over k using 
the approximation (17) and obtain 


(22) 


In order to make the meaning of the final result 
clearer we neglect the difference between the ef- 
fective electron masses in (19), (20) and (21), let- 


ting m_=m,=m, y=0. Since @ and WH < é, 
we assume 
Xt, 2; Xzpw2s(a + poll)/to; & = bo. 


The total correction to the free energy due to 
the interaction between conduction electrons and 
ferromagnons is given by 


Fit Fy= ay Dale @)-3N. D(H), 
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(23) 


ae 


D(H) = 14+ #1 — AP tanh 3 (1 — ot 


kT 


We shall now calculate the magnetization. In the 
given approximations the magnetization of s elec- - 
trons is, according to (20), 


Msg = 3Nsho%/26o -+ 3N HoH /2é (24) 


where the second term is the paramagnetic (Pauli) 
magnetization of the electron gas, while the first 
(constant) term results from magnetization of the 
4s -electron gas by 3d electrons, the s-d ex- 
change field being the equivalent of an effective 
magnetic field Hegp = @/uy. If we assume that a 
is of the order of 5 x 107 erg, then Hegf is of 
the order of 108 oersteds, so that the 4s electrons 
will contribute considerably to the spontaneous 
magnetization of metals. Using (15), (23), and (24) 
we obtain an expression for the total magnetization 
in terms of the 3d-electron magnetization: 


s \ 3 H 
M= Me > com + -53- Nsito = eae 


a 

= +S Lo a (rp ‘\h. ae 

Since M4 is the magnetization of 3d electrons 
in the absence of an s-d interaction, the first term 
in this expression represents the usual spontaneous 
magnetization of ferromagnetic 3d electrons and 
of the fraction of the 4s electrons which is mag- 
netized by the s-d exchange field. Thus this term 
describes ideal ferromagnetism with the average 
number of electrons per lattice site given by 
1+ (3Ng/2N)a/é . The second term in (25) pro- 
vides a correction to the magnetization resulting 


yi) tanh we +D(H)% 


INTERACTION BETWEEN OUTER AND INNER ELECTRONS 


from the dynamical interaction of 4s electrons 
and ferromagnons. 

Me can be calculated from (15) if the dispersion 
law for ferromagnons is known. If we assume the 
usual result of spin-wave theory, which gives 
toh Je’, the derivative, with respect to the field, 
of the resulting expression for M} will diverge 
at H=0, and we obtain a diverging expression 
for the magnetization (25). The reason for such 
singularities in the theory of magnetism has fre- 
quently been discussed (see reference 5, for ex- 
ample), and evidently lies in the fact that in such 
instances a decisive part is played by magnetic 
interactions which are not taken into account by 
the Bloch spin-wave theory. We shall assume that 
as a result of the magnetic interaction there is re- 
quired a certain activation energy AE ofa spin- 
wave with zero quasi-momentum, so that 


eg = AE + J (ag). 


The calculation of AE does not enter into our 
problem, but we can state immediately that it must 
be small, being of the order of the anisotropy en- 
ergy. It is easily found that 


4 { RT \Vle AE + 2u,H 
w 2h (g) a(S Vx)? (=) Zu,( aoe i 
where 


Zs), (x) = Dyn em 
n=1 


= 2.61 — 3.54x"2 + 1.46% —0.104x? +... 


This last expression was obtained by Robinson® and 
converges rapidly for x <1. Keeping only the first 
two terms in the expansion, we obtain 


MY = W,,{1 —0.1174 (F)"[1— 1.36 (=e) 


Ho) kT 
ONG Sa all 


which is applicable to not too low temperatures, 
where (AE + 2ujH) < kT. Eqs. (25) and (26) give 
the dependence of the magnetization on tempera- 
ture and field. Let us consider two limiting cases: 

(a) a < kT, weak s-d coupling, high tempera- 
ture; D(H) © uyH/a «1. We see that the first and 
second approximation corrections to the free energy 
cancel each other to a considerable extent and dis- 
appear entirely in the absence of a magnetic field. 
We obtain for the spontaneous magnetization: 


(26) 


3s a 


3N Ua? 
a Mies 
Ma(l boy pM 0.1174 


2E (27) 


(kT). 


(b) a > kT, strong s-d coupling, low tempera- 
ture; D(H) 1+ 2u,H/a. In this case the first 
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and second approximation corrections to the free 
energy, which depend on the field, are equal, but 
the first approximation correction, which corre- 
sponds to elastic collisions, is predominant in 
their constant parts. The spontaneous magnetiza- 
tion is given by 


3N, Ua? 


iene 8) 


M=(I $5 5) Mae 0.159 
Except for the notation this agrees with the expres- 
sion obtained in references 7 and 8, where only 
elastic collisions were taken into account. We have 
now determined the range of applicability of this 
result. 

Despite the fact that the correction terms in 
(27) and (28) contain the factors (kT/3)/ and 
(kT/J), which at low temperatures decrease more 
slowly than the term containing (kT/J)*/? in M3, 
they remain smaller than the latter in the given 
temperature range because of their small coeffi- 
cients. By means of the values given above it can 
easily be shown that the second term in (28) does 
not exceed 10% of the first term. 

Thus of the two types of dynamic interaction be- 
tween 3d and 4s electrons elastic collisions be- 
tween ferromagnons and conduction electrons dom- 
inate at low temperatures, while at higher tempera- 
tures transition processes begin to play a part. 
These two temperature regions are separated by 
the temperature @ = a@/k. Since our calculation is 
valid in the temperature range from a few degrees 
to ~ 200° the possibility of including transition 
processes in this region depends on the magnitude 
of the s-d exchange integral. 

I take this opportunity to thank E. A. Turov for 
his interest and Professor S. V. Vonsovskii for a 
discussion of the results. 
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The low-frequency electron-ion longitudinal oscillations in a plasma confined by a magnetic 


field are considered. 


Ir is well known that a plasma is capable of two 
kinds of oscillations: high-frequency electronic 
oscillations, and low-frequency oscillations in 
which both electrons and ions take part. The theory 
of the low-frequency oscillations has been devel- 
oped by Tonks and Langmuir,! Gordeev’ and others. 
In the present paper we consider the low-frequency 
longitudinal oscillations of an unbounded plasma 
which is confined by a fixed, uniform, magnetic 
field. 


1. DISPERSION EQUATION 


We consider small oscillations of a plasma con- 
sisting of electrons and singly charged ions. It will 
be assumed that the oscillation frequency is high so 
that the collision integrals can be neglected in the 
kinetic equations which describe deviations in the 
electron (ion) distribution functions from the equi- 
librium values. Suppose that at time t=0 we turn 
off the external effect which causes the plasma to 
deviate from the equilibrium state. After a suffi- 
ciently long period of time t the Fourier compo- 
nent of the electric field intensity will be propor- 
tional to exp {—iwt — yt} where the frequency w 
and the damping factor y are determined from a 
dispersion equation of the form 


An’ + Bn? +C=0, n’=ke/o’, 


where w’ =w —iy and k is the propagation vec- 
tor. Expressions for the coefficients A and B 
and C are given in reference 3. If the individual 
terms which appear in A are much larger than 
|B/n’?| and |C/n’*| an approximate solution of 
the dispersion equation can be obtained by setting 
A=0. The equation A=0 is the dispersion equa- 
tion for oscillations characterized by curl E ~ 0 
(longitudinal plasma oscillations). Thus, we have 


A(o’, k) =14+K.+K;=0, (1) 


where®’* (a =e, i) 
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1 iw’ 


ka? ry 


Ka = exp (— Ha sin? 6) 


k? ae OT 
x \ exp (— a Ua COS? Og? + oe ~ + te Sin? 8.cos 2) de, 
OH 
‘ (2) 
dz = (Ta) 4re%M)'2, Qa = (Arey / ma), 
Ha = (Rag Qe / wf)”, Ur =(Ta/tMa)"?, AgQa = YF: 


Here @ is the angle between the direction of the 
external magnetic field Hy and the propagation 


vector k, wt =eH)/me is the gyromagnetic fre-- 


quency for a particle of mass mg and charge e 
(the subscript a =e refers to electrons, a =i 
refers to ions) Tg is the temperature of the gas 
of particles of type q@ and ny is the equilibrium 
electron density. 

The quantity Kq can also be given in the form 


4 
a (3) 
1. i osinvplen , a ee 
pass eé a 2 alte , 
Ba ys In (Ua Sin? 6) =| 2a y dt, 
n=—oo C 


Zn = (w’ — nox) / V2 kvF cos 8, 


where I, is a Bessel function of imaginary argu- 
ment. The integration over t in Eq. (3) is taken 
over the path C which goes along the real axis 
from —~* to +, going around the singularities 


t=zf from below for cos 6 >0 and from above 


for cos 6<0. Below, it is assumed that cos 6 > 0. 


Equation (3) for Kq is obtained from Eq. (2) by 
expanding exp (+Hq sin? @ cos y) in Eq. (2) in 
powers of e!? and using the relation following 
between the integrals over the contour C, which 
appear in Kq,. (3), and the probability integral:° 


4 —t? fhe. é : e 
ve \eaa dt = —i Vine" (1+ 2 erat (4) 


Cc 0 
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2. INVESTIGATION OF THE DISPERSION EQUA- 
TION 


The dispersion equation (1) is extremely com- 
plicated and can be solved only in certain limiting 
cases. If the phase velocity of the oscillations 
Vph = w/k is much larger than the mean thermal 
velocity of the electrons vr Invig.1(L)) Ky can 
be neglected compared with Ke. The resulting 
dispersion equation 1+Ke=0 describes the high- 
frequency oscillations of the plasma. This equation 
has been investigated in detail in reference 6 and 7. 
Below,.we study the oscillations for which 


05 KVen= o/ RK 0% (5) 
(low-frequency oscillations) in three different 


cases: weak magnetic field, wi <« kv&; strong 
magnetic field, why > kyl ; the intermediate case, 
‘ . e e i 
in which Wr > kv and Wry 

In order to investigate Eq. (1) we use the asym- 
ptotic expression for the integral in (4) (large val- 
ues of z) 


i 
<«K kv. 


deren piety 3 yr ite 
Vr feed eet oa gag i 
DRe2 i lala <<). 


At small values of z the function in (4) is conve- 
niently expanded in powers of z, in which case 


jzlk<l. (7) 


y i i = 
eae — —iVn+ O (2), 


e e 
(a) Suppose wr «K kv 


(weak magnetic field). 
Then the following inequality holds: wi <«K kvi, : 


Expanding cos g_ in Eq. (2) in powers of gy and 
taking account of the inequality in (5), we have 


1+iVmz,4+... , iret 
K.=—— Ze = 0’ /V 2kot, |2e|<<1; (8) 
1 fA \ 5 ~ 
Ki= Ba? erates ee je eV 2 [2] > 1 


Substituting Eqs. (8) and (9) in Eq. (1) and solving 
for w’, we have 


w? = w2 + 3 R02, @) = Q;Rae (1 + Raz)—", (10) 
xm,  Q,;ka, 
rates V (11) 


The frequency equation (10) (for vin —-0) was 


1 


given by Tonks and Langmuir. The correction 


skevi, which takes account of the thermal spread 
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in the ion velocities and the damping term (11), 
were given by Gordeev.” The introduction of a 
magnetic field results in the appearance of an 
additional small term in the expression for w*: 


wi? sin? 0. ka? / (1 -+ k°a?). 


The condition |ze| «<1, which must be satisfied 
if (8) is to hold, is always satisfied since 

(Me /m;)'/2 <1. The condition of applicability 
for the expansion in (9), |zj| > 1, can be used if 


Pe =>T;, (12) 


i.e., the plasma must be highly non-isothermal. If 
this is not the case the low-frequency oscillations 
are highly damped: y ~ wy. According to Eqs. (10) 
and (11) the damping factor is small compared with 
the frequency y/w ~ (me/m;)!/2. The damping 
factor (11) is due to the “remote” collective inter- 
actions of the particles. The plasma oscillations 
also are damped by “local” collisions. 

(b) Intermediate case. Suppose now that the fol- 


lowing inequalities hold: (we) > (kv&,)° and 


oy) -2 
1 Cana k 
wy <K k Vip or 


1< (ws, / koe)? <K mT; | mT. (13) 
Because the ratio mj/me is very large (approxi- 
mately 10° to 10°) there are values of w8, /kv§, 
(even when Tj « Té) for which the inequality in 
(13) is satisfied. 

If the condition in (13) is satisfied, we can use 
the earlier expression for Kj (9). In computing 
Ke, we assume that because of (13) Me «1. 
Hence, from Eq. (3) we find, (assuming that 
|z°| «<1 for values of 6 far from 1/2) 

K,=(1+iV 22) / a2. (14) 

Substituting Eqs. (9) and (14) in Eq. (1), we ob- 
tain the earlier expression for the frequency (10), 
and the damping term 


1 ="to/| cos 0}. (15) 


As @ increases the damping term also in- 
creases. However, when 9 approaches n/2, 
Eqs. (10) and (15) no longer hold since these equa- 
tions were obtained under the condition that | a | 
«<1, which is satisfied only when | 7/2 -6| > 
(me /mj)'”. 

We assume now that |z§| >>1 (n=0,+1, +2). 
Then, by virtue of Eq. (6) we have 
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‘ Q? cos? 6 Q2 sin? 0 3k? 09? Q? 
Ke=— o/2 tt 3s 2 — wo oo” 
6 — 3u ab ye sin’ 0 (16) 
494 eT cos? 6 sin? 4 | 
x [cos f 4 3(—u,) cos? § sin Tia) ta) 


pln! sin?!” i) pus 8 


Cc 

a 
if = Ce ail Oe) 
hi 2 Ka? Q,,1 cos 0| aca). a ~ Iajlgint i = Wa / 


Substituting Eqs. (9) and (16) in Eq. (1) and neglect- 
ing the thermal corrections we have 


Q2 sin? @ a? 
(17) 


Neglecting the last term in Eq. (17) for values 
of @ far from 7 2, we find the resonance fre- 
quencies of the electron plasma oscillations in the 
“hydrodynamic” approximation: a8) 


A Sn = 
Ore be 


= (Q2 +- 02) + = 5 [(22 + off) — 4Q2wF cos? 6] 


When 6 — 1/2 


wo? = 2 + wF; 08 = Qoff cos? 6 / (QE + oF (19) 


Equation (19) for w. applies if | 71/2 — 6 2 > 
mMe/mj. If, however, | 7/2 —6|?<me/mj;, from 
Eq. (17) we have 


i 


= (Q2 cos? 6 + 232) /(1 + Q2/ oF (20) 


o = 
Taking account of the correction terms in Eqs. 
(9) and (16), we find the frequency and the damping 
term 
2 = o(1 +8), |e]<1, (21) 
@ OF 2 3h0 GO? 


~ 4 
ae wo = 
e! MH H ) (22) 


fcos*§@ ___- cos? 0 il ) 


ae a~2, e2 (2 
Sa oF 


+ 3k? UF Qe, 


e4 
4aoy 


at / = o fexp (— «5 / 2k?05? cos? @) 
8 440?/0? \ a3 Q, | cos 0 | 


P : (23) 
exp (— w§ / 247u7?) | 


Ra? Q, J ; 


— 


The inequalities |zj| >1, |z?|>1, |@| «1, 
and y,; K@ are satisfied if kag « 1 and kaj « 1. 
(c) in the pe one: field case, when why > kv*p 
and wy; >> kt, when |zs| «1 we can use Eq. (14) 

for Ke; when |z,| >> 1 we can use Eq. (16) for 
Kj (in Eq. (16) we replace Te by Tj and mg by 
mj). Equation (1) then assumes the form 


K., (N.S. EEPAVNIOW, 


4 Q? cos? 6 QF sin? 0 3k ul OQ? 
aK Rea? cz a’? at NaC wit ry wt 


sin? 0 


oe = é Z 
x {cost + cos? 6 sin? (aie aan} (24) 


a’ 


: wT : 
i =), a; = (0% / @)* 
” 2 R08 Q, | cos 0 | tae) 


From Eq. (24) we find the resonance frequencies 
wy. Of the electron-ion oscillations in a strong 
magnetic field: 


O2=O,(L+e;), |e<I, (25) 
where 
Ge + (w +o > + ((o + wi2)? — 420? cos” 6}"* (26) 


are the resonance cee when the thermal 
motion of the ions is neglected; €, determines 

the corrections for w,; and w, due to the thermal 
motion of the ions 


eee ee 
+ 2a [cos% + sin? Gat / (2, — o/2)?] (27) - 
4 [cost ete cos? 6 sin? eri errs | 
a, = (24. 
ee 


The damping factor corresponding to the frequen- 
cies WwW, is 


(28) 
af 2 ot. 
The 8 3a3|cos 6| [cos’9 + sin? Oot, / (02, — of7)?] Q,.0? 


Eqs. (24) and (28) apply if the inequalities bz || 

> 1 and |z@| «1 hold. The inequality | zi | >1 
is satisfied for values of @ far from 1/2 ane if 
the plasma is highly non-isothermal, Te > Tj. 
The condition | zi | > Ly (nH 115 2, cae) 2 holdem 
@, is not close to nw};. The metualiey lz, 1 <2 
is always satisfied for values of @ which are not 
close to 7/2 and wy < w) because mg « mj. 

If, however, wy > kv, the inequality |z?°| «1 
is satisfied only for one of the solutions of Eqs. 
(25) to (28), w=wy cos 0, y= cos 6. 

As 9 — 0, one of the solutions of Eq. (25), w, 
*W4, approaches the expression given in (10) 
while the other w, *W_ approaches wi; How- 
ever, at small values of @ Eqs. (25) to (28) for 
Ww. and vy, do not apply since the condition | zi | 
>> 1 does not hold at values of 6 closeto 0. If 
at small values of @ the inequality lw, - why | > 
kvp does not hold when w; ®@4, Eq. (27) (ther- 
mal frequency correction) and Eq. (28) (damping) 
are not correct. When |@ — wiy| «kv, the 
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: et dt 
integral i, zi =~ — im. Thus we find 
Q, ka, 4 ane 
oO; = a tar ee Oy T1= Yor 5 ym as Q; Rae. (29) 


If, at some vals of @, not close to 1/2 it 
turns out Oy © 
no longer holds and consequently Eq. (27) for €+ 
is no longer valid. If |@,- 2w}y| « kv’p cos 8, 
the integral which contains zi in (3) is approxi- 
mately equal to —im and gives additional damping 
at frequency w,. The additional damping also ob- 
tains in the general case when | w4—- mu}, | es kv}, 
PaCOS0= {IN = 25n3) se.) 

T m* 
1L= W & Teos?6|[1 + um — 1) m* te? 0] 


. 1a Q, k? a8 os 
= (wo, — mo) | (V 2 kvy cos 9). 


The inequality y; «K w,; for m=3,4 is always 
satisfied for apy value of 6 excluding 6 ~ 1/2 
since kvip «K WH: When m = 2 this inequality is 
satisfied for small values of 6. 

For §@—7/2, from Eq. (25) we find 


(30) 


sin?” kui. , kui, .2m—4 
z ( aby) exp (— 22), 
Wg N al] B 


oF = OF = wf + 0%. (31) 


Eq. (31) is valid if the inequality |z?|<«1 is 
| satisfied, i.e., if 


m [2 —8[? S> (wl, / kos)? + me | mi, 


from which it follows that Eq. (31) does not apply 
in the narrow region of angles about 7/2. 

We now assume that |z@| > 1 and |zi| > 1. 
In this case (16) applies for Ke and Kj. At val- 
ues of 6 far from 7/2 Kj is small as compared 
with Ke and can be neglected. In this case, using 
Eq. (1) we obtain the results given in references 6 
and 7. If, however, @ ~ 7/2, assuming that w « 


2wh, Fen the inequality | zi | = 1. 


we from the dispersion equation we find w, » * 
2 
Q., where 
4 


= os 


oe) {wg + Q? + Q? cos? 6 


~ 20402] (32) 


+ [ (we + Q? + Q2 cos? 6)? — 4 (1 + 02 / wf?) O20? cos? 6}. 


The damping of waves with frequencies given by 
(32) turns out to be small (exponential factor ). 
In conclusion we may note that if the conditions 


| Ke] >] Bo/n?|, | Ke] | Co/n|, (33) 
are satisfied, when Hy) ~ 0 we can approximately 
isolate the low-frequency longitudinal oscillations; 
these conditions are satisfied in cases (b) and (c) 
if 

R22 ss OF 
(In case (c) it is assumed that O, ~ w) ~ wy and 
Q, ~ Q]). 
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Kato! and Temple’ have given a method for estimating the accuracy of approximate eigen- 
values for a linear self-adjoint operator. We show that it is also possible to estimate the 
accuracy of calculated quantum-mechanical mean values of certain functions of the co- 


ordinates. 


Karo! and Temple” have given a method for es- 
timating the accuracy with which the variational 
method yields the eigenvalues of a linear self-ad- 
joint operator. Relying on Kato’s results, we give 
a method of evaluating how accurate is a calcula- 
tion of the quantum mechanical average of certain 
functions F(q), where q is the set of coordinates 
describing the system. 

Let H bea linear self-adjoint operator, Ay its 
eigenvalues and ¢, its eigenfunctions, which form 
a complete orthonormal system. Let us assume 
that the interval (a, 8) contains one and only one 
eigenvalue (Ap) of the operator H: 


(y—2)n—B) 2-0, np; 
(hp — &) (Ap —B) <0, n= p. 
Let Yp be an approximation to the function Pp 
and expand it in a series of the @p: Yp = LanPn- 
If, now, we multiply the first of the inequalities 
(1) by |an |? and sum over all n# p we obtain 


(1) 


Sy] 4a [2 kn — (@ +B) Dan [2a + @B >) | an |? > 0. 


nep n=p n#p (2) 


It is not difficult to see that 


H = (bp, Hp) = D)| Gn? dn» (Hp, Hop) 


= Dla? Slane =1, 


mn n 


if the trial function %p is normalized. Adding the 
term with n=p to each sum in (2) and solving for 
this term, we get 


— | ap |? (X»—%) (X>— B) +8? + (H —a)(H —8)>0, 


e* = (Hp, Hb) — H”. (3) 


Identical transformations with the use of the second 


812 


of the inequalities (1) leads to 


e? + (H —2,)(H +4, —a—8) 
= R,. 4 
G,—a)@—3,) Ror a) 


1—|a,P< 


In order that the interval (a, 6) contain the low- 


est eigenvalue Aj, it is necessary to take a =—», 
B= rA,. Then (4) becomes 
1 | a? < (H— do) / Qe) (5) 


We note that if the interval (a, 8) does not 
contain any eigenvalues of H, then the first of 
the inequalities (1) holds for all n. Multiplying 
it by |a,|* and summing over all n, we obtain 
e? + (H-a)(H-f8)=0. Taking a=) and H< 
B <4, we obtain the following lower limit for Aj: 


HH 2)(8 Hy < iy, (6) 


The derivation given above for formulas (4), (5), 
and (6) has been carried out for a discrete spec- 
trum, but it holds as well when the operator H has 
a mixed spectrum, with discrete and continuous 
parts. The inequalities (4) to (6) are derived by a 
somewhat different method in reference 1. 

Given a function F(q), let us evaluate the ab- 
solute magnitude of the difference between the true 
value Fyp= (Pp, F@p) of its quantum mechanical 
average and the approximate value Fa, = (Yp, Fep). 
The Buniakovski-Schwarz inequality gives 


[Fs — Fal =1) F (12/11) (10) +1 01) a9 | 


SIIFP Ceo + 1491) aa (lp! — [Pola (7) 


Consider first the integral 


\l¢pi—1$o dq = 21 — |] ¢01/ Pol dg). 


From the inequalities (4), 1 — | J Y5Pp dq |? < Rp, 
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* 
and | f dep da | < fl Yp [| Yp|dq, it immediately 
_ follows that 


\ (111)? dq-<2Sp, Sp=1—V1—R,. (8) 


We write the second factor in (7) in the form 


VIF P (geile)? dq 4)! FP 1d [Pag 


+ V1 F PI $1 (e1—19ol)dg+ 1 FP (leo|— ido)? ag. 
Application of the Buniakovski-Schwarz inequality 
and inequality (8) then leads to the formula 

VIF Pgol+1Pol)dq<4lFP +4 (FT -25,)" 
+) 1FPC¢5|—| doi) aq, (9) 


a 
9 =\eide Pag. 


When |F{| is bounded, so that | F|*? <B for all 
q, we finally obtain 
[Fx —Fal<|2S,(4(FP +4) 28,[F# + 2B8,)|". 
(10) 
If, on the other hand, |F| increases without 
limit for sufficiently large q, while | Pp |? de- 
creases, we can break up the configuration space 


into two parts I and II, so that | F|?<B in the 
region I and 


VIF P(e +1912) da< [FR 
(11) 


because the wave function decreases rapidly. Then 


VIF PU e1—1eo)2dq <2BSp-+ | [FP (el? + 1%) dg 
(it) 


and we obtain (10) once more. 

Similar formulas can be derived for quantum 
mechanical transition probabilities. 

Let ¢, be the real function, ~ an approxima- 
tion to @p. Let us evaluate 


((@m> Fn) — (Pm, Fn) | 
=) \ Sin Fndg + Un F5,dq + 1 Bn F8,dq|, (11) 
on = On — Dn. 


Assuming that | F 2 <B for all q, and noting 
that f 64 dq = 28, ( [ Pntn da is taken to be posi- 


tive), the Buniakovski-Schwarz inequality gives 


i(Pm» Fn) — (Ym, Fpn)|<(2Sm | FP)" 
eer (12) 
A RSrahe Bey se? (BSLS.). 


If | F| increases without limit at large gq, then 
we break up the configuration space into two parts, 
region I where | F|?< B, and region II in which 


\ (2, + oR) F Pdq<TFP”, 


(11) 


We then obtain (12) once more. 

If, in (12), we take m =n, we obtain a new in- 
equality for the mean which is sometimes more 
convenient than the inequality (10). 

It is not difficult to see that the right hand sides 
of (10) and (12) go to zero as the approximation w 
approaches the exact function ¢, i.e., for a suffi- 
ciently close approximation to ~ the estimates 
here obtained become as accurate as desired. 

In applying the above formulas, it is of course 
not necessary that the approximation ~ be ob- 
tained by a straight variational method. It could 
be obtained by some other approximation proced- 
ure (e.g., perturbation theory); the inequalities 
will then give an estimate of the accuracy of this 
method. If the energy levels are sufficiently well 
known, the formulas (10) and (12) can, for example, 
be used to obtain an estimate of the accuracy of the 
quantum mechanical calculations of the diamagnetic 
susceptibility or of transition probabilities in atoms 
or molecules. 

Let us estimate, for example, the accuracy of 
the calculation of the diamagnetic susceptibility of 
the helium atom. It is sufficient to consider only 
the calculation of the mean square radius r*. Fol- 
lowing Hylleras,° we take our approximate ground 
state wave function to be 


b = Ae-s#2 (1 + 0.08wk + 0.01 22h2), 
k= bo 


S=nj+fr, t=fy—fo, b=. =—|t1—Tel, 
where r;, and r, are the radius vectors to the 
first and second electrons. With this approxima- 
tion, H = —2.9024 atomic units; experimentally, 
the first and second energy levels are dy = 
—2.9035 and Ay = —2.175 atomic units. 

In applying the inequality (10), we break up the 
configuration space 1;, ry into region I: r, < 10 
and II: r, > 10 atomic units. An estimate of the 


integral fl F |? (IPp |? + | Vp |?)dq [neglected in 


deriving (10)] over the region II shows that this 
integral is one-millionth of the part retained. Sub- 
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stituting (5) in (8) and (8) in (10), we obtain 

|Fp— Fa |/| Fa| < 0.2. The diamagnetic suscep- 
tibility calculated with the approximation » differs 
from the measured value by less than 1%, which 
does not disagree with our estimate of the accuracy 
of the variational method. 

We take this opportunity to express our thanks 
to Prof. 8S. I. Pekar, M. F. Deigen, E. I. Rashba, 
and the other members of the Theoretical Seminar 
at the Institute of Physics, and also to V. Iu. Fedor- 
chenko who carried out the calculations. 
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2G. Temple, Proc. Roy. Soc. (London) 211A, 
204 (1952). 

3H. Bethe, Ksanropaa mexanuka nipocreHwiux 


cuctem (Quantum Mechanics of Simplest Systems ) 
ONTI, Moscow-Leningrad, 1935, page 120. 


Translated by R. Krotkov 
246 


SONU EAL Pa.y S’CSid KEP 


VOLUME 35(8), NUMBER 5 


MWA Yat 95) 9 


EXCHANGE EFFECTS IN STRIPPING REACTIONS 


V. G. NEUDACHIN 


Scientific Research Institute of Nuclear Physics, Moscow State University 


Submitted to JETP editor May 9, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 1165-1170 (November, 1958) 


Formulas for the differential cross sections of the stripping reactions (d,p) and (d, n) 
have been obtained in the Born approximation, with inclusion of effects of the antisymmetry 
of the total wave function. The most important case, that of the shell configurations jae 
for the initial nucleus and j" for the final nucleus, has been considered. 


1. GENERAL THEORY 


Ir has been shown in a number of papers that in 
particular cases of calculations of stripping re- 
action cross-sections the antisymmetrization of 
the total wave function can affect the results of the 
calculations to an important extent.! Calculations 
on stripping reactions with inclusion of the anti- 
symmetrization have not been carried out, however, 
unless one counts the work of French, which is of 
a preliminary nature. 

We shall use the results of the general theory 
of scattering.?» We first carry through a treatment 
without antisymmetrization. We assign the numbers 
0 and 1 to the proton and neutron in the deuteron; 
V(01) is the interaction between them. The inter- 
action of the proton with the other nucleons of the 
nucleus is described by an averaged potential 
V(0é), taken, for example, from the optical model. 
Then the wave function is determined from the 
equation 


wee (lin )V(Ol) dt a = Eis, (1) 
where H is the total Hamiltonian of the system, 


and @ is the wave function of the initial state 
[reaction (p, d)]. 

The antisymmetrization is performed by the 
application of an operator A (whose concrete 
form will be given below): 


eo? — ay” = Ae + (1ja*) AVO. (2) 
To obtain the expression for the reaction am- 


plitude in the Born approximation, we replace 1/a 
by 1/a’(01), using the fact that? 


1 /a={1/a' (01)}[1 + {7 (01) /a}], 


where a’(01) is the Green’s function of the final 
system,” and wilfin ei (01); is -its Hamilto- 
nian. 


The reaction amplitude is given by the second 
term in Eq. (2), that is, 


AV® /a’ (01). (3) 
Thus our task reduces to the calculation, in Born 


approximation with distorted waves for the protons 
and deuterons, of the matrix element 


| iin (2, 3,.- 90) Pity (051) AV Pine (1, Oren) 
(4) 


xP, (0)dto ... dfn, 
where Wfjy is the wave function of the final nucleus, 
WVinit is that of the initial nucleus, VKp 


function of the proton in the field of the initial nu- 
cleus, and W Ka is that of the deuteron. The anti- 


symmetrization operator A is defined in the 
following way: 
Ee \ ee es __] )nti—i ee 
AVE ing (Ly 2.0) Pry 0) ee Oa (“WV 
(5) 


x Fine (0) Ln 1, i+1,...n)¥x, (i). 

The normalization factor in this case is found 
from the requirement of conservation of flux. The 
antisymmetrization procedure used in Eq. (5) was 
indicated by Racah in reference 4, where the anti- 
symmetrization was carried out for the wave func- 
tion of the shell configuration l’. 


2. CALCULATION WITH WAVE FUNCTIONS OF 
THE SHELL THEORY 


We shall suppose that 


Vin ot an me 


where a is the set of quantum numbers necessary 
for unique specification of a state. Using Racah’s 
technique,*> with the expression (5) for the oper- 
ator A, we work out the matrix element (4): 
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is the wave 
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[= 2], +(n—1)2/,4 2(n—1)(n 2d; ie ae (cils9)° ie ag 
Ty ~ <kaSq (12) | V (12) | 7 (1) kpsp (2); n [s| ) 
a = 7Q\ 1 “2 | 
i= Di ckaSi (12), 7(3)|V (13)| fos (12) kpsp (3)> a x <j"ay | i” a> Di (kp — ka), 
nl ( sN—2 Low fae sn—1 *snN—2 - os (7) 
; 7 x J ay | J ie J 4» <] Xo | ] & 3»; Pe D; (kp es ka) cot Anp, (R) tay» («R)] 1 
~ Dy <Pus(12)|V (12) | j (1) kpsp (2)> <kaSa (34) | 725 (34)> 5 
ape “n—2 “2 n— Oi) act n—2. ~ +n—3 REE, hy (xr) ji (| kp — ka | r) rdr. 
X Kf ay | Fas; fay <j" ay | fj Paes fPagy <j” "as | i >. R 
Here a is the reciprocal of the deuteron radius; 
Here <j®|j®'> and so on are fractional paren- 9 ](R) is the amplitude of the wave function of a 


tage coefficients. Thus the calculation of the differ- bound nucleon at the surface of the nucleus; 

ser Sone, SU at cols olace A cata  OAEN nf (x) is the spherical Hankel function of the first | 

1> 42, 4442, Etc. 
In carrying out the sums of products of Clebsch- kind; j;(x) is the spherical Bessel function; k is | 

Gordan coefficients over magnetic quantum numbers’ the imaginary wave number of a bound nucleon; R 

we have used the effective graphic method of Levin- is the radius of the “edge” of the nucleus; [J,] = 

son.® We thus arrive at the following formulas (the 

expressions for the interference terms are not pre- 

sented here): coefficients. 


2J, +1, etc.; and chivas m, are Clebsch-Gordan 


LS ae ae oe a 
Ty = (4)? (Ji) Jal LP 1) (CM 4, me)” dy [a] [8] ! s j | V [Sah Wal Whab Loli<froaih vest i aC ae Old ae ne 
La Sa Jig 


aklet{ Lal 


CEG Ch BIe por Angers (Lk; ls EV ISI ATL) 


000 000 000 


Is Soy 
s j ei Oy | J? 7ag; j'%> 

le: Sa Ja 
(8) 


BS, ; ‘ : Tesh l 1 : ‘ pe a I 
a6 laa a 2 Gini Cue hy if Spa Ui ath gl eal Loe a fe is - 
0 °2 


boar ee one 
xf? Is % le ! ve ‘; J fee (cos 6). 


Ie Js b ] J3 b ] l b 
Here Sg is the spin of the deuteron, s_ that of the Sd, Qj, @ [a@=(J, T, seniority )]. We also make 
nucleon; py =J,;+dJ,+l+s+1,+L+a; the sum- use of the facts that Sy=8,=Sg=1, Ty=1T4,= Tg 
mation is taken over all indices except 1, s, j, = 0, Jq +1, is evenis Uy 8, et picroad, 
feds mare Ii Je Js 
Hi . US Gyre Ch ieleh a lele)s W is a Racah coefficient ; L, ly lss}is a 9) symbol’®. | | 
Ja Is Io bk. bok oS 1 
12k 
hi Je Is Is hi Je is Ia plate re 
1, ly ly 1, |is a 12] symbol of the second kind’, | J, ly ty t | =) (—1) tx] i a a i ha i te Rs a Ra } 
ky Ry Rs Ry hy Ro ks Ry x Re ja ty) \Rs js lo (Ra ja ls) Va hi Ly 


f is the sum of all the parameters of the 12j symbol; 


Coote = VIAN a) /4e Ue) Coes; § is the angle between ky and 1/, ky—kp; 


1cke ¥ Sil poe’ 
Erg, kp (ls By be, L) = Voi \\h ("1, fe) In (= hers) i (es kg — kp| rn) i (r,) %,(r,) reredr.dr,, 


ca Sennen manne in ar he Rae 
where ¢7(r) is the radial part of the wave number tum 7; fk (14, fg) is defined in terms of the inter- 
of a bound nucleon with the orbital angular momen- nal wave function of the deuteron 
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Xq (ti he) = x Tr (ra, £2) LR] Pr (cos a2), 
k 
in particular!»? 


e878 | ryp = & Dy [R] jn (ier, AY (tars) Pr (COs o>) 
k 


for ry <1; Vo =47h? Ma [the interaction poten- 
tial of the nucleons is taken in the form V)6(r, — 
r,)]. 
‘ee an (CHa aM, cn Tid cei ja, 
re cee ipa ol Aes! aeceg val iV daa B 
x Ci lay N—2q, 2 1 2 1 | Wie 1, Desi 
Cite: Pas ‘Be, e re si \< Es Ty; | [Ts] [Ts] ” 


AI hs Eel 


x(— Rea eS ae EC Cre TOOT OR 
ppt Lela y/ (9) 
oe Coe [Je] [Yel [4s] [Je] [45] [5] [Ss] [Ss] (4p) [5] 
; j (cs. 
x (= fe He Sel [le SELES ge at Nici s 
Rel ite Ten? gi esis 
b be 
jel s 
TS ¥ E 7 {e ly | Pe (cos 7) Ax, (02, 14) 
bu ad Wiebod 
CoS 
x Akg (P, Ls) Bx, (l, tp) Br, (1, fp) + comp. conj, 
where 


Ay, (P, Ls) = 4ei— | jn, RaR)Y ta. at (Ra) Za (0) 
R 


Tiere, 


xX Vem, (rif2) dr,drz, Ra = iat eee os Liaalhe 


co 


Bu, (ly Up) = 4ni'? Vo of (0) it, (Ror) rar; 
R 


033 =J4 tdg -St+t1+b+e+d,+J7; in the sum- 
mation we use the facts that Ss = Sq=1, Tg=Td 
=0, Jg+ Ts, is odd, Lg+Sg+T, is odd; y is the 
angle between ky and ky. 

do M,Mgq Fp 4 


DENG OE ES 2 ete 
= Feet 


dQ” “4h* ky [Je] [Sy] (10) 


for the reaction A(d, p)A+1. 

The calculation of the radial integrals B, D, 
and E is simple in principle. We can make an 
estimate of the integrals A if we extend the in- 
tegration over the entire region and use oscillator 
wave functions for the bound nucleons, which makes 
it possible to use a simple transformation to sep- 
arate the motion of the center of mass of two nu- 
cleons from their relative motion.'® For the inte- 
grais. Bb, DD; and E it is natural to use as the 
wave functions of the bound nucleon the functions 


n}))( Kr). They are normalized in the following 
way: [@(R)/b\)(KR)]bY (ax); pCR) is the 


amplitude of the single-particle wave function at 


INS S TRLPIPIN G-REACTIONS 


817 


the surface of the nucleus. The Wigner limit for 
the reduced width corresponds to the value of 
gj(R) given by: R®[7(R)]*/2 = 1. 

The usual theory of stripping involves only one 
radial integral Dxg, kp (Z), and its absolute value 


does not affect the angular distribution. Use of 
plane waves in the crudest sort of calculation gives 
for the particles topping the barrier an increase 

of the radial integral by a factor of five to seven, 
in the case of reactions with light nuclei.!!*!3> The 
facts show, !4 however, that the relative values of 
the absolute cross-sections for cases of capture, 
of nucleons with different values of 1 are well 
reproduced by the expression D?(1J). 

Our results involve a large number of radial 
integrals, so that the crudeness with which they 
are estimated makes the results, generally speak- 
ing, rather indefinite. Nevertheless the fact noted 
above allows us to hope that for each series of in- 
tegrals the dependences on k, L, , and so on 
are given correctly, so that in the calculation of 
angular distributions we can try to confine our- 
selves to the two unknown constant coefficients 
of I, and I3, with a crude preliminary estimate 
of their order of magnitude. 

The calculation of the expressions containing 
spherical functions can be carried out more simply 
by directing the z axis along one of the momenta, 
for example 3kg— Kp, or kg, etc., depending on . 
the particular term. 


3. CONCLUDING REMARKS 


The cases that are the simplest and most inter- 
esting to analyze occur when one or two of the three 
terms in the expression (6) for the matrix element 
vanish. If n=1, there remains only I,, and we 
arrive at the usual formulas of the theory of strip- 
ping. If n=2, the termin I3 vanishes. If we 
consider the inverse process, the proton is inci- 
dent on an odd-odd nucleus with two nucleons out- 
side a closed shell. The structure of the expres- 
sion (6) for the amplitude I, shows that I, is the 
reaction amplitude for the process of “knocking 
out” of a deuteron from the nucleus by the proton, 
which is itself bound in the final state. If corre- 
sponds to the process of “heavy particle strip- 
ping,” 1516 although it is not a complete expression 
for the squared amplitude of this process. In this 
case the angular distribution will have a maximum 
in the backward hemisphere. iB will evidently not 
have this peculiarity, since the “knocking out” of 
a particle is as a rule associated with a maximum 
in the forward part of the angular distribution. This 
argument agrees qualitatively with the angular dis- 
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tribution!” of the protons from the reaction 

B!? (dp) BY!!* (g* = 4-), which is mainly due to a 
term of the type ibe In fact, in a case in which 
Jfin = J, cannot be obtained by vector composi- 
tion of Jinit = J, and j, 1,=0, i.e., ordinary 
“stripping” is “forbidden” in the shell theory. 
There remain the terms in I, and I3. An ex- 
ample of this latter type occurs in the reaction 
B09 (n,d) Be®* with formation of the Be’® in the 
first excited state J* =4-. 

For the calculation of the cross-section of the 
reaction B!? (d,p) B'!* mentioned above, the final 
formulas must be changed somewhat, since the 
final nucleus is described by the configuration jj’, 
|b hy, Ws ty -. 

In conclusion the writer expresses his gratitude 
to K. A. Ter-Martirosian for a discussion of the 
statement of the problem. 
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A general formula is obtained for the energy losses of an electron moving in an arbitrary 


anisotropic medium characterized by spatial dispersion. 


It is shown that in the nonrela- 


tivistic case the total energy losses in an isotropic medium do not change when spatial 
dispersion of the medium is taken into account; however, the losses due to excitation of 


longitudinal waves do change in the general case. 


It is also shown that when spatial dis- 


persion is taken into consideration the Cerenkov radiation at a frequency w is distrib- 


uted over several cones. 


if Ginzburg! has recently analyzed the propagation 
of electromagnetic waves in media with spatial dis- 
persion. It is especially important to take account 
of this dispersion at frequencies close to resonances 
in the medium. The optical properties of a medium 
in the neighborhood of resonances has been consid- 
ered in greater detail by Pekar? and the present au- 
thors.’ It is also of interest to study effects that 
arise if one considers the influence of spatial dis- 
persion on the energy losses of an electron which 
moves in a medium. 

Suppose that an electron with velocity v moves 
in an anisotropic medium characterized by an arbi- 
trary spatial dispersion. Maxwell’s equations for 
this case are written as follows: 

div == 0) curl E = tera 

QO Gh 
4ne6 (r — vd), curl H = — 2. + = evo (r — vi), 


D=\e(, q)E 


eae r—ot) dq. (1) 
Taking Fourier components of E, D, and H we 
have 


(qv)? 


iq’ (r—vt) 
Eee) im oe E oF kes: 


e (qv, qt ve 
(2) 


where 4 is a projection tensor in which nix = 
Sik — didk/4’. 

The energy losses of an electron moving through 
a medium are determined by the work of the retard- 
ing force that acts on the electron; these forces 
arise by virtue of the field set up by the electron 
itself. Substituting the field at the electron, i.e., 
at the point r=vt, and using the identity 


jor y 4, (a bP Be 


We ee NSN) a Net ar cee Vv - 
‘7 7 C2 (q:v, q); V oe Pes (gq: b-1 q) 
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The intensity of this radiation is calculated. 


where 
6 = q?—(q-v)?/c? (qv, q), 


we find the following expression for the loss per 
unit path length: 


pa aa eee b-1v) (@ 624) +» 2 ¥) gg 


1—(q, &44q) (3) 


This is the energy loss of an electron which moves. 
in an anisotropic medium with arbitrary spatial 
dispersion and is a generalization of the corre- 
sponding formulas given, for example, in the re- 
view paper by Bolotovskii.! 

2. In the nonrelativistic approximation Eq. (3) 
is simplified and assumes the following form: 


ee 


F eas 


anu 


it (av) 
=m \Tatqy (2) 


As an example we may consider the case of an iso- 
tropic non-gyrotropic medium with arbitrary spatial 
dispersion. The dielectric-constant tensor is then 


exe (GV, 4) = 20 (G:V, 4G) de + 1 (GV, 4)9;9,/9?. (9) 


We take the z axis in the direction of v and in- 
troduce the notation k = vq% + ay Oi qyv. 
Equation (4) becomes* 


a ee 
mae in 
—O 0 


where 


-wdw kdk 
e (w, k? + w/v?) (02k? + @?) 


(6) 


e=(q, €q)/q? = & + &. (7) 


Assuming that the complex dielectric constant 


*The upper limit k, in the integration over k is deter- 
mined by the condition of applicability of the macroscopic 
analysis (cf. reference 5, §84). 
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€(w, k? +w?/v?) has no poles in the upper half- 
plane, we have from Eq. (6) 
A i Rov bs 
F=— \ odw [1 — 1/&(e, 0)]. 


i} 


(8) 


Since ¢€,(w,0)=0 (cf. reference 1) and 
€(w, 0) =€9(w, 0) is the dielectric susceptibility 
when spatial dispersion is not taken into account, 
we may conclude that in the nonrelativistic approx- 
imation spatial dispersion does not effect the total 
energy loss of an electron which moves in an iso- 
tropic medium. Equation (8) has been investigated 
in detail in reference 5. It should be noted, how- 
ever, that while the total energy loss is not changed 
when spatial dispersion is considered, there can 
be a change in the energy lost by excitation of lon- 
gitudinal waves. As follows from Eq. (6), the los- 
ses due to excitation of the longitudinal waves are 
determined by the zeroes of the quantity 
€(w, k?+w?/v?) which, when spatial dispersion 
is introduced, lead to poles at frequencies wy = 
+Wn(k?). Hence, the loss due to excitation of lon- 
gitudinal waves (with spatial dispersion) is given 
by the following expression, which also applies in 
the relativistic case: 


toa 


2 

0 

Fong =-5- 21 \ On (2) de / [0% + 8 (x)] qa’ 
n 0 

a 


v2 


(9) 


M [on (x),x ++ 


According to reference 3, the dielectric-constant 
tensor associated with one of the resonant absorp- 
tion frequencies of the medium (assuming spatial 
dispersion in an isotropic, non-gyrotropic medium ) 
is: 

Gd; Vp 
a? — ag? —B + wo? ’ (10) 


Ohne ae 


ek (®, q) = 


Sik — 
wo? — ag? —B + w) 
where the quantities a@ and a, characterize the 
spatial dispersion of the medium. In this case the 
zeroes of the quantity €(w, k? +w/y?) determine 
two poles at frequencies: 


(4 + a) A+ 8 7% 
O12 (Ri) =e i — (a+ a1) =| : 


(11) 


Using Eqs. (7) and (10), we obtain from Eq. (9) the 
loss due to excitation of longitudinal waves, on the 
basis of the model considered in reference 3 
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aye ko 


igng Sen ae 2(9? — 6 ai) (12) 
This expression differs by the presence of the sec- 
ond term from the energy loss in a medium in which- 


spatial dispersion is neglected. 
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Since a and a, are approximately (d/rg even 
where Ve] is the velocity of an electron in an atom 
(ve] ~ 10° cm/sec), d~ 10-8 cm is the lattice 
constant, ky) ~ 1/d, when v > ve] the ratio of the 
second term to the first term in Eq. (12) is a small 
quantity (d/A))?~ 107*. This estimate indicates 
that if we take account of the spatial dispersion, 
there is practically no change in the amount of 
energy lost by a moving electron in the excitation 
of longitudinal waves. This result is to be expected 
because spatial dispersion is important only near 
resonant frequencies of the medium [€)(#,0)—~>~] _ 
while the frequency region associated with longitud- | 
inal waves is very far from these resonance fre- 
quencies. 

3. For an isotropic non-gyrotropic medium, we 
have from Eq. (5)* 


» 4 


F-4 g? — c-* (qu)? ey — c-* (q-v)? ex? 


gq? — c~ (qv)? €, 


 gt?—e-® (qu)te (13) 
Hence, in the relativistic case, using Eq. (3) we 
find the following expression for the total energy 
loss: 


ie - ° 
=e |, odes | ede 
ae : (14) 


[v-2 — c~%e (w, k?-+4+ w?/v?) + we, (w, k?+ w?/c2) / (02k? + w?) C?] 
& (w, k2 + w? / v2) {h2 + w? [u-? — cep (w@, A? + @2/0%))} 


If spatial dispersion is neglected, the quantity «, 
vanishes and € becomes €)(w,0), so that Eq. 
(14) becomes the well-known expression for loss 
in an isotropic medium in which spatial dispersion 
is neglected (cf. references 4 and 5). 

Since Cerenkov radiation losses are determined 
by the zeroes of the expression in the curly brack- 
ets in the denominator of Eq. (14), we may conclude 
that these losses are centered in frequency regions 
in which v >c/nj(w), where the nj(w) are de- 
fined by the equation 


(15) 


If spatial dispersion is neglected, Eq. (15) has a 
single root n* = €)(w, 0). When spatial dispersion 
is taken into account, in general, Eq. (15) has sev- 
eral roots nj =nj(w). If @ is the angle between 
the direction of motion of the electron and the radi- 
ation direction, since cos 6; = c/vnj(w), we find 
that the Cerenkov radiation at frequency w is dis- 
tributed over several cones with aperture angles 
0j. It is easy to show that the intensity of the Ce- 
renkov radiation in the frequency interval WwW, wtdw 
is given by the following expression: 


NP == ey (@Oo1" Oey 


*To verify the identity in (13) we recall that 7? = 1 
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1— c2/v2n? (w 
eee) odo. 


Hapa ; (16) 
eee a, dn®) &9 (@, new? /c?) | 

Since spatial dispersion is important close to 
the absorption poles of the medium, the new Ce- 
renkov radiation cones will, in general, correspond 
to a frequency region close to a resonance frequency 
of the medium. Thus the transmission of Cerenkov 
radiation is difficult because of absorption; to ob- 
serve this effect experimentally, it would be neces- 
sary to use very thin film. The situation is sim- 
plified in optically-active media in which, accord- 
ing to reference 1, the frequency regions in which 
the new solutions appear are rather broad, so that 
absorption effects are not important. 

In conclusion the authors wish to thank V. L. 
Ginzburg for his continued interest in this work and 
valuable discussions. 
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Transition regions in the 180° and 90° boundaries of ferroelectric domains in barium titanate 
are considered. The equilibrium variation of the spontaneous-polarization vector is deduced 
from the condition of minimum thermodynamic potential. Explicit expressions are obtained 

for the thickness and surface energy of the domain boundaries, and numerical estimates are 

made. The 180° domain boundary in Rochelle salt crystals is discussed. 


Numerous experiments performed by different 
investigators!” have shown that in the domain 
structures of single crystals of barium titanate 

the directions of spontaneous polarization in neigh- 
boring domains form angles of 180° or 90°, which 
we shall call 180° and 90° domains. Little! con- 
cluded from optical observations that the thickness 
of the transition region between 180° domains is of 
the order of the lattice constant (d= 4 x 1078 cm), 
whereas for 90° domains it is 5 x 107° cm. She 
also noted the dominant generation and growth of 
90° domains and the relatively greater ease with 
which 90° boundaries are moved by external me- 
chanical stresses. This latter effect is evidently 
the result of lower surface energy of 90° boundaries 
compared with 180° boundaries. 

It may be of interest to obtain quantitative re- 
sults for the thicknesses of transition layers and 
surface energies of 180° and 90° domain walls. 

We shall use the method suggested by Landau and 
Lifshitz’ for investigation of the domain structure 
of ferromagnets. The variation of polarization in 
an intermediate region is determined under ther- 
modynamic equilibrium in the absence of an exter- 
nal field, and explicit expressions are obtained for 
the thickness of the transition layer and for the sur- 
face energy density which plays a part as the “co- 
efficient of surface tension” of domain walls. 

We shall obtain the contributions to the thermo- 
dynamic potential which are associated with the 
anisotropy energy, elastic energy, and electro- 
striction for cubically symmetrical barium titanate 
near the Curie point. In a transition region, an 
essentail part is also played by the energy associ- 
ated with nonuniform distribution of the polariza- 
tion vector P: 


> UVP)? + (VPy)? + (VP2)I. 
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This expression can reasonably be used so long 

as the thickness of the transition layer is consid- 
erably greater than the lattice constant. The ther- 
modynamic potential in the transition layer is thus 
given by 


D = Dy + (VP x)? + (VP y)? + (VP2)?] 
+a(P2 + Pi +P + (Pit Pi + Pe) 
+ Be (P2Py + PaPe + PEP2) +S" (Wie + Way + U2) 
+ Oyo (Wrxllyy $+ Uxellze + Uyyllee) + = (uty + Wee + je) 
+ 911 (WexP 2 + UyyPy + UzeP2) 


+ uz [tex (Py + Pz) + tty (Pz + Pz) (1) 
+ ze (Px + P35) + 2Gag (UyPxPy + UePxPz + UyeP yP2), 
where uj, is the deformation tensor. The param- 
eter «x can be evaluated by assuming that the en- 
ergy (k/2)(VP)? is of the order of the exchange 
energy a@P? far from the transition point if P 
varies essentially only at distances of the order of 
the lattice constant d. Then the lower limit of k 
is given by x ~|a(0)|d?, where a(T) = 3.8 x | 
LOn) GE —@). A reasonable range of values is | 
k~3x107 to 3 x 10716 em?, 
In the theory of domain structure the essential 
difference between ferroelectrics and ferromag- 
nets is provided by two factors. The exchange 
interaction in ferromagnets results in a constant 
absolute value of the magnetization so that the only 
change which occurs is a continuous rotation of the 
direction of magnetization in the intermediate re- 
gion. In the case of ferroelectrics we must take 
into account the fact that the absolute value of the 
spontaneous polarization in the intermediate re- 
gion can change from the very beginning. 
It must be remembered, however, that in any 
real ferroelectric crystal the conductivity is dif- 
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ferent from zero. Therefore free charges can 
generally accumulate on crystal boundaries or 
domain walls. For this reason a flat ferroelectric 
in a condenser cannot be divided into domains.! 
For the 180° and 90° domains of interest here, 
assuming equal magnitude. of the polarization 
throughout both domains, we can have the condi- 
tion div P=0. Therefore the absence of free 
charges on domain walls, that is, div D=0, is 
consistent with zero value of the electric field E, 
as is required for equilibrium when conduction 
occurs. We shall consider this case. 

Let us consider the 180° domain wall of a 
BaTiO3 single crystal when, for example, the 
polarization of neighboring domains is parallel 
and antiparallel to the z axis and the separating 
wall is in the (100) crystallographic plane. Then 
div P=0 leads to Py =0. Furthermore, since 
the interior of each domain can be regarded as 
unstressed all components of the stress tensor 
Cik = —96/dujk will be zero far from the transi- 
tion layer, that is, for x=+40»%, 

The deformation tensor in the interior of the 
domains is then given by 


2 2 
Uxx = Uyy = p-Po, Uzz = oP os Uy = Uxzg = Uyz = 0, 


where the measurements of Caspari and Merz®. 
give the following values of the constants: p = 
—10.5 x 108 em*/coulomb? and p = 24.0 x 108 
em‘/coulomb?. Since the polarization distribution 
in the transition layer depends only on x the de- 
formation tensor also can depend only on x; there- 
fore Uyy, Uzz, and uyz remain constant and 
equal to their boundary values. The other defor- 
mation components are determined from the equi- 
librium equations of an elastic body, 90; /9x, = 0, 
which in our case become 


GO yy Oye ie = =.0:. 


We thus obtain 
Uxy = uPo == (Gia) CPZ + Pz — P>), 


Ve, 


and all components of the deformation tensor in 
the transition layer satisfy St. Venant’s continuity 
conditions. 

Inserting the deformations into (1), we obtain 
the variable part of the thermodynamic potential 
in the form 


© = Oy + EU(VPy)? + (VP2)"] 
+ ppt bp? 4S Ph+ Pd) + 5 Pye. 
a/2=a-+ [gut + 912 — (qizCi2 / C11) (0 + +)] P5, 


b/2=a+ [919 + Jrst® — (Ji2Cr2 / C11) (09 + »)] Ps, 
c/2= B, — qi2/ Cu, d/2 = By -- dia /Cu- 


On the basis of Devonshire’s results® we can as- 
sume the following values of the constants: 


ae 101 tb ee — 56 x0 
ec © 1.5 x 10° cm*/coulomb’, 
d » —5 x 10" em*/coulomb’. 


Near the Curie point, where and only where an 
expansion of the thermodynamic potential is valid, 
the temperature-dependent coefficient a = 3.8 x 
10-°> (T—@) gives a small contribution to the co- 
efficients a and b, which are entirely determined 
by electrostriction and have opposite signs, with b 
essentially negative. All of this is true only for the 
transition layer, since within a domain Py =0, 
|P,| =P and in the expression 


b 1 
> Pz = aPo+ [ane + quot: — Sie (0 + #) |Ps 


i 
the coefficient of P? vanishes at the Curie point, 
which is in accordance with the phenomenological 
theory. 

The condition of thermodynamic equilibrium, 
which is the minimization of fe (Py, P,z)dV, re- 
duces to the equations 


xP), = aP,+cP3+dP,P3, «P, = bP,+cP2 + dP.P;, 


which must be supplemented by the following boun- 
dary conditions at x = —»: 


P, = P,=0, Py =0, P,=—Py. 


Besides the “trivial” solution Py=0, Pz =-—Po, 
which represents uniform polarization in the absence 
of domain walls, there exists an exact solution rep- 
resenting the presence of a transition layer and sat- 
isfying the boundary conditions 


P,=0, Py —F,. tanh (7/9); 


where P2=|b|/c determines the equilibrium po- 
larization within the domains and 6 = Pp 1/9x/e 
determines the effective size of a transition region 
for 180° domains. When d is sufficiently small to 
be neglected by comparison with c, the equations 
are separable and the solution is unique. In the 
general case the proof of uniqueness requires fur- 
ther examination. 

We note that the foregoing solution differs es- 
sentially from the solution for a 180° transition 
region in the case of ferromagnetism:? 


M, = Mysin§8, Mz = M,cos 4, sinh(«/5) = Deot 8. 


This is associated with the fact that the spin ex- 
change energy gives an “infinitely” larger contri- 
bution (10° times larger) to the thermodynamic 
potential than the elastic energy and higher terms 
of the expansion. This insures a constant absolute 
value of the magnetic moment in the transition re- 
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gion. Therefore in the ferromagnetic case the 
original set of equations is highly degenerate, with 
a=b, c=0, so that its first integral gives the re- 
quired solution. 

The solution for BaTiO; gives 6 ® 2 x eS 
5 x 1078 em for the thickness of 180° domain walls, 
which is several times the lattice constant, and thus 
agrees with experimental results.! 

We can also obtain an expression for the excess 
surface energy associated with the existence of a 
180° domain wall: 

o = | (® — ©y) dx =4/, P§ V 2xc = 10 erg/cm?. 


—oo 


This agrees with the value given by Merz.’ 


We shall now consider a 90° domain wall of bar- 
ium titanate in the (101) plane with the polariza- 
tion in neighboring domains directed along the z 
and x axes, respectively. For ease of calculation 
we shall turn the coordinate system around the y 
axis through 7/4 so that the domain wall will lie 
in the plane x=0. The notation will now refer to 
the new coordinate system. Thecondition div P = 0 
now reduces to conservation of the component nor- 
mal to the wall, Py = Py /V2; thus all variations, 
as in the case of the 180° layer, will be associated 
with the dependence of Py and Pz on x. The 
previous method is used to determine the compo- 
nents of the deformation tensor in the 90° layer. 
These components satisfy St. Venant’s continuity 
condition and are given by 


Uxx = [(Caa (u + 0) — Cro. — aa) P53 a 2912Py 
— (Jur + G12 — 2441) ees (641 + Cre + 2033) 


2 = tT? pi, ees — V2 PoP, 


GES IAD — 
Uxz = Grea on, V2 Pz, Uyz = 0. 


The variable part of the thermodynamic potential 
can be written as 


b= +> 


IW Py) aC 2 2)2 
+ Pit Pht Phy phy B pipt, 
with the condition for the minimum given by the 
equations 
xP, = 4,P, +¢,P34+ 4,P,P2, 
xP, = 0,P, + CoP2 + doP2P%. 


The only solution which satisfies the boundary con- 


ditions Py =Py=0, PZ =0, Py =Py/V2 at 
x =-—o is given by 
Py Ex 
1 eee P,= — 7 tanh Sp 


Vo Av ZHIRNOY 


where 


P3 = 2) b|/ co; 8: = (2) Po) Vx/e2- | 


A numerical estimate gives 
Co = By + Bo — (G11 — G12 — 294)” / (C1re12 + 2C44) 
~ 10? em*/coulomb’, 


from which we obtain 6; ~ 100° to. 5 lOmieona, 
which is one order of magnitude larger than for 
the 180° case. The disagreement with the experi- 
mental value 6, ~ 10°? cm may result from the 
fact that the 90° domains observed in reference 1 
were comparable in size with the thickness of the 
transition layer, in which case the crystal cannot | 
| 


be regarded as unstressed inside a domain. 

For the surface energy of a 90° transition layer 
of barium titanate we obtain the expression 

= %/,VwesP%. 

For this case an estimate gives 0, ~ 2 to 4 erg/ 
em*?. Comparison with 180° domains shows that 
in the 90° transition layer a change of the polariza- 
tion vector is favored energetically since the mini- 
mum absolute value is Px =P)/V¥2 rather than 
zero. This evidently accounts for the ease with 
which 90° domain boundaries are produced and 
moved. 

We shall now consider a 180° domain wall in 
the actually observable case of a Rochelle salt 
single crystal where the polarization in neighbor- 
ing domains is directed parallel and antiparallel 
to the y axis and all changes occur along the z 
axis. As previously, the condition div P=0 re- 
duces to the relation Px, =0. The thermodynamic 
potential will receive contributions from the energy 
of nonuniform polarization, anisotropy, elastic en- 
ergy (taking account of the orthorhombic symme- 
try), linear piezoelectric effect, and quadratic 
electrostrictive effect: 


D= Ot BVPP+ (VP) oPibagPh 


ancy us Pat. i Pz + = (Critlze + Cootlyy + Coste 
t+ Cagtling + Colle + Cogley) + Crotler Uyy + CrgUexllze 
+ Cogllyy Uzz —hyqllyz Py — hog Ure Py— hagltxy Pz 
+ (9i2Py + qigPz) Uxe + (qo2Py + qosPz) Uyy 


ae (desP; aF JasP2) Uzz + 204 P pPaltge 


In the absence of an external electric field the 
stress tensor oj, is given by oj, = —06/duj,. 

If the crystal can be regarded as unstressed in- 
side the domains the deformations are determined 
from the equations oj, =0, Py = = Py Uae Rein 
with x =+o0 and are found to es 
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Ux = pPo, Ux2 = 0, Uy = uPs, Uyz = 0, 
Uzz = APS, Uxsy = + hsePo / Cogs 
where the constants p, uw, A are solutions of the 
equations 
Ci1P + Cit + Cish = — Gig (i = 1, 2, 3). 


In the transition layer, as previously, Uyy, Uzz 
and uy, retain their boundary values, and the 
other components of uj, are obtained from the 
equilibrium equations 04; = 0: 


C12 a Bs 2 912 p2 fis p2 
ley = — (SB i) Pe epe oa 
on C11 Bt C11 Cre Cine 
h 
Uxz = as PH Uxy = a a Pe. 


C55 


These deformations give the following form to the 
variable part of the thermodynamic potential: 


B= +3 (V PyP+Z (VP)? 
B pe C D 
4 PE 4+ Pit PPh +4 Pit 4 Pi Ph, 
hs 
A = og — Dare [Ages + (. Se cs. #2) are| PS 
2 


hy 
Xe = pas + 4-923 — be US ee 8 =) as | Pe, 
66 
Cc 


D 
i ae Bo — Giz) Car nag bs gis / C11, FP = — 412913 / C11. 


B 
poate 


The minimum of i) @dV reduces to the equations 
%,P, = APy + CP§ + FP,P2, %sPz = BP, + DP; + FP;Pz, 


with one solution that satisfies the boundary condi- 
tions Pi =P,=0, P,=0, P,=—Po when x= 


y y, 
o 4 2x3 
Pay V*® ‘ 


For the density of the surface energy associated 
with a domain wall in Rochelle salt we obtain 


o = */3 V x3DP%. (2) 
It is known® that at T =0°C 


—0o:;: 


Py =0; Pz = Po tanh ~ ; 


Py =2.5-10°7? coulomb/em?, «,— —2-107, 


Bs = 3.3104 em*/coulomb’, g,,~90, 


angdrate els 202.C 


Py = 1.4-107? coulomb/cm?, t= — 8-10; 


8, = 4-104 em*/coulomb?, g,,~150. 
In addition, using the values x ~ d? ~ 1074 cm? 
C4, = 4 X 1078 coulomb*/cm!, we obtain 


> 


at T=0°C: 8~1.2-1077 cm, ¢~ 6-10 erg/cm?; 
at T= 20°C: 2.2.10 cm, o~ 1.2-10%erg/cm?. 


These values agree with the results of reference 
8, where, however, electrostriction is not taken into 
account consistently and the deformations do not 
satisfy the St. Venant’s compatibility conditions. 

The given values of the surface energy of domain 
boundaries in ferroelectrics enable us to investi- 
gate different domain configurations corresponding 
to the minimum thermodynamic potential. 

In conclusion the author wishes to thank Prof. 
V. L. Ginzburg and I. E. Dzialoshinskii for valuable 
suggestions and fruitful discussions. 
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A mechanism for the acceleration of cosmic rays is examined which involves their passage 
through regions of fluctuating magnetic field in the galaxy or the atmospheres of certain 
types of stars. During the passage of a stream of particles through a region of fluctuating 
magnetic field the spread of the particles in energy is increased, and a systematic accelera- 
tion occurs. Estimates show that the mechanism considered here may be more effective than 


the Fermi acceleration mechanism. 


ip In the present paper we consider the accelera- 
tion of cosmic-ray particles by magnetic fields that 
vary with time. Such fields accompany turbulent 
motions of the interstellar medium, and also the 
atmospheric motions in certain types of stars. In 
an ideally-conducting magnetized medium (such 

as cosmic space) the magnetic lines of force are 
attached to the matter, so that a change of the den- 
sity means at the same time a change of the mag- 
netic field. 

In the interstellar medium the hydrodynamic 
velocities are as a rule never small in compari- 
son with the speed of sound. Under these condi- 
tions velocity fluctuations bring about large fluctu- 
ations of the density, and we can expect also large 
fluctuations of the magnetic field. 

We may consider two possibilities for the state 
of the magnetic field: it is either increasing on the 
average on account of the turbulent motion of the 
magnetized medium, or it is stationary (or rela- 
tively slowly changing), so that basically the only 
changes are fluctuations. 

The acceleration of cosmic rays in a magnetic 
field that is increasing because of the turbulent 
motions of the interstellar gas has been studied by 
Logunov and Terletskii,! and acceleration by mag- 
netohydrodynamic waves in a spiral arm of the 
galaxy has been studied by Davis.” 

Here we shall start with the second possibility 
and examine the acceleration of charged particles 
occurring on account of fluctuations of the mag- 
netic field. 

Charged particles moving in a fluctuating mag- 
netic field will sometimes get into regions where 
the field is increasing, and at other times into re- 
gions where it is falling off, with corresponding 
increases and decreases of their energy. It is 
obvious that as a result of fluctuations in the num- 
bers of positive and negative changes of energy 
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experienced by individual particles, some of the 
particles will be accelerated and will acquire con- 
siderable energies under suitable conditions. Gen- 
erally speaking, in addition to this spread in par- 
ticle energies there will also occur a systematic 
increase of the energy of the particles. On certain 


assumptions, which are indicated below, this accel- | 


eration mechanism can be more effective than the 
mechanism proposed by Fermi.? 

2. Let us estimate the order of magnitude of 
the effect to be expected. 

The change of the energy of a particle of charge 
e moving in a fluctuating magnetic field depends 
on the rate of change of the field with time and on 
its degree of homogeneity in space. If the momen- 
tum p of the particle satisfies the condition 


p< (e/c)H?/| grad H |, (1) 


its motion takes place along a spiral trajectory, 
which is characterized by the magnitude of the 
momentum and the angle & between the direction 
of the momentum and that of the magnetic field in- 
tensity vector H (c is the speed of light). 


In interstellar space, with field intensities =< 107° 


oersteds, for particles with energies corresponding 
to the main mass of the cosmic radiation, the con- 
dition (1) is as a rule well satisfied within the lim- 
its of a single fluctuation region. In this case, since 
the change of the field in the time of a single turn 
around the spiral is negligible, we can base the cal- 
culation of the change in the particle’s energy on 
the condition of conservation of the adiabatic in- 
variant 


p’ sin’? /(H = p?sin? 3, / Ay. (2) 


The index 1 is affixed to quantities taken at the time 
of entrance of the particle into the field region in 
question. 


The changing magnetic field changes only the 
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component of the particle’s momentum perpendicu- 
lar to the field; the momentum component parallel 
to the field remains unchanged during the motion: 


pcos = p,cos d,. (3) 


For a nonrelativistic particle this equation means 


that the speed of the motion along the field, v cos ¥, 


is constant, and the time t of passage of the par- 
ticle through a region of linear dimension 1 is 
given by 


t=1/vcos%. (4) 


At relativistic energies, for which the speed of the 
particle is of the order of that of light, v cos # 
does not remain constant, and we can use the re- 
lation (4) as an approximate one for small changes 
of the energy of the particle. 

Equations (2) and (3) lead to 


Ap? = p* — p; = pi sin? 9, (H / H, — 1), 
Ap =p—pi=pilV 1+ sin? d,(H/H,—1) —1], 
(Ap)? = pi[sin® 9, (H/ Hy —1) 
—2(V1 + sin? 9, (A / Hy — 1) —1)] = Ap? — 2p, Ap. 


We shall consider only small changes of the mag- 
netic field, for which Ap and (Ap)? can be rep- 
resented in the forms: 
Ni Selts Cal le 1)— ae sin‘ 3, Ge- Sie 
Ay Hy (5) 
(ap)? = 4 ptsint, (ff —af 


At the ee of the fluctuating regions or 
“clouds,” which are evidently determined by shock 
waves,’ the strong field gradients can cause scat- 
tering of the particles, which destroys the correla- 
tion between values of the angle / in different re- 
gions of the medium. We shall assume that this 
scattering preserves the isotropic character of the 
cosmic-ray flux. 

The rate of acceleration can be characterized 
by the average values of the quantities 


dp __ 2 a 
nm ade s 1 Me 


which, in the absence of correlation between the 
values of v/J and Ap (or Ap"); can be written 
in the form 


2 sa 

Pp = Ape (6) 
Here the average distance between fluctuations is 
taken to be of the order of magnitude of the aver- 
age dimensions of the fluctuations themselves, and 
Ap and Ap2 denote the average changes of the 
momentum and of its square on passage of the par- 
ticle through a single fluctuation. 

The averaging has to be carried out over all 


possible values of the angles of entrance, or, what 
is the same thing in view of relation (4), over all 
values of the time of flight through a fluctuation 
region, and also over all times of entrance t,. If 
2T is the period of variation of the field (see be- 
low), the averaging process gives 

Ie 


te 


AD l 
Ap? = 52 Psi 


(Ap)? 


pJi— pl, 


te a ply = Ap? — op, 
where 
na Ql (ey) SE I) 


a Gan | (oe) Te [See 


lv 


Choosing the origin for counting the time so that 
at time zero the value of the field strength was a 
minimum, we can write: 


O<i<t AH = Hmn[1 + nt /c, 

CGN <G H = Amin[{1 + 2(2t— 12) /*], 
where 

n phe bg dH sd Anax — Amin 

8 oe dae ee 
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If we assume that the average time 7T for vari- 
ation of the magnetic field is given in order of mag- 
nitude by 1/V, where V is the speed of the turbu- 
lent motions, then for sufficiently fast particles 
l/vt = V/v « 1. Calculating the integrals with neg- 
lect of terms of the order J/vt and of higher-order 
terms, and assuming that n?/(1 +n) « 3, we have 


Tied eka ye 7 = ois 
Fee ae ee Or Bit lie, ay 
Ap* Db TE sel i 4 41+n rane 
=— 1 n V 1 n? V 
P16. 4+n we: (Ap) = -3 1+n ae (7) 


The comparatively large values of Ap and (Ap)? 
are due to the possibility of taking independent av- 
erages in the formulas (6). The existence of cor- 
relations between the angles leads to a lowering 
of the rate of the acceleration.” 

3. Let us compare the effectiveness of this 
mechanism of acceleration with that of the Fermi 
acceleration mechanism.’ According to Fermi, in 
the relativistic case the average rate of increase 
of the energy of a particle is 


dE Dell Veu\e 

Ge i . E, 
(E is the total energy of the particle), whereas 
according to Eqs. (6), (7) 


dE \ 2 A at eV 
(ae Tee (8) 
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From this we have 
ee) a Se eee 
‘dt dhe 16 Mey 


Since for the interstellar medium V < 100 km/sec, 
already for n> 0.1 the fluctuational changes of the 
field can, play an important part in the acceleration 
of particles. 

We have not given detailed consideration to effects 
associated with the passage of particles through the 
boundaries of the fluctuation regions. Reflection of 
particles from these boundaries, and also possible 
anisotropy of the flux can, generally speaking, re- 
duce the acceleration below the above estimates. 
Nevertheless the data at present available clearly 
indicate that these effects are not so large that our 
estimate needs to be changed greatly. We hope 
later on to examine this question in more detail.* 

Let us estimate the average value of the mag- 
netic field fluctuation that can be expected in a 
magnetized turbulent medium. This can be done 
if we assume, following Batchelor,? that the aver- 
age energy density of the magnetic fiéld is of the 
same order of magnitude as the energy of the 
smallest turbulent eddies. Then the magnetic 
effects manifest themselves only in the domains 
of the smallest eddies, and can be neglected for 
the larger eddies. 

Neglecting also the influence of viscous forces, 
we get for the average value of the fractional den- 
sity fluctuation the expression 


Ap/p = (V/u)?, 
where u is the speed of sound and p is the mean 


*The writers are grateful to E. L. Feinberg for calling their 
attention to the possible importance of these effects. 
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density. If we assume that the compressions and 
rarefactions of the gas occur isotropically, then 
H ~ ap? mand 

AH) A =) 53) 


As we mentioned above, speeds of the interstel- 
lar gas, small incomparison withthe speed of sound, 
are never of common occurrence. Therefore we 


can expect considerable fluctuations of the magnetic | 


field strength. 

In conclusion we remark that the mechanism 
considered here may turn out to be important in 
treating the acceleration of cosmic rays in the ex- 
panding shells of supernovas and novas, where in 
a number of cases the Fermi mechanism gives a 
retardation.® 

The writers express their deep gratitude to K. 
A. Ter-Martirosian for the exceptional amount of 
attention and support that he has given to this work, 
and also thank S. B. Pikel’ner and I. S. Shklovskii 
for helpful discussions. 
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The three-dimensional hydrodynamic problem of the dispersion of the particles emitted in 
the collision between a nucleon and a nucleus has been solved by a method which is differ- 
ent from, and more exact than, that applied in references 1 and 2. The distributions of the 
energy, the angles, and of the transverse momenta are investigated with the aid of the solu- 
tion obtained. The error in the final formulae is ~ 20%. 


1. INTRODUCTION 


ie hydrodynamic theory of multiple production 
of mesons in the collision of high energy particles 
was developed in a paper by Landau.! In view of 
the great mathematical complexity of this theory, 
the author confined himself to an approximate 
theory in which the final formulae have only log- 
arithmic accuracy and describe only collisions 
between identical particles. Better accuracy is 
needed for a comparison of theory and experiment. 
Furthermore it is necessary to generalize the re- 
sults for the case of collisions between a nucleon 
and a nucleus, since these are usually observed 
in experiment. 

In the investigation of the collision process be- 
tween a nucleon and a nucleus one usually uses the 
tube model,’ i.e., it is assumed that the nucleon in- 
teracts only with the nuclear matter inside a tube 
which it cuts out of the nucleus during the colli- 
sion. In the present paper we restrict ourselves 
to the case where the ratio n of the tube length 
over the linear dimension of the nucleon, which 
is approximately equal to the number of nucleons 
in the tube, does not exceed 3.7. 

Belen’kii and the author* solved the first part 
of the problem: the determination of the total num- 
ber of particles Ny formed during the collision of 
the nucleon with the nucleus. They obtained the 
formula Ny =k(n+1) EVA, where E, is the en- 
ergy of the primary nucleon in the laboratory sys- 
tem, and k is a constant factor. 

In the present paper we investigate the distri- 
bution of the secondary particles over the angles, 
the energies, and the transverse momenta. Since 
the energy, the transverse momentum, and the 
angle under which it is emitted are determined by 
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the components of the 4-velocity of the particle, 
our problem is to find the distribution of the par- 
ticles in velocity space. The symmetry properties 
of the distribution were discussed in reference 5, 
where it was shown that the distribution should, 
in some special coordinate system close to the 
center of mass system, be symmetric with respect 
to the plane perpendicular to the direction of mo- 
tion of the colliding particles. Apart from this it 
must, of course, have cylindrical symmetry. 
According to the hydrodynamic theory, the mo- 
tion of the system after the collision is governed _ 
by the relativistic hydrodynamic equations for the 
ideal liquid: 


OT! /ax* = 0, Ti =(p +8) uite + pon, (1) 


where p is the pressure, ¢€ the energy density, 
ul the 4-velocity of the medium, and gj, the 
metric tensor with components — 29 = 84; = 822 = 
233 = 1, gj, =0 for ik. For the equation of 
state we take the equation of state of the extremely 
relativistic medium p = €/3. 

Below we shail use a system of units in which 
the Planck constant h, the Boltzmann constant, 
and the velocity of light are equal to unity. 


2. ONE-DIMENSIONAL STAGE OF THE EXPAN- 
SION OF THE SYSTEM 


Owing to the Lorentz contraction of the colliding 
particles the first stage of the motion of the system 
after the collision will be approximately one-dimen- 
sional. In this case we can make a special change 
of variables, proposed by Khalatnikov,® which brings 
the nonlinear equations (1) into the form 


302 / On? — Oy / dy? — 20y / dy = 0, (2) 


where n=tan ‘!v, y=In(T/Tj), v and T are 
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the velocity and the temperature of the medium, 
and Ty) is the initial temperature. The coordinate 
x andthe time t are connected with the potential 
x through the relations 


hearts has eae _ OK : 
x=e ¥ (58 sinh 7 ah cosh 7) 5 (3) 
Laren! (3 cosh y — se sinh n) ; (4) 


The stage of one-dimensional motion was discussed 
in references 2 and 5 for the case n< 3.7. It is con- 
venient to use a coordinate system in which the col- 
liding particles have oppositely equal velocities. As 
a consequence of the discontinuities in the initial 
conditions the motion of the medium cannot be de- 
scribed by a single analytic formula. We have to 
do with three regions. Bordering on the vacuum 
we have the region of traveling waves, whose en- 
tropy is very small towards the end of the one- 
dimensional stage, but which carry a significant 
part of the energy.”*’ The main part of the entropy 
is contained in the region of the so-called nontriv- 
ial solution, which is enclosed by traveling waves 
on both sides. In the following we shall be mainly 
interested in this region. 

According to reference 5, the solution of Eq. (2) 
in this region is of the form 


r= Binge | own P—S)ar 
Vs 


y 

> Ye 2 
Gil en VPB ay, 6 
where J—=/,(n 1) d, t= °/,(n—1)d,and dds 
the “length” of the Lorentz contracted nucleon. Re- 
placing the Bessel function I) by its asymptotic 
expression, we may write this solution, by (3) and 
(4), in the form 


t? — x t ~F "Ie 
3y = —In a + (In or a)"; (6) 
4 
qe in orv=—, (7) 


where A=1/vV6rly| . 

We find the distribution function of the entropy 
with respect to the velocities dS/dn in the one- 
dimensional stage, using (5). Here we must re- 
member that the different volume elements of the 
nuclear matter decay into the various particles at 
different time instants. We therefore require the 
distribution function dS/dn not for a given time 
instant t=const, but on some surface t =t(x). 
We assume that this surface is space-like.* We 
can then choose a coordinate system t’, x’ such 
that the derivative dt’/dx’ is zero at an arbitrary 


*The following calculations will justify this assumption. 
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given point of this surface. In this coordinate sys- 
tem the usual formula dS = su’’dx’ is valid in the 
neighborhood of the given point, where s is the 
density of the entropy. Transforming back to the 
original coordinates, we obtain 


dS = sudx — suldt. (8) 


Going over, using (3) and (4), to the independent 
variables 7, y, we write (8) in the form: 


0 
dS = — sy (3 dy +s 5r-an) , (9) 


where = 0x/8y — X, and Sp is the initial den- 
sity of the entropy. The derivatives appearing in 
this expression are equal to 


$l a—F).09 


ry) Viste a 0 Eig 
= Sat. (1 2 1,4, 2-1, ty Te (a ae} : 
(11) 
If the temperature of the medium drops to the criti- 
cal value Ty, already in the one-dimensional phase, 
the distribution of the entropy over the velocity is 
given by the formula 
ek OY (m Ye) ps So exp 7"? . 
OY, V 6x / y, | 6Y, (12) = @ 


d il 
go— ts 
where y, =In(T;/Ty), and Sp is the total en- 
tropy. This case may arise in the collision of two 
heavy nuclei with low energies, when the number 
of secondary particles is large (so that hydrody- 
namics applies), but the initial temperature is 
small; then the three-dimensional stage cannot 
develop. 

Thus the so-called quasi-one-dimensional ap- 
proximation® amounts to the assumption that for- 
mula (12) gives the final solution to the problem 
even for high energies of the colliding particles. 
The distribution of the secondary particles over 
the transverse momenta is in this approximation 
completely determined by the thermal motion of 
decay.? 

The present paper is mainly devoted to the in- 
vestigation of the three-dimensional stage of the 
motion of the medium. We use an essentially dif- 
ferent approach from that of references 1 and 2. 


3. THREE-DIMENSIONAL STAGE 


As our system has boundaries in the transverse 
direction, the matter flow will not be strictly one- 
dimensional, and the deviation from unidimension- 
ality will increase as time goes on. At t~a 
(a = 1/ is the initial radius of the system, yp is 
the mass of the meson) the matter flow will be 
essentially three-dimensional. The general pic- 
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FIG. 1. Illustration of the three-dimen- 
sional expansion at the time instant t~a. 
The dotted line represents the boundary 
z between the regions of one-dimensional 

and three-dimensional flow, x is the 

direction of motion of the colliding par- 
ticles. 


ture of the three-dimensional motion is the follow- 
ing. At the initial moment the temperature at r=a 
drops suddenly from Ty to zero, i.e., a sharp dis- 
continuity arises. This discontinuity subsequently 
splits into two weak discontinuities bounding the 
region of three-dimensional matter flow. At the 
borderline with the vacuum the velocity of the me- 
dium is equal to the velocity of light, and the boun- 
dary between the regions of one-dimensional and 
three-dimensional flow, like every weak perturba- 
tion, moves with the velocity of sound ec = 1/V3° 
with respect to'the medium. For those elements 
of the medium which were in the one-dimensional 
stage, the region of three-dimensional flow is en- 
closed between the limits r=a-—ct and r=a+t. 
For the elements moving along the x axis (in the 
case of nucleon-nucleon collisions everywhere, 
with x~0), this region has smaller dimensions 
(Fig. 1), owing to the Lorentz transformation of 
the transverse components of the velocity (or the 
time). The instant of time when the region of 
three-dimensional flow reaches the axis of the sys- 
tem can be called by convention the end of the one- 
dimensional stage. According to what has been 
said above, the end of the one-dimensional stage 
occurs sooner for the slow elements of the medium 
than for the fast ones. 

Because of the cylindrical symmetry of the prob- 
lem and because of the relation uluj = —1, only two 
of the components ul are independent. It is conve- 
nient to introduce new variables 7, &, which auto- 
matically satisfy the above-mentioned conditions: 


u° = cosh n cosh é, ut =sinh 7 cosh é, 
u® = sinh €cos¢, u* = sinh ésing. 


Here tanh é is the radial velocity in the coordinate 
system moving with the medium along the direction 
of the x axis. 

We make use of the following circumstance in 
solving the three-dimensional problem. According 
tO ee Ve = x/t in the one-dimensional stage, i.e., 
each element of the medium moves with almost 
constant velocity, as a quasi-inertial system. It is 
natural to expect the radial dispersion of the me- 
dium not to change the quasi-inertial character of 
the motion along the x axis, i.e., vx ¥ x/t also 
in the region of three-dimensional flow. The dis- 


cussion of the three-dimensional stage is therefore 
greatly simplified by eliminating the velocity vy = 

x/t through a transition to a suitable (curvilinear ) 
coordinate system. This leads to the following co- 

ordinates: 


 =tanh7!(x/t),  =VP—#. 


The coordinate lines w=const inthe x, t 
plane are straight lines x/t = tanh w. Hence the 
trajectories of the points with coordinates w= 
const coincide with the trajectories of those ele- 
ments of the medium moving as inertial systems. 
The variable t’ is the proper time of such ele- 
ments. 

We introduce polar coordinates r, @ in the 
plane perpendicular to the x axis. 

We can use the formulae of general relativity 
to write down the equations of motion in the new 
coordinates. The generalization of equation (1) 
to the case of curvilinear coordinates is:!? 


1 00 =a) 4 ag 
V=¢ ax" 2 ax? 


Te, (13) 


In the transition from the coordinates x! to the 
new coordinates xl’ the tensor quantities trans- 
form according to the law ul’ = (axi’/ oxK ) uk etc. 
With our choice of coordinates xi’ (x” = t? xl = 
WwW, x” = ie, xe = g) the metric tensor and the 
4-velocity have the form 


Zo0=—1, Bes be Lin = ly a ik = 0 when ik 


, this: 
u°=cosh 7’ cosh, é, uy = > sinh n’ cosh. é, 


“UY Sa sinh ey. U2 ==10; 
where 7 =n-wW. 

It is hardly possible to solve (13) exactly. We 
use an approximate method, whose main features 
will be explained in the example of one-dimensional 
flow. It is convenient for this purpose to rewrite 
Eq. (13) in a form which is solved for the deriva- 
tives dy/dxi; 


Oy Ped uy aV—gu*) uk & AY Oe 


axé pear) (14) 


até 38 V—g ax* 


We convince ourselves of the equivalence of Eqs. 
(13) and (14) by “projecting” them on the direction 
of ui and on the direction perpendicular to ul. In 
the one-dimensional case the equations (14) have 
the form 

ue = = eink Qn (1 + ey + (cosh 21/ + 2) ae 


sO 4 ; On! hie te: » 4p On" 
peed = —3 (cosh2y —2)(1 +52) +-ysinh Oat 


Os 
The following assumption, which will be justi- 
fied below, is essential for the whole approximate 
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method of solution:* 
t’dy’ / ot’, On! /Ow<K 1. 
With this assumption, (15) and (16) take the form 


dy | Ow = — 1/5 sinh 27’; (17) 
t’oy | ot’ = 1/, (cosh 27’ — 2). (18) 

Eliminating 7’ from (17) and (18), we obtain 
(3t’dy / Ot’ + 2)? —9 (dy / dw)? = 1. (19) 


The general solution of this equation is, as is 
easily seen, 


y = 1/3 [(cosh 2« — 2) In(?’ /8) — Sinh 2], (20) 


where q@ and £6 are arbitrary constants. We note 
that the general solution (20), together with the re- 
lation 7’ =a, is at the same time the exact solu- 
tion of (15) and (16). A special case of this solution 
is the traveling wave which is obtained by setting 
tanh @ = 1/V3 . In our coordinate system the veloc- 
ity of the medium tanh 7’ changes thus from zero 
in the center of the system to the velocity of sound 
in the region of traveling waves. 

It is customary to use the boundary conditions 
to obtain the solution of the problem from the gen- 
eral integral. However, we cannot do this, as our 
approximation is, as is seen from the following, 
an asymptotic one, which is valid only for large t’. 
We therefore use the asymptotic formula (6), which 
in our variables has the form 


y= "/3(V2 — wo — 2x), , 


where T=Il1n (t’/A). This expression satisfies 
Eq. (19) and is therefore the required solution. 
It is obtained from (20) by setting 


(21) 


B= A, tanh 20 = w,/ 7. (22) 


Substituting (21) in (17) or (18), we obtain 7’ =a. 
The derivatives 9n’/9w, 9n’/8T are of order 1/7; 
they can thus indeed be neglected for tT > 1. Hence 
the velocity of the medium tanh 7’ is a slowly vary- 
ing function of w and T, and its magnitude does not 
exceed the velocity of sound. These properties are 
the mathematical expression of the fact that the flow 
along the x axis is quasi-inertial. 

The boundary between the regions of one-dimen- 
sional and three-dimensional flow is given by a sur- 
face on which the derivatives of the hydrodynamic 
quantities are discontinuous, i.e., by the character- 
istic surface of Eq. (13). We can find the differen- 
tial equation determining the characteristic surface 
= (xl) =0 by the usual method!! from the require- 


*This corresponds to neglecting the derivatives of the 
slowly varying function f in reference 1. 


G. A. MILEKHIN 


ment that it be impossible to determine all deriva- < 
tives of first order from the equations of motion 
(13) by fixing the initial values on this surface. 
Some cumbersome calculations, which we shall 
not repeat here, lead to 


y (u 
The physical meaning of this equation is that the 
characteristic surface always moves with the ve- 
locity of sound with respect to the medium. 

With the help of (23) we determine the equation 
for the boundary between the regions of one-dimen- 
sional and three-dimensional flow. Noting that 
€=0, n’ =a@ on this boundary, we obtain 


(23) 


soy ip 0% 92 _ gy 


axk ax! ax® 


d= , sinha OZ\2 , /0Z\2 4 OD\2 /OD\2 _ 
2(coshage + Smet = + (5) — (4 5a) —(@e) = 
Dividing (24) by (92/8r)*, we obtain an equation 
for r=r(vw, t’): 

sinha Or \? Or \2 Lo OnN2 
tos aa) tla) en args 
We seek a solution of this equation in the form 
r=r(t’). Then (25) takes the form 


= 1.(25) 


Or 
2 (cosh a 


dr / dt’ = + (cosh2« + 2)—lr, (26) 
With neglect of the derivatives of qa we obtaina 
solution which satisfies the initial conditions: 


r=a—t'/Y cosh 2«+ 2, (27) 
We turn to the discussion of the region of three- 
dimensional motion of the medium. We make the 
substitution 


y=N1+ do, (28) 


where y,; is the value of y in the absence of 
transverse dispersion, i.e., the solution of the one- 
dimensional problem obtained earlier. The vari- 
able y») is therefore responsible for an additional 
lowering of the temperature as a consequence of 
the radial motion of the medium. Corresponding 
to (28) we also transform the components of the 
energy-momentum tensor: Tj, = e*Y11;,. Then 
(13) takes the form 


a —gl*) a ag sad 
oT gen Terese a) (29) 


For the derivatives of y; we have to substitute 
the expressions (17) and (18), in which we replace 
7’ by the known function @. The boundary condi- 
tions for Eq. (29) have the form | 
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on the surface r = a—t?'/ cosh 2« + 2: 
y2=0, E=0, Wy =a. A, 
After the substitution (28) the variable w clearly 
enters into the equations of motion (29) and into 
the boundary conditions (30) only through the slowly 
varying function a, whose derivatives can be neg- 
lected, as was shown earlier. We can therefore 


regard q@ as a parameter, and look for the solu- 
tion in the form 


Vee gel ae) eos 6 (lag ard) aay eer Eh", TF, a). 


We thus obtain the important result that we have 
separated the variables in the problem of the three- 
dimensional motion of the medium in the asymptotic 
approximation, which, as a consequence, lowers the 
number of independent variables from three to two. 
We note that this result is exact in the region of 
traveling waves, since the derivatives of @ are 
strictly zero in this region. 

We expand the required functions in a series in 
powers of a. Since a is an odd function of x, 
the expansions of y. and & contain only even 
powers of a, and the expansion of 7’, only odd 
powers of a. The main part of the entropy is con- 
centrated in the region where w ~ 1. In this re- 
gion, according to (22), a~1/rT, i.e., a isan 
asymptotically small quantity. We therefore con- 
fine ourselves to the linear approximation in a, 
i.e., we require the solution in the form 


Yo=Ualrit’), E=E(rt), a = af (r,t). 


4. AVERAGING OF THE HYDRODYNAMIC QUAN- 
TITIES OVER THE RADIUS 


A consequence of the equations of motion is the 
conservation law for the entropy, which, in curvi- 
linear coordinates, has the form 


4 d@V—gsu*) £5 
V—g ax* 
After the substitution s,e?71 according to (28), 
we can write Eq. (31) in our approximation as 


(31) 


0 (rs .uo’ 


9 (rs2u0’) 
ho aa Ee ye 


eee aN: (32) 


The conservation law for the quantity f sou” r dr 
follows from this equation. It implies that the 
amount of entropy enclosed in the interval dw is 
the same as that in the absence of the transverse 
dispersion, which means it is given by the formula 


as 
dw 


d 
ay SS Spe? (% aus — Ms 


33 


Op a), 
Oy, dw 


where 1, is the value of 7 in the absence of the 
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transverse dispersion. Since the derivative dn/dw 
is asymptotically equal to zero, the same formula 
describes the distribution dS/d7n in the three- 
dimensional stage. Formula (33) can approximately 
be written in a form analogous to (12): 


1 dS 


dS __ exp (n? / yi) 
So dw Pa 


V. 6x | y1 | 


(34) 


The temperature of the elements in the interval 
dw with different coordinates r reaches the crit- 
ical value Ty, at different time instants. The val- 
ues Of yy =Y_ — Y2 Which have to be substituted in 
(34) in order to find the distribution of the produced 
particles with respect to 7 are therefore different 
for different elements. However, this difference is 
small. Estimates show that the decay of the ele- 
ments of the medium occurs at t’ ~ a. At that time 
the system is still quite uniform in the transverse 
direction, and y, ~ 1. In view of the weak depend- 
ence of (34) on y; we can therefore neglect this 
difference in the calculation of the distribution 
function dS/dn. We shall assume that all elements 
of the medium with the same coordinate w decay 
simultaneously when their average temperature 
reaches the critical value. We restrict ourselves 
to the computation of this average value of the tem- 
perature. 

In the calculation of the distribution function for 
the produced particles with respect to the trans- 
verse components of the velocity we must take ac- 
count of the thermal motion of the particles, which 
is superposed on the hydrodynamic motion ina 
given volume element. The thermal motion of the 
particles plays indeed a fundamental role, so that 
the radial component of the hydrodynamic 4-veloc- 
ity is small at the instant t’ ~ a, and w~i1. For 
each plane w = const we can therefore take a value 
for the hydrodynamic radial velocity which is av- 
eraged over the radius. 

Below we shall estimate the accuracy of the re- 
sults obtained in this approximation. 

To find the average values of the hydrodynamic 
quantities, we make use of the conservation laws 
in the integral form, which refer to finite, instead 
of infinitesimal, elements of the medium. These 
laws were also used in reference 1 in the investi- 
gation of the three-dimensional stage of the motion 
of the medium. However, our separation of variables 
gives the possibility to obtain more accurate results. 
We integrate Eq. (29) over the radius in the region 
of three-dimensional flow, i.e., from r=a-—ct’ to 
Peat for t'<V¥3a, and from r=0 to r= 
att’ for t’>V3 a. Replacing all hydrodynamic 
quantities under the integral sign by their average 
values and taking these outside the integral, we ob- 
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tain a system of ordinary differential equations for 
the mean values of the hydrodynamic quantities. 
These equations were solved numerically. The re- 
sults of the numerical calculation of the hydrody- 
namic quantities averaged over the area of the 
transverse cross section are shown in Fig. 2. 


FIG. 2. Curve 1) y,; curve 2) In sinh & curve 3) f=) (sk 


5. DISTRIBUTION OF THE PARTICLES IN 
VELOCITY SPACE 


As mentioned earlier, the distribution of the 
particles with respect to the transverse compo- 
nents of the velocity depends essentially on the 
thermal motion of the particles. We retain the 
notation € for the hydrodynamic velocity, and 
denote the radial component of the actual 4-veloc- 
ity of the particles by sinh ¢. We write the re- 
quired distribution function F(7, ¢) in the form 


F (n, 0) = NoFi (4) Fo (a, 9). (35) 


The quantity NjF,(7)dn is the total number of 
particles in the interval dy, and the function 
F,(, €) gives the distribution of the particles 
with respect to the variable ¢ for a given 7. 
The functions F,(7)=Nj'dN/dn and F,(n, ¢) 
must, of course, be normalized: 


co co 


\ Fela, NQdd=1. 


= 6 =4 =2 0 2 4 6 $9 


FIG. 3. Function F, (7) for n= 1. The initial energy 
E, is equal to: 1) 10’? ev, 2) 10** ev, 3) 10*° ev, 4) 10% ev. 


The function F,(7) is computed with the help 
of formula (33) and the curves in Fig. 2. Figures 
3 and 4 show the results of the calculation for 
TK =e: According to (34), F,(7) can approxi- 
mately be represented by a Gauss function. We 
therefore approximate the function F,(7) in the 
center of mass system by a Gauss function with 
parameter L: 


IPs (7) = (Pas) b ae exp (— fe jf DLN (37) 
0.56 nee 6 in ene 
L = 0.56 In + I. eseregn -0, (38) 


where M is the mass of the nucleon. 

Formulae (37) and (38) give an approximation 
to the curves in Figs. 3 and 4, with an error not 
exceeding 10%. 

We turn to the computation of the function 
F,(n, ¢). The thermal motion of the particles at 
the moment of breakup of the element into separ- 
ate particles may be described by the formulae 
for the ideal gas. In the rest system of the ele- 
ment of the medium the distribution of the particles 
in momentum space is known to have the form 


dp’, dp, dp, 


v= exp (E’/T) 1’ 


(39) - 
where the plus sign refers to Fermi statistics, 

and the minus sign to Bose statistics. The factor 
A is determined from the normalization condition 
on the function F,. We introduce a coordinate sys- 
tem in which the element moves along the z axis 
with the velocity vz =tanh . Energy and momen- 
tum are then transformed in the following way: 


E’ = Ecosh §— pzsinh é; 


Pz =pzcoshé—Esinh®; pr = pxi Py = Py. 


=O mer =% =a) 0 2 4 6 é 7 


FIG. 4. Function F, (m) for the collision of a nucleon with 
the tube in the system of oppositely equal velocities of the 
colliding particles. n = 2 for curves 1, 3, and 5; n = 3.7 for 
curves 2, 4, and 6. E, is equal to: 1, 2) 10’ ev, 3, 4) 10*° ev? 
and 5, 6) 10** ev. 
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Formula (39) takes the form 


dN=A (cosh &— te sinh t) 
Ecoshé — p,sinh & Sit 
e [ex ( T aa) ete 1] dpxdp ydpz. 


Changing to cylindrical coordinates in momentum 
space and integrating over the azimuthal angle and 
the component py, we obtain 


(40) 


F(y, 6) =4rAm sinh ¢ cosh ¢é > (+-)"-1 cosh € cosh £Ky 


n=l 


x(n = coshé cosh¢ } Io (n 7 sinhé sinh £ ) 


—sinhé sinh¢ Ky (n =~ coshé cosh ) 
x1, (n sinhé sinh )} : 
In the integration we expanded the denominator of 
the expression under the integral sign into a series 


in powers of exp{-—(E cosh é — pz sinh £)/T } 
and applied the relations 


(41) 


Kn) = \ e—heeshtcosi(mit)idt: Tia () 
0 


an 
ae 
= m e©°89 cos (m8) af. 


0 
Integrating (39) over all momentum space we simi- 
larly obtain an expression for A: 


1 S) ping Kalam /T 
Gq = 4a? (Saye ee oe 


n=1 


(42) 


Figure 6 shows the distribution functions with re- 
spect to the transverse momenta (y/N,))dN/dp, = 
F,/cosh ¢ for Bose particles for T, =u and vari- 
ous values of the parameter é. 

The hydrodynamic transverse velocity & at the 
moment of break-up is with good accuracy (~ 10%) 
given by the approximate formula 


(43) 


f 1 \004 ’ Ey \il14 P 
sinh ¢ = 0.53 (24 } 5) Pauleh, 


oD M 


It follows from this formula that the transverse 


"0? 0° 0 0% 0 hfe 
0 
FIG. 5 
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momenta of the fast particles should on the aver- 
age be smaller than the transverse momenta of the 
slow particles. At energies of 10! to 10! ev the 
difference between them is, however, very small. 
Only at energies of order 10! to 10!® ev do the 
transverse momenta of the fastest particles be- 
come significantly smaller (by a factor of y, or 
¥,) than those of the other particles. 


6. DISTRIBUTION OF THE PARTICLES WITH 
RESPECT TO THE ANGLES, ENERGIES, AND 
TRANSVERSE MOMENTA 


After the determination of the function F(n, ¢), 
we find the distribution of the particles with respect 
to the angles, energies, and transverse momenta 
with the help of the formula 


tanh © 
sinh 7’ 


tan = E=weosh qcosh ¢, op; =p sinh se. 
Figure 6 shows that for the overwhelming majority 
of the particles pj >,‘ i-e., tanh ¢  is*rather 
close to unity. The angular distribution of the 
particles is therefore quite accurately given by 
the relations 


1 dN 


(— 7? /2L 


——— 5 44 
V 2nL ( ) 


tan( = | /sinh 7. (45) 


In going over to the laboratory system we change 
7 in formula (45) to n+%7e, where Ve = tanh 7 
is the velocity of the center of mass system with 
respect to the laboratory system. Since 7c isa 
big quantity, we can write 


a 
MN Op, 


QL5 


ONS 


otf 


005 


FIG. 6.Values of sinh €: 1) 0; 2) 0.5; 3) 1; 4) 1.5; 5) 2; 6) 3. 
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9 (2 = exp (— 1— te): (46) 


Formulae (44) and (45) give a more anisotropic 
distribution than the corresponding formulae of 
Landau. 

A very sensitive characteristic of the angular 
distribution is the quantity X = x/x, introduced by 
Kaplon and Ritson,!* where x = Be), y/q, and vy / 
and 334 are the angles within which ¥%, and % of 
all particles are, respectively, emitted; x, is the 
analogous quantity for the case of an isotropic dis- 
tribution in the center-of-mass system. 

To find the distribution of the particles over the 
transverse momenta, we have to compute the inte- 
gral 


\ Fn Qdn= 


—oc 


Sas 
No dt ' 


The factor exp (—7?/6L) in formula (43) is sig- 
nificant in the region 7 2 Vi. , where only a small 
fraction of the particles is to be found. The re- 
quired distribution can therefore with good accuracy 
be written in the form 


1 dN 


For the determination of the energy distribution we 
have to integrate the function F(7, ¢) over the 
surface E=const in velocity space. We shall not 
concern ourselves with this distribution in detail. 
We remark only that since the transverse momenta 
of all particles are of the same order, the energy 
of the particles can approximately be written as 


E = (p* +?)"*cosh, (48) 
_ where p, is the average value of the transverse 
momentum of the particles. Formulae (44) and 
(48) determine the order of manitude of the energy 
distribution of the particles. 

We estimate the accuracy of the formulae ob- 
tained. Formula (9), which describes the distribu- 
tion of the entropy with respect to the velocities in 
the one-dimensional state, is exact. In the inves- 
tigation of the three-dimensional stage we made 
use of the asymptotic approximation, i.e., we neg- 
lected quantities of order 1/7. In order to esti- 
mate the effect of this neglect on F,; (7), itis 
convenient to consider the conservation law for 
the entropy (31). The most significant of the terms 
discarded in equation (32) has the order of magni- 
tude 8(a—7')/dw © (1—f)/2T. The inclusion of 
this term leads to a change of 5 to 7% in the en- 
tropy enclosed in the interval dw, which also 
gives a measure for the error. Replacing all hy- 
drodynamic quantities by their averages over the 
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area of the transverse cross section entails a fur- 
ther approximation. The corresponding error was 
estimated in the following fashion. The region of 
three-dimensional flow was subdivided into three 
sections with respect to the radius, and the aver- 
aging was then done over these sections separately. 
The more exact solution obtained in this way was 
used to calculate the function F,(7) for the ener- 
gies 10!2 ev and 10! ev. The result agrees with 
that obtained earlier within ~ 10% of error. 

Despite the very approximate character of the 
treatment of the three-dimensional stage of the 
motion of the medium, the accuracy of the com- 
puted function F,(n) appears to be rather good 
(~ 10 to 15%). The physical reason for this is 
that the elements of the medium move almost in- 
ertially along the x axis at the moment of transi- 
tion to the three-dimensional stage. As a conse- 
quence, the distribution of the entropy with respect 
to the velocities dS/dn is mainly determined by 
the one-dimensional stage of motion. 

Analogous estimates yield ~ 20 to 25% as the 
accuracy for F,(n, ¢). In this case the effect of 
the three-dimensional stage is small also on ac- 
count of the great role played by the thermal mo- 
tion of the particles. We note that the transverse °* 
hydrodynamic velocity increases slowly with in- 
creasing energy, whereas the role of the thermal 
motion becomes less significant. The accuracy 
of the calculation of F,(7, ¢) is therefore the 
better, the lower the initial energy, in contradis- 
tinction to the situation in the case of F,(7). 

In conclusion we remark on the following inter- 
esting point. It is seen from Figs. 3, 4, and 6 that 
the functions F,(n) and F,(n, ¢) depend very 
weakly on the energy of the primary nucleon. Ac- 
cording to (38) and (48), 


L~in(E,/M), sinht ~ Ef. 


At the same time the initial width of the disk changes 
by three orders of magnitude when the energy is in- 
creased from 10” ev to 10!8% ev. This points toa 
very weak dependence of the results on the initial 
conditions. We may therefore suppose that, for 

n> 3.7, the distribution over energies and angles 
is described by formulae which are not very differ- 
ent from those obtained above. One should also ex- 
pect that the quantum effects,}8 which are strongest 
at the initial moment, do not change our results 
significantly. 

The author is very obligated to the late S. Z. 
Belen’kii. The author thanks E. L. Feinberg for 
valuable advice and L. V. Pariiska and N. E. 
Nikulina for doing the numerical calculations. 
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The influence of a non-uniform distribution of particles on the electron correlation energy 


is investigated. It is found that this influence is 
obtained on the basis of the uniform distribution 


so large that the corresponding expressions 
model!» are not valid for real systems. The 


principal part of the correlation energy of the electrons in the crystalline lattice (without 
consideration of interaction with the vibrations of the latter) has been found for high pres- 


sures, low temperatures, and large values of the nuclear charge. 


the correlation energy of uncompressed matter. 
1. INTRODUCTION 


Ir is well known that in polyelectronic systems 

a very important role is assigned to long range 
(many particle) correlations. In the most syste- 
matic form these correlations were studied in the 
recent work of Gell-Mann and Brueckner? (see also 
reference 3), where the correlation energy of the 
electron gas was found in the region of high com- 
pressions and low temperatures. 

It is necessary, however, to emphasize that 
calculations of electron correlations are usually 
carried out with the use of a uniform model which 
greatly simplifies the real situation. In this model 
the nuclei (or ions) are replaced by a uniformly 
distributed positive background which guarantees 
the neutrality of the system as a whole. Such an 
approach completely ignores the atomistic struc- 
ture of the positive charge: on the one hand the in- 
homogeneity of the charge distribution associated, 
for example, with the crystalline structure of the 
material is not taken into account, and on the other 
hand considerations of processes with participa- 
tion of phonons and also electron-nuclear and nu- 
clear correlations are left out. 

The present work is devoted to consideration 
of the first of the enumerated factors, i.e., it con- 
tains the generalization of the results of Gell-Mann 
and Brueckner in the case of a non-uniform (but 
specified) distribution of the nuclei. The self-con- 
sistent potential ®@(x) corresponding to this situ- 
ation, and the limiting Fermi momentum of the 
electron py(X) = [2M(E)- 6(x)]'? are functions 
of the coordinates (Ep, is on limiting energy). As 
will be shown below, the electron correlation en- 
ergy reveals an extraordinarily strong sensitivity 
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Estimates are given for 


to the presence of non-uniformities. Even in the 
regions of high compressions, where the distribu- 
tion of electrons is non-uniform only in small de- 
gree, a radical departure takes place from the 
results contained in reference 2. 

Consideration of the rest of the factors men- 
tioned above (in the first place, the lattice vibra- ° 
tions ) can also lead to a significant contribution 
to the correlation energy of the crystalline body. 
The role of nuclear and electron-nuclear correla- 
tions is especially important in the plasma state 
where the radius and energy of the correlation are 
determined not by the electronic but by the nuclear 
mass and charge. These questions, however, re- 
quire special consideration. 

The anomalous sensitivity just mentioned of the 
correlation toward non-uniformity of the system 
has a simple physical explanation and is accounted 
for in the final analysis by the fact that the principal 
contribution to the correlation energy is made by a 
narrow strip of phase space adjoining the Fermi 
surface. It is easy to find the latter from the uni- 
form case: according to references 1 and 2, the 
principal term of the correlation energy has the 


form 
\ \ 
PD 


with the conditions pj,2< po, |P1,2+4|>po. Here 
Q is the volume of the system, pp = (tip) /ay)!/” 
is the Debye momentum, ay is the Bohr radius. 

If the condition 


Qe 
1 6x “Way 


a 
q: 


dpidps 


$6E = — pee AGUA 
g+ q (Pit po) 


t/aypo< 1, (1) 


is satisfied then the region of integration over P4,2 
in the foregoing equation is actually narrow: 
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IP1,2 — Pol ~ Pp <« po. 
On the other hand, as was emphasized in refer- 


ence 4, diffusion of the momentum distribution close 
to the Fermi surface is inevitably connected with the 
non-uniformity of the system, even if the system is 


a step function in the energy representation (the 
degenerate case). We introduce the characteristic 
“length of the non-uniformity” 2 over which Po 
changes by a significant amount, and which is de- 
termined by the average value of py/Vpy. Then, 
from the indeterminancy principle, we obtain the 
following expression for the diffusion referred to: 


Sp -~ (kh /lpo)'"* Pow 


The quantum fluctuations in potential energy in the 
stationary state must be identical in magnitude; 
that is, p)dp/M ~ p%6x/IM, whence, with the help 
of 6péx ~ hi, the desired quantity is obtained. At 
some distance from the Fermi surface, this dis- 
persion of the momentum is shown to be small, 
since there the distribution did not depend on the 
momentum; however, in the vicinity of py an 
intermingling of filled and unfilled regions takes 
place and the form of the distribution in the vicin- 
ity of |p —py| ~ 6p is changed significantly (for 
details see reference 4). Upon satisfaction of the 
quasi-classical condition 


a 


t/[py<1 (II) 


this diffusion occupies the narrow band dp < pp. 

It is important that fulfillment of the condition 
(II) is not at all sufficient that the non-uniformity 
have only a slight effect on the result. More 
stringent conditions must be satisfied: the magni- 
tude of the quantum diffusion 6p must be much 
less than the width of the effective region of inte- 
gration, i.e., in our case, pp. 

For clarification of the possibility of satisfy- 
ing this condition, let us consider the case of 
strongly compressed matter where (see Sec. 4) 


Po (x) ~ (RZ / R) (1 + (R22 / ao) F(e/R)+---), 


and the case of uncompressed matter with a large 
nuclear charge Z, where® 


Po(x) ~ (RZ / ay) @ (xZ"* / ao). 


Here R is the radius of the neutral cell, x is 
the distance from its center (this distribution is 
repeated periodically throughout the other cells), 
f and @ are slowly varying functions. In both 
cases, the conditions (I) and (II) are satisfied and 
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the “length of non-uniformity” J has the form* 


Remap hee 

It then follows that the condition dp/pp « 1 is 
not only not satisfied, but for heavy nuclei the 
opposite condition 

8p/Pp~ (ao/l)* ~ Z"* > 1, 
is satisfied; this also testifies to the inapplicability 
of the uniform model. In what follows we shall for 
simplicity limit ourselves to ascertaining the asym- 
ptotic form of the energy correlation for Z— o, 
i.e., in addition to conditions (I) and (II), we shall 
consider the condition 


Sp/P py ~ (hpo/Lp2,)"* > 1 (11) 


to be satisfied. In the case of compressed matter 
in addition to (II) a more stringent condition 

h/lpp <«< 1 is satisfied; however, for uncompressed 
matter, h/Ipp ~1. 

Finally, we note that the correlation energy is 
highly sensitive with respect to the temperature 
inasmuch as the latter, as also the non-uniformity, 
leads to a diffusion of the Fermi distribution. The 
limit below which we can use the relations for a 
degenerate gas is determined not by the tempera- 

*ture of the degeneracy kT) ~ pe /2M but by the 
quantity pypp /M «kTp). In this case it follows 
from condition (III) that in all regions of degeneracy 
6p exceeds the width of the temperature diffusion 
and the effect of non-uniformity considered above 
takes the place. 

We used atomic units: 


2. PRELIMINARY REMARKS 

We proceed to a consideration of other compli- 
cations associated with the transition to the non- 
uniform case. In the non-uniform case it is nec- 
essary to define more clearly the actual meaning 
of the correlation interaction. We shall consider 
as a correlationyt that part of the interaction which 


e=h=M=1. 


*We note that in the case of strongly compressed matter 
(RZ%/a, <1, the pressure P > 10° x Z'% atmos), in addition 
to the expression for ] written here, there are other parame- 
ters of the dimensions of length (the radius of the cell R and 
also various combinations of R and /). However, these 
parameters are connected with derivatives (or, what amounts 
to the same thing, with commutators*) of higher order than the 
first and upon satisfaction of condition (II) they play a rela- 
tively unimportant role. An estimate shows that their role is 
significant only in the region RZ 4 /a, <1, P§10°Z° atmos, 
which is relativistic for heavy atoms and is considered neither 
in reference 4 or in the present research. 

Strictly speaking, we are talking about the so called 
strong correlation which appears in addition to the exchange 
correlation. 
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is not taken into account in the Hartree-Fock ap- 
proximation (HFA) and appears apart from the 
mean (self-consistent) interaction. The total 
energy of the system in the HFA has the form 
(p is the density of electrons, py is the density 
of nuclei ) 


eats Lipo pee 1 dx dx’ 
E = hyo (3n?)'ts | p*edx — 8/4 (3/n)'\ oe dx + aie | 
(2.1) 


X (0 (x) p (x’) — 2Zp (x) pn (X’) + 2? Pn (X) pn (x’)) + AE. 


Here we have, respectively, the kinetic energy of 
the electrons, their exchange energy, the potential 
energy of interactions of the electrons with each 
other and with nuclei, and the energy of interaction 
of the nuclei. The last term, AE, corresponds 

to the specific quantum corrections® associated 
with a non-uniform system,* and upon satisfaction 
of the condition (II) reduces to the small quantity 


(*/7) \ [(ve)? / p] dx. 


In the uniform case, Eq. (2.1) reduces to the 
first two terms wherein, upon satisfaction of the 
condition (I), the exchange term plays a small role. 
In view of this fact we can consider the electrons 
to be free in the case considered in the HFA. 
Therefore, we can compute the energy of the elec- 
tron correlation with the help of perturbation the- 
ory, expanding in a series of the Coulomb inter- 
action and throwing away the first correction, 
which was already considered in the HFA. This 
was precisely the treatment of the problem given 
in reference 2. 

In the non-uniform case the HFA must appear 
as the zeroth approximation while the perturbation 
is the difference between the Coulombic and the 
self-consistent interaction of the electrons. Such 
an approach to the calculation of correlation ef- 
fects was assumed in the work of Méller and 
Plesset.’ As the perturbation Hamiltonian in this 
method one must choose the expression 


A= PeQY |x — xj — D9, ims 87 1 — By g,, a 
(2.2) 


tj ] 
+ 1/, >) 1M (0,0;, 00;) — M (0,0,, 0,0;)], 
ij 
where Yj are single-particle wave functions of 
the fundamental configuration with energy Eo} 
M (a8, 18) =\4, (8) 9, (18 — aI Y, ©) $5 (1) dé a. 


The unperturbed wave function of the system 
*The non-uniformity in Eq. (2.1) also appears in trivial 


form because of the dependence of p on the coordinates in 
the remaining terms of (2.1). 
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for the fundamental configuration is a determinant 
constructed from the functions ¥9j while for the 
perturbed configurations the index 0 is replaced 
by n, n’, etc. The third term is introduced in 
(2.2) in order that the first-order correction to 
the energy 6,E =(%)H’%)) vanish, since in HFA 
the energy is equal to the mean value of the exact 
Hamiltonian. 

For computation of the corrections of higher 
order, it is necessary to know the matrix elements 
of H’ and the corresponding perturbation energy. 
A not very difficult calculation yields 


(Ean) = >) DM (nen, 40) 
ij ki 


— M(njnj;, njn,)] A (nin, njn) S (nin, njn), 


(2.3) 


where A is a matrix which is diagonal for all 
(Aa iar 
states except njnjn,N7 
Sines Ge sy 
Np ny ny Np 


ny Al N 

Sor ssil O05 Boone Onno 

np J nyNp a HG: x 108 
a 6 


> 


(2.4) 


Each term of the sum (2.3) corresponds to the 
transition of a pair of particles from the states 
njnj to nny. The factor S (2.4) forbids such 
transitions when the initial and final states of the 
particle are identical while they both belong to the 
fundamental configuration. In the other cases, 
S=1 and (2.3) is identical with the matrix element 
of only a single Coulomb interaction. To find the 
chief term of the correlation energy we must sum 
only “platform” diagrams (see below) for which 
S=1. Therefore, in actuality, in the present work 
the expansion is simply carried out over the Cou- 
lomb interaction. 

So far as the perturbation energy is concerned, 
it is equal to 


Ew — En = ))(& ,—&n). 


This is connected with the fact that all the per- 
turbed states correspond to one and the same 
Hamiltonian (self-consistency is obtained only 
within the framework of the fundamental configu- 
ration ). 

Corrections to the energy are computed accord- 
ing to the general formulas of perturbation theory. 
In particular, for the second-order correction we 
have 

(2.5) 


0,, nn’) |2— On ; 
8.E =1/. > |M(0,0;, nn’) |?—M (0,0;, n’n) M (nn’, 0,0;) 


&q + Sip ep te 


fj nnt 


Here the double prime on the sum denotes summa- 
tion only over those states n, n’, no one of which. 
is a part of the fundamental configuration. This 
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condition follows from the properties of the matrix 
S. 

Out of all of the diagrams of higher order in 
reference 2 there were considered only the dia- 
grams of the “platform” type in which in the inter- 
action each particle either becomes excited, i.e., 
transfers from a region inside the Fermi sphere 
to a region outside of it, or conversely, gives up 
its excitation i.e., executes the opposite transition. 
An example of such a diagram of third order is 
pictured in Fig. 1, where the solid lines indicate 
the normal, and dotted lines the perturbed states 
of the particle; q is the momentum transferred. 

In diagrams of such type to each act of the inter- 
action there corresponds the denominator q?. In 
the diagrams not yet considered there are nodes 
with momentum transfers with the order of po, 

as a consequence of which the contribution of these 
diagrams is small. For the same reason we can 
omit the exchange parts of the platform diagrams 
(the corresponding arrangement of particles in 
the final state). 

In the non-uniform case we must also consider 
only platform diagrams since the divergences at 
the lower limit become stronger, being linear in- 
stead of logarithmic (Sec. 3). Therefore, the de- 
cisive role of these diagrams becomes still clearer. 

In the uniform case there is a logarithmic situ- 
ation in which one of the two terms of the same type 
dominates over the other because of the large log- 
arithmic factor. Therefore, the principal term of 
the energy was slightly sensitive relative to a 
choice of cumulative diagrams. In the non-uniform 
case, because of the linear character of the diverg- 
ence, a correct choice of the diagrams is necessary 
even for calculation of the principal term. 

We note further that the contribution of the ex- 
change effects to the wave functions and the energy 
of the electrons is unimportant upon fulfillment of 
conditions (I) and (II). Thus, we can use these quan-~ 
tities in the Hartree approximation. 

From what was said above, it follows that the 
only complication connected with consideration of 
non-uniformity in essence consists of the replace- 
ment of the wave functions and the energy of the 
free electrons by the corresponding quantities 
computed with account of non-uniformity. 


3. QUALITATIVE CONSIDERATION 


For a clarification of the aforementioned effects 
associated with consideration of non-uniformity, 
let us first consider the simplified expression for 
the correlation energy in which the summation of 
the diagrams of higher order is replaced by cutting 
off the integral over the momentum transfer in the 


FIG. 1 


diagram of second order by a quantity of the order 
of the Debye momentum pp. In other words, a 
screened Coulomb interaction is introduced from 
the very beginning. A rigorous analysis (Sec. 4) 
confirms the possibility of such an approach and 
shows that the non-uniformity has practically no 
effect on the cut-off momentum. 

The expression for the correlation energy of 
the second order has the form (C (2.5); the ex- 
change diagrams are neglected): 


BE = 1/2) Dy | M (0.0), nn’) [PM(eo2 + 0 — en — ew). (3-1) 


ij nn’ 


It is appropriate to show the transition to the op- 
erator representation (3.1). With this aim let us 
express the matrix element in (8.1) in explicit 
form. We group the wave functions with the same 
indices and introduce into consideration the density 
matrix® 


p(x, x’) = BO (x')$ (x) = 0 (Ax — Eo) 8 (x—¥’), 
which arises from summation over i, j in (3.1). 
Here the sum runs over the occupied states, the 
sum over the unoccupied states (summation over 
n, n’) is equal to 


8(x— x’) —p (x, x)= 8, (H,— Ey) 8 (x — x): 
Here 
0, (a) =7/.(1+a/|a}), 


Ay is the Hamiltonian of the Hartree approxima- 
tion which acts on the variables x. 

We can represent the energy denominator in the 
form 


—/, \ exp {—| ft] (en + fn — £02 — £o,)} at 
and replace each e¢ in this equation by the Hamil- 
tonian acting on the corresponding wave function 
in the density matrix. Introducing the notation 


N(x, y) =exp(4]t| Hx) 6: (Hy — E,)8(x —y), 


we get for (3.1) ¢ 
5,6 =— \ at\ 


x N, (X1X3) NV, (XXa) W_ (X3X1) N_ (XaX2). 
It is expedient to transform to the momentum 
representation 


dx, dxodx3dx4 
| X1 — Xo || X3 -- X4| 
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Ns. (X, y) =\ dp exp (ip (X—y)) #., 0% P)» 
hence 


HH (%, P) = < exp(--|¢|#)92(H—E,)>p. (3.2) 


Here and below 
(@>p = exp (— ip + x) @exp (ip -x), 


where 4 is an arbitrary operator. This yields 


2 


SE = — (4x8) ( dt\ dx II dz)\ I] (¢p,dq,ak,/A3)p 


al 


x (x, Pi) {L_ (x+Z, Pi+q:) (373) 


XB, (x + Zo, Po) U(X + Zg, Po + Ge) exp {i [Z, (Ks + qi) 


++ Ze (2 — Ke) — Z3 (qo + k,)]}. 


In this case, qj must vary from pp to . 

Limiting ourselves in this section to the case 
lpp > 1, we can neglect the contributions of zj 
to the arguments w,. Actually, because oe the 
presence of the exponent in (3.3), 2; < pp. e<ele. 
This permits us to carry out a series of integra- 
tions and we obtain the formula* 


SE = — (3227) y dt \ ax | dp.dp. ( at 


q 
qt 
x By (x, P:) B_ (x, Pi as q) Py (x, P2) _ (x, | q). 


(3.4) 


For the transition to the uniform case it suffices 
to say that H = p*/2, which gives 


(x, P) = exp (ae | #| p*/2) 8+ (p?/2 — Ey), 


and we return to the equation for 6E given in 
Sec. 1. 

We note that the condition Ipp > 1 permits us 
to make use of the law of conservation of momen- 
tum (Fig. 2). Actually, the momentum acquired by 
the particle from the external field consists, as is 
easy to verify, of a quantity of the order of 1/1 
which is small in comparison with the momentum 
of transfer pp. 

In this section, we limit ourselves to a qualita- 
tive estimate of OE based on the results set forth 
in the introduction. 

We designate by Ap the width of the effective 
region of momentum space close to the Fermi sur- 


(3.5) 


face which makes a significant contribution to (3.4). 


According to (3.2) and (3.4), this quantity is deter- 
mined by the fact that the particle with momentum 


*The apparent locality of the expression (3.4) in the 
coordinates is connected with the uniformity of the system at 
distances of the order of correlation radius 1/pp. Actually, 
as is seen from (3.3), the region |x—x,|~1/p, makes a con- 
tribution to the density of the correlation of the energy at the 
point x,. 
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pj and energy E< Eo, acquiring the momentum 
+q in the interaction, undergoes a transition to a 
state with momentum pj +q andenergy E > Ep. 
Integration over t in (3.4) gives the energy gap 
AE ~ A(p2/2) ~ ppAp. With consideration of 

fap ~ prAp, Po ~ o'/, we obtain | 


(3.6) 4 


In the uniform case, the width Ap is determined 
by the conditions pj < po, |p; +q| > po, whence 
Ap~q and 6E~ — Qp In py. 

However, in the non-uniform case, when a scat- 
tering of the momentum 6p ~ (p)/Z)'/ takes place 
in the state with given energy (Sec. 1), the effec- 
tive width Ap can depend materially on 6p. Upon 
satisfying the condition (IIl) (6p > pp) the width 
Ap becomes identical with dp. In this case, (3.6) ° 
yields 


pee \ dxe80/pp Ons (3.7) 


Thus, upon consideration of the non-uniformity, 
the divergence is strengthened, becoming linear 
instead of logarithmic. This is associated with 
the fact that the effective range of integration over 
the momentum in the uniform case tends to zero 
along with q, while in the non-uniform case it | 
remains finite. | 

The estimates obtained for the quantity Ap are 
illustrated in Fig. 3, where the distribution func- 
tions over the momentum are plotted for energies 
less than Ey (lower curve) and above Ey (upper 
curve). Curves a and b correspond to the uni- 
form and non-uniform cases, respectively. 


4. CONSIDERATION OF DIAGRAMS OF HIGHER 
ORDER 


In this section we calculate exactly the principal 
term of the correlation energy by means of summa- 
tion of the platform diagrams of higher orders. The 
method used is a direct generalization of the non- 
uniform case, the method of Gell-Mann and Brueck- 
ner,” and operates under conditions (I) to (III) (Sec. 1). 
We note that in reference 2 a condition was obtained 
which directly contradicts (III); correspondingly, the 
results obtained below and the results of reference 
2 refer to different limiting cases. 
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Let us first consider the case Ipp > 1 (at the 
correlation radius the distribution is uniform ). 
For the “propagator function” Fqg(t) introduced 
in reference 2 we must choose in this case the ex- 
pression:* 
Patt) = (27) Dai exp[|t| (En — Em)] 9_ (En — Eo) 8, (Em — E,) 


n,m 


x Va, (¢ +8) 4, 0) 9, (8-8) G,, (x) exp (ia +2), 


where 7 and E are the wave function and the en- 
ergy in the external field. Making use of (3.2) we 
can put this expression in operator form: 


Fa(t) =\dpu, (x p)u% p+a). (4-1) 


In the uniform case, (4.1) undergoes a transition, 
in accord with (3.5), to the corresponding expres- 
sion of Gell-Mann and Brueckner:? 


F, (t) = \ dp exp (—|¢) (9?/2 + pa) 


with the conditions p<py, |p+q|> pp. The dif- 
ference between (4.1) and (4.2) thus consists only 
in the substitution of the Hamiltonian of the free 
particles $*/2 by the complete Hamiltoniant 
H = 3(6" — pj (x)) + Ep. 

In complete correspondence with reference 2, 
the sum of the platform diagrams has the form 


(4.2) 


Seeest (30 nyt dx \ aq ( aw > Atln, (4.3) 


where A= 4p9Pq (u)/7q? and 


9, (ul) = (1/4 mpo) \ et4F, (t) dt. 


— OO, 


(4.4) 


The sum in Eq. (4.3) is expressed in finite form 
and is equal to A —1n(1- A). In this case, the 
integral (4.3) no longer diverges at the lower limit 
and is cut off at q~ ( yp)”. 

In the calculation of Pq (vu) the chief difficulty 
consists in finding the quantity p which is a func- 
tion of the Hamiltonian, which itself represents the 


*Strictly speaking, this quantity is not a propagator func- 
tion in the ordinary sense and corresponds to the diagram of 
Fig. 4. In terms of field theory, there corresponds to it the 


oe oS ee eo Qe 


FIG. 4 


expression yrory where y encompasses the occupied 
states, [’ is the vertex part with momentum transfer q, G is 
the Green’s function of the electron. Furthermore, in reference 
2 and below, a purely expotential dependence of Fy(t) on the 
time is assumed. 


+The validity of the expression (4.1) also follows from 
comparison with the formulas of perturbation theory [see for 
example, (3.4)]. 
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sum of two non-commuting operators — the kinetic 
and the potential energy. As was shown in refer- 
ence 4, to obtain an expression which is valid close 
to the Fermi surface, we must limit ourselves to a 
consideration of the first commutator of the oper- 
ators shown and to all its powers. This gives for 
the arbitrary function f 


t (4.5) 
\ ets f (p® — p8 + 2e( | pVp2|)") de, 


—oo 


where s = pVp3/|pVp3|. This expression is valid 
everywhere except for the extremely narrow (and 
therefore unimportant) region close to the Fermi 
surface |p — po| ~ 1/1. 

Applying this equation to (3.2) and making use 
of (3.1) and (4.4), we obtain the following expres- 
sion for Pq (u) (after some simple calculations* ): 


, (u) = (A) = 1 + wh? — 2x (cosd?-S (A) — sin?-C (d)) 
x 
—4Y Ime \ [sin x2-S (x) + cos x?-C(x)]dx, (4.6) 
0 
d= u/(2po| Vp?!) 
where C and §S are the Fresnel integrals. The 
quantity g~(A) is a monotonically decreasing func- 
tion of A, and for small A has the form 1 — v 27), 
while for large values of A it has the form 4/)*. 
Substitution of (4.6) in (4.3) gives 
2 V2 1], 
8B = ——- 1\ dxp2| Vee, 


where 


foo} 


I =| gh (h) dh = 0.286. 


0 
The correlation energy 6E, as a functional of the 
density p, has the form 


yom — 0.118] (@| Vp i) dx. (4.7) 


A correspondence of this expression to the quali- 
tative equation (3.7) is evident. We note that the 
principal contribution to (4.3) is given by the region 
A ~ 1; therefore, the effective cutoff radius q ~ 
py’ 2 is identical with the Debye radius. 

For a strongly compressed lattice we can, in 
finding (x), make use of the Thomas-Fermi 
model (see reference 5) 


(3n%p)"* = 2 (Ey + Z/x —\(x’)|x—x' [2 dx’), 


whence 
(4.8) 


o = (32Z/4nR®) {1 + (16 Z/3n?) "R (€2/2 + & 4 — 9/2) +--+}, 


*The condition (III) permits us to replace p + q by p in the 
argument of the function p/_ (4.1). 
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where & =x/R, R is the radius of the neutral cell. 
Substitution of this expression in (4.7) gives (N is 
the total number of particles )* 


Shi — 0 0G:NZi: 


The most important term not considered here is 
the exchange energy of second order which has a 
magnitude of the order of 0.02N (See reference 2). 
The ratio of (4.9) to the total compressed matter is 
equal to 2.87N p73 and is a small quantity. 

We proceed to find the contribution of the corre- 
lation to the equation of state of the material. The 
corresponding correction to the pressure is deter- 
mined by the equation 


BP = — 9 (3E)/OV = (52/ N) 0 (8E) / dp. 


In view of the fact that the principal term 6E does 
not depend on the p, it is necessary to make use 
of the following terms of an expansion of the type 
of the second term of (4.8). This gives 


SPEZ foie: (4.10) 


The ratio of 6P to the principal term in the pres- 
sure is equal to 1.92 p° os which is always very 
small. 

We note that the model frequently used in calcu- 
lations of the equation of state, in which the neutral 
cell is considered independent of the rest of the 
material, gives an incorrect value of the correla- 
tion contribution to the pressure. The fact is that 
at high compression, when the dimensions of the 
lattice R becomes smaller than 1/pp (while the 
latter quantity, being of the order of VR , falls off 
more slowly than R), distant correlations are not 
taken into account in this model. 

We proceed to the case lpp ~ 1. In this case, 
we can introduce only symbolic expressions for 
6E, obtained by replacing the sum in (4.3) by the 
quantities fT 


Di <(4P 0 @ (4) / RA)" dq / 2. 


n=2 


(4.11) 


Here the operator A acts on all subsequent 
factors, while in the uniform case and in the case 
considered above, only the result of the effect of 
A on exp (iq-x) was important. 

The case under consideration corresponds to 
uncompressed material with large Z. The expres- 
sions (4.7) to (4.10) obtained above are applicable 


*The uniform model reduces to the expression” 5E = 
—0.0104Nin p+... , which has nothing in common with (4.9). 


+ For the derivation of (4.11) it is necessary to make use 


of the relation u(x +z, p) = exp (zV) u(x, p) [compare (3.3) 
and the condition (III)]. ; 
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here only qualitatively. So far as electron corre- 
lation in metals is concerned, we must emphasize | 
the impossibility of separate consideration of con- 
duction electrons and ionic electrons, since the 
correlation radius in a real metal is of the order 

of the distance between nuclei. Therefore, strong _ 
correlation coupling will take place between the 
conduction electrons and the ionic electrons. In 
view of the fact that the number of the latter is 
large in comparison with the number of conduction 
electrons, we must consider that these correlations © 
play a more important role that the correlations 
between the conduction electrons. Therefore, al- 
though the conduction electrons also form a more 
uniform distribution than the ionic electrons, the / 
uniform model is inapplicable in this case also. 

For an isolated atom we can obtain the depend- 
ence of 6E on Z; and Eqs. (4.9) (Jpp >1) and 
(4.14) (lpp K 1; see below) lead to the same re- 
sult 


SB 7, (4.12) 


naturally with a small coefficient. Thus, for large - 
Z, the contribution of the correlation to the energy 
of the atom is small (principal energy term ~ Z/*y. 
It is also actually small for z. 

In the case Ipp «1, Eq. (4.11) can be materi- 
ally simplified, since the first term in it will play 
the fundamental role. Introducing the expression 
p(u, X) = 4p) (x) Y(A(x))/m, we have 


8E = — ay \ du\ ou, x)b(u, y). (4.13) 

Pair correlations in this case play a dominant 
role and the infrared catastrophe is lacking. The 
fact is that the momentum acquired by the particles 
from the external field is so large in this case that 
it takes the particles out of the small-momentum 
region that is responsible for the collective motion. 

In particular, if the system has such small di- 
mensions L that Lpp «1 (or LN’/? «1) then 
the previous formula reduces to the estimate 


SE ~ Nl, 


(4.14) 


We note that the independence of 6E of the density 
and the small role of the corrections of higher order: 
follow directly from perturbation theory (Sec. 2). 
Actually, the matrix element has the order of L7! 
in this case, while the energy gap is of the order 
leat whereupon the correction of nth order amounts 
to 6,E ~ L®~*. These questions were considered in| 
reference 8 in application to two-electron atoms. 

In conclusion, we again emphasize the impossi- 
bility of using the uniform model to find correla- 
tion effects in the range of low temperatures, If 
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_ the material is in the crystalline state, then, as 
shown above, accounting for the non-uniformity in 
the particle distribution, due to the presence of the 
lattice, is absolutely necessary. If the same mate- 
rial can exist as a plasma, the effects of internu- 
clear and electron-nuclear correlations come to 
the forefront. The fact is that the nucleus, having 
a small kinetic energy, is more sensitive to the 
field acting on it than is the electron. Therefore, 
the screening parameters are determined primar- 
ily by the nuclear mass and charge. In this case 
the dominant role of the nuclei appears in all tem- 
perature ranges where the electron gas is degen- 
erate’. 

Formulation of the problem on the correlations 
in an inhomogeneous gas is contained only in the 
recent work of Hubbard,® where the known peculi- 
arities of behavior of electrons in a periodic lat- 
tice field are taken into account. In the specific 
cases considered in the present research, it was 
possible to avoid the complication connected with 
this in the application of the approximation close 
to the quasi-classical. 
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A kinetic equation is obtained for conduction electrons in metals, which is valid for the in- 
vestigation of paramagnetic resonance. The case of uniform distribution of an alternating 
field in a metal is considered in detail. It is shown that for temperatures kT > wHo, 

“longitudinal” and “transverse” spin relaxation times can be introduced, these times being 


practically identical. 


i . The recently developed theory of paramagnetic 
resonance in metals is based either on the use of 

a representation of the diffusion of electrons from 
the skin depth! or on the use of the kinetic equation 
for the electron density operator ,”*? where both the 
thermal and the spin collision intervals are de- 
scribed phenomenologically: (f—f))/t. In all these 
researches, the spin and thermal relaxation times 
entered as parameters. In references 2 and 3, 
moreover, no distinction is made between “trans- 
verse” and “longitudinal” relaxation times, although 
this is not evident beforehand. The spin relaxation 
time obtained from experiments on paramagnetic 
resonance (on resonance width) is “transverse,” 
which was not computed theoretically. Existing 
data in the literature refer only to “longitudinal” 
times.’ It would therefore be appropriate to obtain 
the equation for paramagnetic resonance in which 
the collision integral is described in microscopic 
fashion, and to show the possibility of introducing 
“longitudinal” and “transverse” spin relaxation 
times. 

In obtaining such an equation, the problem of 
the choice of the mechanism according to which 
the perturbed spin system returns to equilibrium 
is of importance. In the researches of Overhauser* 
and Elliott,° different types of spin interactions 
were investigated; however, only the spin orbit 
coupling of the electrons with the lattice which 
was considered by Elliott leads to agreement 
with the spin relaxation times computed from the 
experiments. Below, therefore, we shall consider 
as responsible for the spin relaxation a mechan- 
ism associated with consideration of the effect of 
spin orbit coupling on the interaction of the elec- 
trons with the lattice vibrations. 


2. To obtain the kinetic equation, we make use 
of the method of statistical operators for quantum 
systems.® Application of this method to obtain the 
kinetic equation for conduction electrons without 
account of their spin was made by Gurzhi.’ We 
shall carry out a similar derivation with account 
of the spins of the electrons and spin orbit inter- | 
action of electrons with the periodic field of the 
lattice. 

Let us consider a system of N non-interacting 
electrons and S phonons. The electrons are lo- 
cated in the periodic field of the lattice and in a 
constant magnetic and variable electromagnetic 
external fields. The complete Hamiltonian of such 
a system is 

N Ss N OS 
H = B Hen) +X HG) +B YO CH yp 
=1 


(=i t=1 k=1 
H (x) one ence A) + V (2): ue -H =" LV eee 
2m c me 2me x. Ele; 
A _ 4 a A N a 
Hl (y) = x haa (baaban + baa bap); 


Cian Ah "Io A J x ; 
U (x,y) = (arti) (eq WV) (bexe-!4-F1h 4. By, ef -rihy, 


where x and y represent, respectively, the set: 
of coordinates and spin of the electron (ro) and 
the momentum and polarization of the phonon 
(QA); €q, is the polarization vector of the phonon; 
M is the mass of the atom; V(r) is the periodic 
field of the lattice; hvg, is the energy of the pho- 
non; A=A,+Aj,(r,t) is the vector potential of 
the external field; H =H) + H,(r,t), where Hy 
and H; are the constant and variable magnetic 
field; A is the volume of an elementary cell; Vo 
is the volume of the crystal; p = |e|f/2me; 
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ban and Boa are the creation and annihilation 
operators of the phonon with momentum q and 
polarization A. The state of the system is de- 

_ scribed by the statistical operator F, which 
satisfies the equation 


OF /Ot =(H#, F) = (iin) (GF — FH). 


For the single particle operator F (x,t) similar 


to what was done in reference 7 and under the same 


assumptions, we obtain the equation 
Ss 


2a 2 (#0), Fa o+> Sp(U G, ¥,), 6% G,.A)], 
R=1 (Yp) 
A hae " tie ms ‘ <> ; (1) 
C2) = —| dz-exp fe dt (H()+HOhBE+9 
0 


ie 
xexp{—+ | dt (HQ + HMI. 


ip 
Here 


B(x, 9,0) =(0 (4,9), Fo DEY) 
— NSp @ [O(%2, y), ProP (x1, t) F @%e,t) Fy) 


and it is assumed that the lattice is in thermal 
equilibrium: 


(Nan | F (Y) | Nar) = Begg 
ays is the permutation operator of the particles: 
(Mg | PasP (x1) F (x2) | myn) = (| F | 1) (ne | F |). 


In the collision integral, we limit ourselves to 


terms of zero order in the vector potential A, (r,t). 


Moreover, we shall not take into consideration the 
effect of the constant magnetic field on the orbital 
motion of the electrons which, in any case, is valid 


ang) »Nqn? Naa => [exp (Avq,/RT ) — Ibi 


Ypo will be (neglecting processes of “transfer” 
and transition from zone to zone): 


(poNq, |U | p’s’Nqa) 


= (Nar | bai | Vpa) Apro’ p—p—a + (M qa | Oq2 | Nq) Apro>p’—p-+q3 


Ah (3) 


IB * 
As = (ay) | whet CaV) cp a 


We shall now obtain the kinetic equation. We 
shall consider the case in which the variable field 
inside the metal can be considered homogeneous. 
Such a consideration is suitable if the dimensions 
of the specimen d are much smaller than the skin 
depth. Then the matrix of the operator F (Sc) aint 
the representation of the function %pg will be di- 
agonal in the momentum: 


(Po| F|P’o’) = Noa (P) Sp_p. (4) 


In the presence of an electromagnetic field, the dis- 
tribution function depends upon the generalized 
momentum P =p—eA/c. However, it is appropri- 
ate to transform to the distribution function which 
depends on the kinetic momentum p. In sucha 
transition, 


iP) =F@)+ 2A, TO. 


Making use of (2) to (4) for the functions fgg 
we obtain from (1) a set of four equations: 


gaasl ° dh 
sHads itil Sfberes an 


= (po|Ho (x) |p 9”) fare’ (p) 


— foor(p) (po” | Ho (x) | Pp’) 


co 3 


if the turning radius of the electron in the magnetic oe \ae SOS) {ex [EE 
field is much longer than the mean free path. Then é}, Ragas 
the matrix elements of the operator G in the proper Fo (2) it 
representation of the operator Poor exp | > (Ep+4qo" — E po + hq) | Foo + exp Ee (Epc 


— Exiga — hq) | (5) 


Ay ae A ee eine Cees i : ; Gia ee pil a ra ) 
Pa V(r) ge [Vx BS pSeHlt 9 Ge Ho(@) + HG) — Evvse + lrm)] Pee + exp [F (Evtaer — Epo — fa) | Fs sh. 


will be: peers 


oN q | G | p’o’ Naa) ji a NgrAbiqoAbe “Tora” (p + q)— (Nqa + 1) 
© SA Ane fae (D) Ane. 0 Ape hep ) ig, o" (P + 4); 

ae ( dz-exp Ge [Epo — Epo + (Nga — Naa) hand} (2) a aD Paste p 
0 


FQ = = Na Ap tee" Agee for ou (p ie qi (N aah 1) 


x (poNp,| B(é + +)[p’s’Naqr), 
x Abdqo" Aton fore (P) + Ab+qo" A & (p) forc,(p + q). 


Repeated index in o Spree The 
4 btained from 
Se, Adenia expressions for Fi), and F are o 
Yoc = V Vo/Augoe p 5) 
where Upg are periodic with the period of the 
lattice. By virtue of this fact the matrix elements 
of the operator U(x, ¥) in the representation of Lies 


where Ep, are the eigenvalues of the operator 
Ky (x). The eigenfunctions 


FU), and FQ), by the substitution Ng, Ng, +1 


and by change of sign for the term which is nonlinear 
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We note that in the quasi-classical approxima- 
tion on the coordinates and momenta of the elec- 
trons, the resulting equations are applicable also 
to the case of an inhomogeneous distribution of 
the variable field in the metal, i.e., in analysis of 
the skin effect. In this case it suffices to substi- 
tute the commutator [3G sx),, F (X)] which enters 
into (5) for the classical Poisson bracket: 

OF gor 
op 


Ofer, e 
oa aF 7a [v x Ho] 


+ (3|¥6*H| 0”) foro — fost (3"|  o+H|o’), 


while the collision integral remains as before 
(taking into consideration the fact that the desired 
functions depend on the coordinates). The collision 
integral remains as before because the matrix ele- 
ments (pa| F |p’o’), which are nondiagonal in the 
momentum, are small since the dimensions of the 
inhomogeneity of the field (skin depth) are always 
large in comparison with the de Broglie wavelength 
of the electron fh/p (p extends to the limiting 
Fermi surface since only electrons with energies 
close to the limiting energy €) make a contribu- 
tion to the resonance ). 

3. To simplify Eq. (5), it is necessary to know 


the form of the matrix elements ADP. Here we 


limit ourselves to the alkali metals, for which the 
wave functions %pg with consideration of spin 
orbit coupling were computed by Yafet:® 


RUlpi,2 = {hy + 2 (per) uy 
Cy [Perle Ua} X41, + ColP> tle ziylsX—tetle» 


where X1/2 and X-1/2 are the eigenfunctions of the 
operator G,; the z axis is directed along the 
field Hy. It was shown in reference 5 that u,(r) 
~ug(r) ~ug(r), and Cy~ Cy ~ g-— 2, where g 
is the splitting factor of the conduction electron. 
The matrix elements consequently will be: 


* A We 5 - 
— (AS) = AS, = (ave) C {i egx(p’ — p) 


+ C; [eqa x (P’ + P)]z}; 
A "lo , - , 
Abr = ( a7eMing:| CC, {[ega x (p’ + P)]x—2 [€qa x (p’ + p)]y}; 


Ca \ Ug (7) Uy (7) (WV -r) dr. 
(4) 
the quantity C is of the order of the mean energy 
of the electron in the crystal. 

In the following we shall assume a simple Debye 
mode! for the lattice vibrations, in which the vector 
€qi is parallel to the momentum of the phonon q 
while @g, and q are mutually orthogonal. We 
transform from a summation over q to integra- 
tion: 


V.Vi ANDREE Vi and ve ie 


GERASIMENKO 


4max 
ei V, 2Qrh sth ‘Ia 
Seip | eta) dQy de = 2 (ae) 
Ymin 


a is the lattice constant; dmin is determined from 
the law of conservation of energy. Moreover, for | 
simplicity, we do not distinguish between transverse? 
and longitudinal sound velocities: vj =V\j =Vs | 
(i.e., the phonon energies hvg, =Vvsad, >= 1; 25°35! 
We also assume that Ep; =€—MHo, Ep, = €+ LH, 

€ =p*/2m*, m* is the effective mass of the elec- 
tron. 

It is not difficult to prove that in the equations 
for 2f, = f,,— fy, and fy, we can discard terms 
with A. In this case the desired functions will de- 
pend only on |p|, inasmuch as it is assumed that 
e« = €(|p|). We can then show that the terms in the 
collision integral containing matrix elements of the | 
type AB?,AB,* and aby, a 
tegration over p and q. The equations in this 
case are significantly simplified. 

4. Multiplying the equations for f;,; and fy. by 
u(2mh)=dp and integrating over the entire momen=: 
tum space, we obtain for the “longitudinal” compo- 
nent of the magnetization 


disappear in the in- 


2 
Mz = opaye \ (fas — fea) dP = geo | fea 


the equation 
aM 


2 ; 4 
a = Im [(A ix — iAyy) Mie] 


s 3 
+ aaa | dx\\ap\ dq 2 | Abe P 

x {cos = (Ep —Eptqo—059) Neal oe (P+ 4) 

—(Nqar+1)fir(P) + his (P) foe (Pp +4)] a 

+ cos = (Epi—Ept-qo +039) [(Nqa +1) fos (p + q) 


—Naafir (P)—fir (P) Foo(p +4 It. 


Here, 
2u. ; ¢ 
Mi, = Gane \faedp =p \:—4)dp=M, -——iMy,. 


Inasmuch as thermal equilibrium is obtained 
much more rapidly than spin equilibrium, we can 
make use of the representation of partial equilib- 
rium, i.g., we can write the functions f,, and foo 
which enter into (6) as 


fia (P) = fo (@ — Ho + As); foo (P) = fo (e + Ho — As); 
fo (x) = (eo*IkT 1), St 
where Ae —0 as the system tends toward com- 


plete equilibrium; Ae < Hy. We then obtain 


Moz — Mz = As (u.m" po/n?h?) = (y/u) Ae; Moz = ¥Hy. (8) 


PARAMAGNETIC RESONANCE AND PARAMAGNETIC RELAXATION 


the solutions for Mz must be time independent if 
we take a rotating magnetic field: Hyx — iHyy = 
Hye tt and the solution My, must be sought in 
the form M,,e!t. Then, carrying out the inte- 
gration in (6) over T and over all angles except 
the angle between p and q we get after summa- 
tion over A: 

— Im (Ay) Miz) 

co Ymax T 


\ gdq \ (2p + q)® sin 69 
7min 9 
a 2uf 9 + vq} [Nofos (p aE q) 
(9) 


4 (2n)® C?C? ¢ 
= 3M, Gane \ P°dp 
0 


pq q? 
x {8 (Pecos Lag ee 


— (Ng +1) fir (p) + f11 (P) X foo (p + q)] 


Riles 20s 6 + ge + 2uHy — 059) [(Ng+ 1) foo (p + 4) 


— Nef: (p) — fas (P) fea (op + I}. 


After integration over 9, the right hand side of 
(9) reduces to a sum of two integrals in which the 
regions of integration of p and q are bounded by 
the inequalities 


lq/2p + 2nHom"/pg + m’v,/p|<1 


by virtue of the fact that |cos 6| <1. The values 
of p close to pp, the limiting momentum of the 
electron, make the principal contribution to the in- 
tegrals. Therefore the inequalities are automatic- 
ally satisfied while the condition 


Qmin = 24H ym’ /(po 4- Ms) 


applies to gq. Inasmuch as py > m*vg, We Can con- 
sider the regions of integration in the two integrals 
to be identical. On integration over @ we obtain the 
expressions 4p? -q- 8uHym* + 4m*vgq under the 
integral sign. These expressions we can set equal 
to 4p”, since the contribution of the other terms 
in the integral is significantly less than the con- 
tribution from 4p*. Thus Eq. (9) reduces to 


— Im (1 1oMyq2) 

16 (2m)? m*C2C2 © e 
Peg SSS if a 3 Ae|kT __ p—Ac|kT 
~  3Mo (2rhjé \p dp \ dq (e % ) 

0 Imin 


(10) 


x exp (=H fy (e —pHo + As) 
X {Ngfo(& — wy — At — 059) 


+ (Ng + 1) fo(@ —vHo — Ae + 259)}- 


for Ae «kT we can introduce the relaxation time. 
Actually, expanding the function under the integral 
sign in Ae/kT and keeping only terms of the ex- 
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pansion that are linear in Ae we get, after re- 
grouping, 

2Ac ¢ — pH, — - 
(aol wil orrr sapere SI crtorsO RC Reta = 


+ fo (¢ -pHo + 059) — fo(@—pHo — 0.9)}. 


If we make use of the fact that 
4 ili. re 
er D(A") -F 2 (8 — pH) = 6(e—pHy —&), 


then (11) reduces to the form 


3. UA Vt 
4Ae(sinh a Sie pigs): (12) 
Taking into account the coupling (8), substituting 
(12) in (10), and carrying out integration over p 
and q, we obtain the equation for Mz: 


Im (QqyoM js) = (Mz — Moz)/71; Qig = 22 o/h. 
Here Tz is the “longitudinal” spin relaxation time: 


3u7hpv? 


a tanh (7/7) \ = 
fp | OS ee (13) 
167xkC?C? 


1S 
ap tanh (T,,,/T) 


xX is the paramagnetic susceptibility of the metal; 

p =M/V is the density of the metal: Tp is the 
Debye temperature; Tm = (vs/kv) 2uHy; vg is 

the sound velocity; v is the velocity of the electron 
on the Fermi surface. If the dimensions of the spe- 
cimen being considered are such that h/d > 2uH)/v, 
we must take Ty =fivg/kd. Equation (13) is valid 
in the temperature region kT > wHy if the reso- 
nance is close to saturation, i.e., Mz ~0. Far 
from saturation of the resonance, the region of 
applicability of (13) extends in the direction of 
lower temperatures. For T > Tp 


5) a/T In (FofT m): 


which for Ty = fivg/kd is identical with the ex- 
pression (58) of the work of Elliott® with accuracy 
to within a coefficient 3/16. However, in refer- 
ence 5, T] ~ T° for T<«<Tp while it follows 
from (13) that t7=a@/T In(T/Ty,) which agrees 
with experiment.* The quantitative agreement of 
the relaxation time of (13) with that observed is 
also satisfactory. Thus for sodium, if we substi- 
tute.in, (18).) pi=: 4ig/cm*).c¥.=60< 10 wy Cp = oe 
107, C=10 "erg, vg =10° cm/sec, we have: 
a=107°. The quantity In [tanh (Tp/T)/ 
tanh (Ty, /T)] + 10 for all kT > pH) (for Hp = 
104 Oe). Thus, Ty & 107° T7! sec, which agrees 
with data of Thayer and Kip? for sodium. 

5. We noweobtain the equation for the (trans- 
verse) component of the magnetization Mj, = 


*It is pointed out in reference 9 that Yafet obtained the 
same result for 1: t~1/T if T« Tp). 
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M,—iMy. We seek a solution of the equation for 
fy in the form f,,e%t, In the equation for fig, 
we complete the integration over T. In this case 
the exponential functions in the integrand lead to 
appearance of functions of the type 64 (Eps — Ep+q2 
~ veq — hw) x 6,(x) = 6(x) + i/mx). We can show 
that the part of the collision integral due to the 
second terms in 6, is negligibly small. We now 
note that under the condition kT > uwHy, we can 
seek a solution of fj, in the form fy.6(€—€ 9). 
Actually, the function fz entering into the equa- 
tion can be written as fz6(¢€-—€)) for kT > wHp. 
Furthermore, if we substitute in the equation for 
fy. the solution for the form f.(p))6(€—€ 9) then 
we can show that 6(€-—€)) will be a general fac- 
tor of the equation. Multiplying this equation for 
fj. by w(27h) dp (similarly to what we have 
done previously), we obtain: 

max 

\ dq {8N,+4 


min 


+ fis (E pa + Usq) + fos (Ep,2 + sq) 


> q 
C?Cim* po 
ThMo, 


; : P 
t (@ — Q) Myg + 12))Mz = 3 My. 


+ fee (Ep, + 0sq) + fir (Ep,e + Usq) — fi (Ep,1 = Usq) 
— foe (Epse2 — sq) — fee (Epa — 0:9) — fir (Ep2 — 059)}- 


In setting up this equation use is made of the re- 
lation My = 8mm*pou (27h) ~* fy (py). Substituting 
in the expression under the integral the Eq. (7) we 
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have in first approximation for Ae/kT and pH)/kT: | 
i (@ — Qo) May + 1Qy9>Mz = My,/%; Qo = 22H o/h, 


where T; is the “transverse” spin relaxation time | 
which agrees exactly with Eq. (13) for the “longi- | 
tudinal” relaxation time. | 
In conclusion, the authors express their grati- 
tude to Prof. I. M. Lifshitz for discussion of the 
results of the work. l 
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A simple geometrical method is presented for the construction of waves (reflected and re- 


fracted) diverging from a surface of discontinuity and produced by the incidence of a plane 
monochromatic wave on a plane stationary surface of discontinuity in a medium describable 
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by the equations of magnetohydrodynamics. The case of a shock wave is considered. 

On the basis of the results obtained, the stability of shock waves with respect to splitting 
up is investigated as regards obliquely incident disturbances. The change in frequency re- 
sulting from the interaction of small disturbances with shock waves is considered. 


1. INTRODUCTION 


Wiram a stationary homogeneous flow of a fluid 
of infinite conductivity situated in a magnetic field, 
there exist several types of small disturbances with 
different dispersion laws w =w(k): magnetohydro- 
dynamic, magnetoacoustic (slow and fast), and en- 
tropy waves. In the presence of discontinuities, 
these disturbances can be transformed one into 
another; when some one disturbance (of frequency 
w and propagation vector k) falls on a discontinu- 
ity, the waves (reflected and refracted) diverging 
from the discontinuity will contain, generally speak- 
ing, disturbances of all types. 

Because of the relatively complicated dispersion 
law in the case of magnetoacoustic waves, the ana- 
lytic solution for the propagation vectors (phase 
velocities) of the divergent waves (the laws of re- 
flection and refraction) becomes inconvenient, 
since the solution involves roots of a fourth-degree 
equation. Nevertheless, the problem admits of a 
simple geometric solution with respect to which 
the laws of reflection and refraction can be formu- 
lated. The calculation of the amplitudes of the di- 
vergent waves in terms of the amplitude of the in- 
cident disturbance is not given in the present article. 

Recently Akhiezer, Liubarskii, and Polovin' have 
investigated the stability of shock waves with respect 
to splitting, under disturbances that depend only on 
the distance to the shock wave and on the time (in 
our treatment this corresponds to normal incidence 
of the disturbance on the discontinuity ). 

The problem considered here allows us to in- 
vestigate the stability of shock waves with respect 
to splitting under obliquely-incident disturbances 


as well. Of considerable interest is the fact that 

within a definite angular interval the components 

of the phase and of the group velocities along the 

normal to the discontinuity have opposite signs, 

and to obtain the correct solution of the problem 

of stability we must therefore perform the division 

into incident and divergent waves by considering 

not their phase velocities but their group velocities. 
In ordinary hydrodynamics the interaction of 

sound with shock waves has been investigated (for 

the case of an ideal gas) by Blokhintsev,”? Burgers, 

and Brillouin,’® and (in the case of an arbitrary non- 

viscous fluid) by the author.** 
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2. SMALL DISTURBANCES 


We denote by 6A the amplitudes of disturb- 
ances proportional to expi(k-:r — wot) in the 
coordinate system in which the fluid is at rest. 


*In D’iakov’s articles’ the interactions between stationary 
discontinuities of low intensity, and also between stationary 
weak discontinuities and shock waves, have been studied 
within the framework of ordinary hydrodynamics. We note that 
owing to the absence of dispersion, the laws of reflection and 
refraction, and also the amplitudes of the divergent discontin- 
uities, agree with the corresponding quantities for plane mono-— 
chromatic waves. In magnetohydrodynamics, since the phase 
velocity depends only on the direction k/k and not on the fre- 
quency w, the results of the present investigation must also be 
applicable to discontinuities interacting with shock waves. 
Naturally, it is not possible to derive from this the shape of 
the perturbed shock wave, nor the results with respect to weak 
discontinuities (discontinuities of the derivatives). On the 
other hand, an investigation of monochromatic waves enables 
us to determine such quantities as frequency shifts produced 
by reflection or refraction at a discontinuity (cf. Sec. 7). 
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These disturbances are therefore proportional to 
exp i(k+r — wt) in the system in which the sur- 
face of the unperturbed discontinuity is at rest. 
We state here only those characteristics of small 
disturbances®’ needed for subsequent discussion, 
i.e., the dispersion laws wy(k). 

Entropy wave. Just as in the case of hydrody- 
namics, the disturbance in the entropy 60 and the 
disturbance in the density 6p associated with it 
are at rest with respect to the fluid. All the other 
quantities are undisturbed: 


© (k) = 0. (2.1) 


Magnetohydrodynamic waves or Alfven waves. 
The thermodynamic quantities are undisturbed. 
The velocity and the related magnetic field both 
oscillate: 


(©) (k) =-Ek-u, u==H/)V 40. (2.2) 


Magnetoacoustic waves. This is an adiabatic 
motion (6¢0=0) in which the pressure and the 
velocity, density, and magnetic field associated 
with it all oscillate: 


oH (k) = 5 [s? + u? + V (s? + u?)? — 4s?u? cos? 6], (2.3) 


s¢ = (dp/8p )g is the square of the velocity of sound. 


In the system of coordinates in which the discon- 
tinuity is at rest while the fluid moves with the ve- 
locity v, the frequency w of the disturbance has 
the form 


@ =o—k-v. 


(2.4) 


By introducing the phase velocity of the disturb- 
ance with respect to the fluid at rest, which de- 
pends in our case only on the direction of propaga- 
tion, 


+, (2.5) 


= 


V(x) = 22) x, 


we can write the relation between the frequency 


and the propagation vector in the form 
o—kev =+RV (x), (2.6) 


where we take V to denote the absolute value of 
the phase velocity. For the Alfven waves we have 
Va =u|cos 6]. (2.7) 
Magnetoacoustic waves can be separated into 
two branches (fast and slow waves): 


Vax sit +e+V +a —4s cos]. (2.8) 


The plus sign corresponds to the fast waves which 
go over into ordinary sound when the magnetic field 
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FIG. i. The surfaces 
V(x) and the interaction of 
these surfaces with the 
plane of incidence. 


is removed, the minus sign corresponds to the sec- 
ond branch, the slow sound, which together with the 
Alfven waves degenerates, in going over to ordinary 
hydrodynamics, into a disturbance of the curl of the | 
velocity (rotational wave) which is at rest with re- — 
spect to the motionless fluid. In a moving fluid all 
the disturbances considered above are, in addition, 
carried along by the stream. 

We shall make use hereinafter of velocity vector 
diagrams which specify Va, V+, V-_, in accord- 
ance with (2.7) and (2.8), as functions of the direc- 
tion k.' The speed of propagation of a disturbance 
of a given type is determined by the length of the 
vector drawn from the origin in the direction k 
to its intersection with the corresponding surface 
V(kK) (Fig. 1). V(K) represent surfaces of revo- 
lution with respect to the direction of the magnetic 
field H and possess central symmetry with re- 
spect to the origin. 


3. BOUNDARY CONDITIONS AT THE SURFACE 
OF DISCONTINUITY 


At the surface of discontinuity in the coordinate 
system I, in which the surface of discontinuity is at 
rest, the system of boundary conditions which fol- 
lows from the continuity of the fluxes of mass pv, 
of energy g, of momentum 7j,, of the tangential 
components of the electric field —[v x H]/c, and 
of the normal component of the magnetic field®? 
has the form 


{oUn} =O, {Gn} =0, 
{[vxH],} = 0, 


{Tin} = QO, 


{Hn} = 0. (3.1) 


Here n and t denote components normal or tan- 
gential to the discontinuity. {A} denotes the abrupt 
change in the value of the quantity A at the discon- 
tinuity. In the coordinate system I we shall choose 
the x axis to be directed along the normal to the 
discontinuity in the direction of flow (for shock 
waves). The quantities belonging to the semi-in- 
finite space II, for which x <0 (ahead of the 
shock wave), will be denoted by A to distinguish 
them from the quantities A belonging to the semi- 
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infinite space II 
{Ab} =A-A. 
When a small disturbance falls on the disconti- 
nuity it is necessary, in the approximation linear 
in terms of the amplitude of the incident disturb- 
ance 6A(i) (or 5A) y , to take into account the 
deformation and the additional velocity of the sur- 
face of discontinuity. In this approximation the 
boundary conditions for the disturbance can be 
written® with reference to the unperturbed surface 
of discontinuity at x=0 (cf. the cases of ordinary 
hydrodynamics? and relativistic hydrodynamics"), 
For disturbances of the type ~ exp i(k-r-—wt) 
we must guarantee the “continuity” at the surface 
of discontinuity (x=0) of the frequency w and 
of the component q of the propagation vectors 
ki) and k(q) , i.e., the divergent waves will have 
the same frequency and component of the propaga- 
tion vector as the incident wave. We note that this 
is not associated with the specific form of the boun- 
dary conditions (3.1), but only with the smallness 
of the disturbance, which allows us to reduce the 
perturbed boundary condition to the plane x = 0.!! 
As a consequence of linearity, the equation of the 
disturbed discontinuity has the form 


(behind the shock wave); 


x = jexpi(qer—at) (3.2) 


and is characterized by the amplitude n. By ex- 
panding the incident and the divergent disturbances 
in terms of eigenwaves, we obtain from (3.1) a sys- 
tem of equations for the amplitudes of the divergent 
waves 6A(4) and of the amplitude of the disturb- 
ance of the discontinuity 7. When 6A ~ expi(k:-r 
— wt), the last perturbed equation in (3.1) is a con- 
sequence of the two preceding ones. Finally we ob- 
tain a system of seven inhomogeneous equations en- 
abling us to find 6A) and 7 in terms of given 
values of 6A(): 


STAR + DTi8AP+ Tq = Dy UimBAR + DUndA® , 
a a enh (co) 


Here we take into account the fact that both incident 


and divergent waves, generally speaking, may appear 
The specific form of the coefficients 


in fl and in; I; 
will be needed only for the calculation of the ampli- 
tudes, where it will be given in due course. 


4, THE LAWS OF REFLECTION AND REFRACTION 


The relation between the angles of incidence and 


reflection or refraction may be obtained by equating 
the frequency w and the component q of the propa- 


gation vector along the surface of discontinuity for 
the incident and the divergent waves. 
From this it follows that the propagation vectors 
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FIG. 2. The plane of 
incidence contains the nor- 
mal to the discontinuity (Ox) 
and the propagation vector 
k. The surface of discontin- 
uity (zy) contains the com- 
ponent of the propagation 
vector along the discontin- 
uity q. 


of all the divergent waves k(4) lie in the plane of 
incidence formed by k() and by the normal to the 
undisturbed discontinuity n (the x axis). In fu- 
ture we shall consider the intersections of the sur- 
faces V(K) (Fig. 1) with the plane of incidence. 
We introduce the angles q@ and £ defining the 
direction of kK: 


ki (q Cote; gsinB, ‘gcos@). (4.1) 


The angle qa between the vector k and the 
normal n lies in the plane of incidence. The angle 
6 (Fig. 2) defines the position of the plane of inci- 
dence. The intersection gives the curves V(c@) 
[more accurately V(a,8) for 8 =const]. The 
equations of these curves will be obtained from 
(2.7) and (2.8) by the substitution 


H *H 
cos 6 = cosa + sin a +> (4.2) 


gH * 
We introduce the angle ~, which plays a fundamen- 
tal role in subsequent development: 


cot P= ( — qev)/quy. (4.3) 


By using the relation (2.6) we shall obtain a formula 
for w~ in terms of the velocity vectors 


cot » = (v,cos%-+V («))/o, sin a. (4.4) 


A simple geometric meaning of the angle y (Fig. 2) 
follows from (4.4): in the system of coordinates in 
which the velocity of the fluid v has only a normal 
component, it is the angle between the total velocity 
of the disturbance +VK +vxn (taking drift into 
account) and the velocity of this disturbance +VK 
with respect to the fluid at rest. 

The solution with the minus sign corresponds to 
the wave for which wy, < 0 and for which the propa- 
gation vector and the phase velocity are therefore 
oppositely directed [6A ~ exp (k-r+|wo|t)]. 
Such disturbances result from the fact that the flow 
is “supersonic” for the given disturbance. 

It follows directly from (4.3) that the angle y~ 
is not changed on reflection. This is the content 
of the law of reflection 


P@ = Go, (4.5) 
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FIG. 3. The angles 
a and wy for @ > 0 (on 
the left) and for @) < 0. 


It follows from (4.3) that the law of refraction has w 
the form 


{0x cot p} + aw = (), (4.6) 


In the case when the tangential components do not FIG. 4. Arrows indicate points of intersection of the wW circle 


undergo a discontinuity (ordinary hydrodynamics, circle (dotted line) with the curves V,(«), V, (a), V_(a). The 
parallel and perpendicular shock waves in magne- vectors drawn from the center to these points are the veloci- | 
tohydrodynamics), q{v}=0, and the law of re- ties of the reflected waves behind the shock wave, which arise 
fraction takes on the simple form of the “law of when the V, wave is incident on the discontinuity. The point 
tangents » 4 at which the w circle is tangent to V, (dot-dashed line) divides | 
: a the V,-waves into incident and divergent ones. | 

tan $/tan} = v/v. (4.7) In the drawing the magnetic field lies in the plane of the | 


discontinuity and in the plane of incidence. This case is not 


We now turn to the construction of the propaga- in any way special for making the construction. 


tion vectors kK restricted by the relation (4.5), i.e., 
to the construction of a(*) in terms of the given 
ali), We see (Fig. 3) from (4.4) that the segment 
of the normal —vx subtends the angle y atthe 
end of the vector V = VK [in the case of the plus 
sign in formula (4.4)], or subtends the angle 7-—w 
at the end of the vector V =-—Vx [in the case of 
the minus sign in (4.4)]. It follows from the law 

of reflection (4.5) that if the segment subtends the 
angle yw at the end of the vector Vi) of the in- 
cident wave, then it must subtend either the same 
angle w or the angle 7-7 at the ends of the vec- 
tors V() for all the reflected waves. This means 
that the only waves that can be reflected are those 
for which the ends of the vectors V{() lie on the 
circle drawn through the ends of the segment —v x 
and the end of the vector V(@). We note that in vir- 
tue of the central symmetry of the surfaces V(k), 
each point of the graph of V corresponds also to 
a point of the graph of —V. Naturally, this prop- 
erty is preserved also for a central section, such 
as the section defined by the plane of incidence. 
We can thus construct, with the aid of the velocity 
vector diagram in the plane of incidence, the phase 
velocity vectors satisfying the boundary condition 
of reflection. To do this we must draw a circle 
through the ends of the segment —vx and the end 
of the velocity vector of the incident wave V(). 
The points of intersection of this circle with the 
curves V(qa@) will give the ends of the required 


give the velocity vector (and the corresponding 
angle) for slow sound. The points of intersection 
of the circle with the curve Va(q@) will determine 
the velocity vector for the Alfven wave. 

For a given value of vx, each angle ~ corre- 
sponds to its own circle (% circle). To construct 
the refracted waves we must, in accordance with 
the law of refraction (4.6), find the angle ~ in 
terms of the angle y, and then construct the ~ 
circle on the segment —vx. The points of inter- 
section with V(q@) and V(qa@) respectively de- 
termine the types and velocities of the disturbances 
which are restricted by the laws (4.5) and (4.6). For 
the Alfven waves, the angles qa may be easily found 
in terms of the given angle ¥ also in analytic form, 
by making use of formulas (4.4), (2.7), and (4.2). 
However, in the case of magnetoacoustic waves the 
analytic solution of the problem of refraction, i.e., 
of determining the angles qa in terms of the given 
angle ~, requires the solution of the complete 
fourth-degree equation, obtained from (4.4), (2.8), 
and (4.2). The graphical method given above is 
nothing but a graphical solution of this equation. 

In the case of normal incidence, the circle de- 
generates into a straight line and the obvious solu- 
tion is given by the points of intersection of the 
normal to the discontinuity with the curves V (qa) 
of the diagram. 


5. INCIDENT AND DIVERGENT WAVES 


vectors V=VkK, =-—Vxk for the intersections 

with the larger and the smaller circular arcs re- In accordance with the results of the preceding 
spectively (for ~< 71/2) (Fig. 4). The points of section, the points where the circle drawn through 
intersection of the circle with the curve V,(@) the ends of the vector -—nvx intersect the curves 
will give the velocity vector (and the correspond- of the velocity diagram determine the phase veloc- 
ing angle a) for fast sound. The points of inter- ity vectors of all the waves that are interrelated by 


section of the circle with the curve V_(q@) will the reflection condition. 


INTERACTION BETWEEN SMALL DISTURBANCES AND DISCONTINUITIES 


Among these waves there are divergent ones as 
well as those incident on the discontinuity, and we 
must know how to classify them by making use of 
this property. 

However, we have no justification for using 
phase velocities to separate waves into incident 
and divergent ones, since the phase and the group 
velocities may have opposite signs for certain | 
angles of incidence. In such cases, as has already 
been pointed out by Mandel’shtam,! the physical 
requirement, that the energy should flow away 
from the boundary of the discontinuity for the re- 
flected or for the refracted wave, must lead to the 
classification of waves in terms of the group ve- 
locity V8" = 8w/dk. Taking into account the fact 
that V(k) is a function of cos 6 only, we shall 
obtain in the system of coordinates I: 


(5.1) 


Ver = (eV + dV a ty 


dcos0 Hk? 


For the classification of waves we need the com- 
ponent V8" normal to the discontinuity. By going 
over to the angle @ we can easily obtain 


=Upeb (v (x) cos a — asin a) tae (O 2) 
We turn once again to the 7 circles to obtain a 
geometrical interpretation. We now regard equa- 
tion (4.4) as the equation for ~ in terms of a and 
we take the derivative 


fe) in2d OV ee 
- = i eee (v (a) cos « — = sin ale (5.3) 


By comparing formulas (5.2) and (5.3) we arrive at 
the relation 


x> (5.4) 


which is of importance to us, where the group ve- 
locity is determined in the coordinate system in 
which the surface of the shock wave is at rest. The 
divergent waves in II and Il must satisfy the in- 
equalities: 

er r wv. 

F: = 0x | V (a) cos x — 7g Sina] > 0, 

oly ae eee (5.5) 

Vo =0,+ [V (a) cosa — 5— sin a| <0: 
Similarly the incident waves will be determined by 
the inverse inequalities. In accordance with (5.4), 
we need merely determine the sign of d~/da to 
determine the sign of the group velocity. 

As can be seen from the expression for the group 

velocity (5.3), its projection on the direction of the 
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propagation vector coincides with the phase velocity 
in the coordinate system in which the liquid is at 
rest.* 

Consequently, in the case of normal incidence 
of the disturbance, the components of the phase and 
of group velocities along the normal to the discon- 
tinuity coincide, and in the case of normal incidence 
the division into incident and divergent waves can 
be carried out by making use of the components of 
the phase velocity (taking drift into account).! In 
the diagram (Fig. 4) these components are given 
by the points of intersection of the curves V(a@) 
with the x axis, into which the ~ circle degener- 
ates. The end of the segment vy separates the 
waves into incident and divergent ones in accord- 
ance with the inequalities: 


OV = OO eV (5.6) 


where the upper sign in the inequality corresponds 
to divergent, and the lower sign corresponds to in- 
cident waves. 

In the case of oblique incidence, the w circle 
intersects both parts of the curve Va(a@), since 
they are also circles [cf. (2.7)] and have a point 
common with the wy circle at the origin. A simi- 
lar assertion can be made with respect to the curve 
V_(q@), both parts of which pass through the ori- 
gin and have a common tangent at that point. Two 
of the aforementioned four points of intersection 
of the ~ circle with Va(a@) and V_(q@) may 
lie on the smaller arc of the ~ circle and corre- 
spond in that case to w)<0 (for ~< 7/2). We 
now turn to the intersection of the y circle with 
the curve V,(q@). We consider the case vx < 
V,(7). In the case of normal incidence (7 = 0) 
we have two waves, one (a =0) divergent and 
the other (@=7) incident. As wy increases the 
points of intersection with the ~ circle move along 
the curve V;(q@) towards each other. At the same 
time the angle a for the incident wave decreases, 
while for the divergent (reflected) wave the angle 
@ increases as y increases,.i.e., in accordance 
with (5.4) and (5.5), the condition 0%/0a <0 is 
fulfilled for the former and the condition 0%/3a 
>0 is fulfilled for the latter wave. When -d7/da 
=0 the w~ circle is tangent to the curve Vi(q@) 
and both roots a of Eq. (4.4) coincide. We denote 
the corresponding values of » and a by gm and 
Am. We see from (5.7) that at this point for both 


*This result depends in an essential way on the fact that 
the dispersion is a purely spatial one. If V depends not only 
on x, but also on w, the component of the group velocity 
does not coincide with the phase velocity. 
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waves we have V&" = 0.* 

As w increases further, the y circle no longer 
intersects the curve V,. The real solutions are 
now replaced by complex conjugate solutions, which 
correspond to traveling waves. One of these must 
be discarded since it does not satisfy the boundary 
conditions At «, while the other one represents a 
surface wave that is attenuated as it penetrates into 
the fluid. We note that while in an ordinary fluid 
surface waves can arise only in the case of propa- 
gation of sound,*** in the present case surface V, 
waves can arise also in the case of reflection of 
VieewOx Va waves. 


6. STABILITY OF SHOCK WAVES 


In accordance with the results of Akhiezer, 
Liubarskii, and Polovin! a shock wave is stable 
with respect to splitting up only in the case when 
the problem of the incidence of an arbitrary small 
disturbance on the discontinuity has a unique solu- 
tion.t The system of equations for the amplitudes 
of the divergent waves in terms of the amplitudes 
of the incident waves (3.3) contains (after the am- 
plitude of the shock wave itself has been eliminated ) 
six equations, from which it follows that six waves 
must diverge from a stable discontinuity. The en- 
tropy wave always gives rise to a diverging wave 
in II and to an incident one in II. Therefore in 
the vector diagram a stable wave must correspond 
in II and in II to five divergent waves of types 
V. and Va for aribtrary ~. When ~=0 (nor- 
mal incidence) this requirement yields the condi- 
tions of Akhiezer, Liubarskii, and Polovin,! leading 
to waves of three kinds: 


a) Ux =< aces Ve <a Ux <Va 
b) V<o<Va, Viney (6.1) 
c) Va<0x Va Vv, <a Vy. 


We shall show that the number of diverging waves 
for any w (any q@) is equal to the number of di- 
vergent waves for w= 0. 

The component of the group velocity along any 
given direction in the case of Alfven waves is equal 
to the phase velocity in this direction, as can be 
seen directly from the dispersion law wy) =+k-u. 
Therefore the component along the normal, 


*We note that the w circle is tangent to the curve V, at 
only one point, since in the opposite case there could be four 
points of intersection of the & circle with the curve V,, which 
is impossible. Indeed, the equation for the points of intersec- 
tion of the w circle with V, and V_ is of the fourth degree, 
but two points of intersection always lie on the curve V_.. 

tWhen the number of diverging waves can only exceed the 
number of equations, for example, in the case of a perpendicular 
shock wave, the conclusion with respect to instability also 
follows from the well-known argument given in the book by 
Landau and Lifshitz. 
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ce n= DES and the inequality that determines ‘ 
the divergent wave are generally independent of 
the angle. 

In accordance with the results of the preceding 
section the number of divergent waves does not | 
change when ¢ < %m_ in the case of magnetoacous- 
tic waves. As wy increases one divergent (and 
one incident) wave disappears at the point %p, 
but a surface wave appears which, from the point 
of view of counting up the number of unknowns in 
the boundary conditions, must be included among 
the divergent waves. Thus, the number of unknowns _ 
is, as before, equal to the number of equations, only | 
we must now consider all quantities to be complex. 
[ Similarly, in the case when the % circie fora | 
certain value 7 is also tangent to the curve V_ 
in addition to intersecting two curves, then in pass- 
ing through % the surface wave disappears, and 
in addition to the waves present previously two 
traveling V_ waves appear, one of which corre- 
sponds to 0~/9a@>0 and is incident, while the 
other, for which 0~/da< 0, is diverging (the 


converse holds in II). Leaving aside the question 
as to when such a case can be realized, we see that 


it does not change the number of divergent waves.] — 
Thus, the number of diverging waves does not de- 
pend on the angle of incidence, and in order to have 
stability with respect to splitting up for an arbitrary 
angle of incidence of the disturbance on the discon- 
tinuity (provided only that the equations are not sep- 
arable) it is sufficient that the conditions (6.1) 
should be satisfied. 

If the disturbances were classified by means of 
their phase velocities (taking into account the drift 
of the disturbance with the stream) we would have 
arrived at a “paradox” of the instability of shock 
waves in magnetohydrodynamics. Indeed, in virtue 
of the spatial dispersion, there will be such a range 
of angles %<w%< %q, in which the components of 
the phase and of the group velocities of fast sound 
along the normal to the discontinuity have opposite 
signs. In connection with this, if a classification 
with respect to phase velocity is carried out, the 
number of diverging waves for this angular inter- 
val differs from the number of diverging waves 
determined according to their group velocity, i.e., 
from the number of diverging waves for y = 0.* 
~~ *We note that while opposite signs for the phase and the 
group velocities occur very infrequently in the usual problems 
involving a boundary (cf. reference 12), in the case of a moving 
boundary three always exists such a range of velocities of this 
motion, that in a system of reference in which the boundary is 
at rest the phase and the group velocities have opposite signs 
(if VPP > Ve" it is sufficient, for example, that VP > y > v8"), 
In spatial problems, such a difference in sign may arise for 
arbitrary velocities v within a definite range of angles of in- 
cidence if spatial dispersion is present, as in our case. 


INTERACTION BETWEEN SMALL DISTURBANCES AND DISCONTINUITIES 


We now consider a parallel shock wave in which 
the magnetic field is directed along the normal to 
the surface of discontinuity. In the case of exact 
normal incidence the perturbed equations can be 
separated into those for purely acoustic and for 
Alfven waves. Akhiezer, Liubarskii, and Polovin,! 
in considering unidimensional disturbances, have 
naturally drawn the conclusion that parallel shock 
waves that do not satisfy the inequalities V > 5, 
v<s [type b in (6.1)] are unstable. However, 
since the separation of a purely acoustic wave cor- 
responds to an isolated point in the space of propa- 
gation vectors, it is necessary to investigate 
obliquely-incident disturbances in order to obtain 
a final answer to this problem. In such an inves- 
tigation the boundary equations for the Alfven wave 
can be separated from the equations for the mag- 
netoacoustic waves, and in order for stability to 
exist it is necessary to have two diverging Alfven 
waves. The waves of type b are unstable in agree- 
ment with the results of Akhiezer, Liubarskii and 
Polovin,! since among the divergent waves they 
have only one Alfven wave. 


7. FREQUENCY SHIFT 


When monochromatic disturbances interact with 
a shock wave, the Doppler effect and the disconti- 
nuity in the propagation vector at the surface of 
discontinuity cause the generator frequency ( 
and the received frequency 2’ to be different. In 
the case of magnetohydrodynamics there are more 
possibilities in this connection than in an ordinary 
fluid,‘ since we can compare the frequencies of 
different types of disturbances, for example, the 
frequency shift of the reflected Vi, V_, VA waves 
with respect to the frequency of the incident V, 
wave, etc. We shall restrict ourselves to the case 
of normal incidence, for which there is no need to 
use the graphic method. We assume that the re- 
ceiver and the transmitter are at rest with respect 
to Il. In accordance with (2.6), we obtain for the 
absolute value of the propagationvector in II (lim—- 
iting ourselves to the solution involving the plus sign) 


k =o/(V («) -+ %-V). (7.1) 
Here, as before, w is the frequency in the system 
I. In 1 we should place a bar over all the quanti- 
ties with the exception of w. The relation between 
w and Q), and ©’ is given by: 
wo — k® v, cosa = Q,, o — k©0, cosa® = Q’. (7.2) 
Here a(i) and a() are equal to 0 or 7, depend- 
ing on the direction of the incident and the reflected 


waves, sin a=0. In II we should place a bar over 
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the quantities k and a. From (7.1) and (7.2) we 
obtain formulas for the relative shifts A = ( Qy — 2')/ 
QQ. For the sake of definiteness we shall limit our- 
selves to those incident waves which have a propa- 
gation vector directed towards the boundary, and 

to divergent waves which have a propagation vector 
directed away from the boundary. In II the inci- 
dent wave corresponds to a=7, the diverging wave 
corresponds to —a@=0; the converse holds in Tl. 
The relative frequency shift is given by the follow- 
ing expressions — in the case of reflection in II: 


0, [V (0) + V (x)] 


4=VWeH—epVOrR’ 


{0x} = 0, —0,; (7.3) 


in the case of reflection in II: 


0, V(r) +V (0) | 


re Be . (7.4) 
V(0O) V(r) —vx 
in the case of transmission from [II into I: 
d, VV) —V (x) + 0,3 
ae ae ae (7.5) 
V (x) — {v,3] [V (®) —2,] 
in the case of transmission from II into II: 
0, V(0)—V (0) —tv,} (7.6) 


VO V@O+, 
In all the above expressions we must everywhere 
in place of V(7) and V(0) substitute the veloc- 
ity of the incident disturbance, in place of V(0), 

V (7) we must take the velocity of the disturbance 
of the type with which we are concerned. By meas- 
uring the different A we obtain from (7.3) to (7.6) 
a system of equations from which V/v, V i) /V, 
Vii) /v,(i=+, A) may be found. If we know Vj /v, 
we can easily obtain s/v, u/v, and Hy/H (simi- 
larly in TM andin Ml): 

S=VAVAIVA, Wa VE— VE = s* (HAy? = Valen) 
If the values of s and p (or H) are known, we 
can obtain not only the ratios, but the quantities 
that characterize the discontinuity themselves. 

The author takes this opportunity to thank A. I. 
Akhiezer, G. Ia. Liubarskii, and R. V. Polovin for 
communicating the results of their work prior to 
publication, and for useful discussions. 

Note added in proof (September 30, 1958). As 
shown by Syrovatskii [J. Exptl. Theoret. Phys. 35, 
(1958), Soviet Phys. JETP 8 (in press)] because 
of plane motion in shock waves (in contradistinc- 
tion to the essentially spatial rotational discontinui- 
ties) there always exists a special plane of inci- 
dence (which coincides with the plane of motion in 
the shock wave), in which the boundary conditions 
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for the Alfven and the magnetoacoustic waves be- 
come separable. In particular, such a separation 
always occurs in the case of normal incidence. As 
a result of this shock waves of type b are unstable 
(cf. the case of a parallel shock wave), while rota- 
tional discontinuities which should also be included 
in type b, are stable with respect to splitting up. 
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A treatment is given of the double elastic scattering of a beam of deuterons in a magnetic 
field. An expression is obtained for the angular distribution of double elastic scattering. 
The special cases of longitudinal and transverse fields are considered. 


iis Mendlowitz and Case! have given a theoretical 
treatment of the double elastic scattering of an 
electron beam for the case in which the beam is 
acted on between the scatterers by a magnetic field 
which is constant in time and homogeneous. The 
presence of an anomalous magnetic moment of the 
electron brings about an additional scattering, and 
measurements of this provide a possibility of ex- 


perimental determination of the anomalous moment. 


The present paper is devoted to the theoretical 
study of the double elastic scattering of a beam of 
particles with unit spin, in a magnetic field. It 
turns out that in this case (unlike that of particles 
with spin one-half) measurement of the double 
scattering in a magnetic field provides additional 
information about the scattering amplitude. 

2. The amplitude for scattering of a deuteron 
by a nucleus with spin zero has the form? 


F (8, 9) = A (8) + B(8) (Sen) + C (9) (S-n)? 


+ D(9) {(Seko) (Sek) + (Sk) (S-ko)}, ty 


where ky) and k are unit vectors along the mo- 
menta of the deuteron before and after the scatter- 
ing; n=k,) x k/sin ¥ is the unit vector perpendic- 
ular to the plane of the scattering; S is the spin 
operator of the deuteron; and A, B, C, D are 
functions of the scattering angle and the energy 
of the deuteron. 

The cross section for the scattering of a polar- 
ized beam is calculated by the formula 


I (8,.¢) = SptF (8 @)eF* ( eh, (2) 


where p is the spin density matrix of the deuteron 
beam, 


1 Fae 
p= D> <Tim> Tim, (3) 
iM 


J 


in writing which we have introduced the following 
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operators 
Sy Stes : ay 
Ty =H ra a (Sx iSy), Ty = Ve Sz, 
fT RR oS as 


4 
Vas ; : . 
Toi =F 5 {(Sx  iS,) Sz + Sz(Sx +iS,)}, 


To = (3S; 2) ih V2, 


and <TjmM> means the average value of TjM : 
If instead of <TjMm> we insert the polariza- 
tion obtained after the first scattering, 


Puy Io (9) Sra 1/3 Sp {F (3, ¢) li (3, ¢) T jm}, 


and if we use a coordinate system in which the 
plane of the first scattering is the xz plane and 
that of the second scattering contains the z axis 
(in other words, the z direction coincides with 
the direction of the deuteron momentum after the 
first scattering), then we get for the differential 
cross section of the double scattering: 


I (31, 9, p) = 1g (9) {1 + <T 29 (1)> <T 20 (8) 
+ 2[<T1 ()> <Tur(9)>* 


+ (To (91)> <T 2 (9)>] COS @ + 2 ¢T 22 (91)> <T 22 (9) cos 29}, 


(5) 


(6) 


where 3, and # are the angles of the first and 
second scatterings, g is the angle between the 
planes of the two scatterings, and I)(#) is the 
differential cross section for the scattering of 
an unpolarized beam, 


1,(9) =|AP + Z(BP+ICP) + 5 (cost? +-3)IDP 


+ 4Re[A* (C +cos 9D)] + 4 Re (C* D) cos +. ms 


The average values used in Eq. (5) are given by 
the formulas 


860 
a2 : 1 * 
(Ty) Io(8) = —i = Rel A 4 C +5 cos }D)B |. 
Dp {9 H 9 V2 9 1 9 
Peels a) i oe (BP +|C)) + +2 (3 costs —5)|DP 
= re Re [(A — cos 8D) C*] + ee cos Re (A* D) 


+. ee sind Im(B*D), 


— "3 in $cos | DP 


<T> 19 (9) aim 6 


v + sin} Re [(A + C) D*] + *? cos 91m (B" D), 
V3 \ Se “29 p 
iy = — BP LCs | D\? 


+ 2Re[(A + cos#D)C*] + sind Im (B* D)}. 


We note that we have the following relations: 
Trmy =(— AY" Triads (Tam) = (— 1)" <Tam>- (gy 


3. It is well known that owing to the existence 
of an anomalous magnetic moment of the electron 
the precession of the electron spin in a magnetic 
field is at a somewhat more rapid rate than that 
of the orbital angular momentum; therefore, gen- 
erally speaking, when a polarized electron beam 
passes through a magnetic field there will be a 
change of the polarization (we deal here with the 
direction of the polarization relative to the direc- 
tion of the beam).'? We note that for particles 
with spin one-half there will be a change of the 
original polarization only in cases in which the . 
particle has an anomalous magnetic moment 
(i.e., the Lande g-factor is not equal te two). 

In the case of a particle with spin unity, on the 
other hand, there will be a change of the original 
polarization in the magnetic field even in the case 
in which there is no anomalous magnetic moment 
(i.e., even if the Lande g-factor is equal to unity). 

According to reference 1 the change of the den- 
sity matrix under the action of the magnetic field 
is given by 


o (t) = exp [i (@z L + os S)-ht] 0 (0) exp [— i (o, L + ws Shi], 


where p(0) is the density matrix before the appli- 
cation of the magnetic field, p(t) is the density 
matrix at the time t after the application of the 
field, h is the unit vector along the field, and 


o,=eH/mc, ws = geH /2me. (9) 
Introducing the notations 
E = (ws — w,) f, 7 = ort, (10) 


we get 


o (¢) = exp [¢J-hy] exp [/S-hé] 9 (0) exp [-— iS-h €] exp [— iJ-h 4] 
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(where J=L+S is the total angular momentum ie 

It is easy to see that the differential cross sec- 
tion for double elastic scattering reduces to the 
form 


1 (8, ¢) = Q(t)Sp {F (9 9)’ (A) FT (8, e)}Q7(), (11) 
where 
o (t) = exp [/S*hé] p (0) exp [— é S-h], (12) 
Q (¢) = exp [iL-h 4]. (13) 
Calculation gives (see Appendix) 
Oe $ =f = P; (t) Si + Tir (t) Si Se, (14) 


where 
P; (t) = cos€ P; + (1 — cos§) Ajhe Pe + Sin Eeen fn Pe, (19) 
T iz (t) = cos 2ET ip + (cos & — cos 2) hy (A; Ti+ Ae Ti) 
— sin€ (cost — 1) Aahm (Az &rin + Ae Sin) T im 
+ sin cos €hpy (ein Tet + Sein Tit) + (cos — 1)? Az hg hi hm T im 
— Sin? £9). Rolin detms (16) 
P; = Sp [Srp (0)] = P:(0), 
Tn = Sp{[5(SiSe + SiS) — 3 8] 0} = Ta), 
It is easy to verify that 
Fa) = Tet); TH) =. 


For the further calculations it is convenient to 
use the irreducible spin tensors of Racah;* the ex- 
pressions for the average values of these quanti- 
ties are as follows: 


Pia (t)> = (V 3/2) {Px (¢) ais iPy (t)}; 
(Tyo (t)> = Vie P, (t); 
<Toae (t)> = (V 3/2) {(Txx(t) —T yy(t) + 2iT xy (t)}; (17) 
(Tair (t)) = FV 3 (Tre (t) KiT y2 (t)}; 
<T 29 (t)> ae (3/V 2) Tz (t). 
Thus by using Eqs. (15), (16), and (17) we can 
express <Tjm(t)> in terms of <Tjm (0) > 


For p’(t) it is easy to obtain the following 
formula: 


p’ (t) = = <T jm (t)> Tim. 
iM 


(18) 


Let us consider the cases of longitudinal and 
transverse fields. In the case of a longitudinal 
field (i.e., h parallel to z), Eqs. (15), (16), (17), 
and (8) give 

<T 141 (t)> = eF# Tyas (Ta (t)> = 0, 
<To30(t)> =e* 2% <T 929); 
<T 241 (t)> = eF® (T94.1; <T 39 (t)> = (T 29>. 
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For the transverse field, on the other hand (h pa- 
rallel to y), we get 


Tyr (t)> = GERYS <T19 (t)> = U, 


1 
Trt) = > (1 + cos? €) <T 22> 
poet ee? | a eee : 
+z sin26<Tr + 5 . sin’ é<T 39>, 


CP naa (0) = C08 Pe lig a) 


PRS Wide 4 PY : 
> Sin 26 (T2420) > V2 sin 2§ (To, 


CT g(t) = (cos 2€ + cosé) <T 59> 


ats ys sin? — <To.> — V2 sin 26 <T21>. 


In the case of the longitudinal field the operator 
Q(t) takes the form 


Q(t) = exp [70 / 0¢], 


and for the differential cross section for double 
elastic scattering we get 


Ty (91, 9, 9) = Io (8) {1 + <T 20 (81) <T 20 (9)> 
+ 2 (KT (1)> <T11 (8) 


+ <T 21 (91)> <Te1 (9)>] cos (p + 4 + &) 
+ 2 <T 52 (91)> <T 22 (9)> cos 2 (¢ + 4 + &)}. 


In the case of the transverse magnetic field 


(19) 


Q(t) = exp [ycos gd / 09 — q sin pcotsd / dg], 


and the differential cross section for double elastic 
scattering takes the form 


1, (81, 9, @) = Io (9) (1 4.4 (91 + N08 9, 9) 
+ 6(%, + y¢c0s ¢, 4) cos (¢ — Sin pcotd,) 
+ c(9, 4- nc0s ¢, 4) cos 2(¢— Hsin gcots,)}, (20) 


where 
a (91, 9) = (Tao (9)> {5 (cos 2 + cos*t) <T2o (91)> 
+ V Ssin?s Pon (> — VE sin 28<Tu Gy}, 
(9, 9) = 2[ (Tar (9)> {cos 28 (Tax ()> — 5 sin 26 (T29 (91) 
$5 V Hsin 25 (Toy ()>} + <Tun (9)>" «Pas (81)>] 
(94, 9) = 2 (Tan (9)> {5 (I + c08*8) (Tan (91) 
+ 4 sin 28 (Tur) + eV esi? (Tao (81)>}- (21) 


4. Repeated scatterings are used for the deter- 
mination of the scattering amplitude from experi- 
mental data. To determine the coefficients in the 
scattering amplitude (1) one needs seven independ- 
ent relations (for the four absolute values and 


three phase differences). By measurement of the 
intensity of the scattering of an unpolarized beam 
of deuterons, we can obtain one relation between 
the coefficients A, B, C, and D. 

Let us consider experiments on simple double 
scattering (i.e., in the absence of a magnetic field), 
confining ourselves to the case in which the two 
scatterings occur under almost identical conditions 
(i.e., & = 6,, and also the energies are approxi- 
mately equal). It can be seen from (6) that experi- 
ments on simple double scattering give three re- 
lations for the coefficients of the scattering am- 


plitude. In fact, 
(= \ Idg — 1) = (T 5 (9)>?, 
(22) 
(p= 0) —1(¢ =) / lo = 21KkTas (9) >F* + <Tar @)>*) 
[rie =N +51 =) —1 = 5)][ Bo— 2 Tn (9) 


Thus experiments on simple double scattering 
do not allow us to determine <T,,>, that is, the 
degree of polarization received by the beam in the 
first scattering* (this situation is different from 
that in the case of spin one-half). 

Let us consider, finally, experiments on double 
scattering in a transverse magnetic field (the case 
of the longitudinal field gives nothing new as com- 
pared with simple double scattering). From the 
expression (20) one can obtain 


U1 (eg =) —1i (¢ = *)]/ 210 
= */2{a( + 4, 8) —a(S— 7, 9) 
+ 509+, 3) +6(d— 9, 9) + c(98+4 4, 3) —c(98 — 9, 9)}. 


We shall choose the value of the magnetic field 
strength and the time during which the deuteron is 
in the field (i.e., the time interval between the 
scatterings ) in such a way that (with n an integer) 


y=si2en 1.6., Lt = 2a} en. (23) 


Then 


[, (¢=9)—1, (p=*)]/ 210 


= 2[icTar ()>I8 + Tas )> {e005 28 (Tn (8)7 
— 4 sin 2<Taa(8)>-+ $V 2 sin 2 (To (9)>}], 
Ui (@=O)+11 (P= 21/220 
= 1 + (Tag (9)> {5 (Cos 2E + c0s*8) <Ta0 (9)> 
~~ *We note, however, that if the energy of the incident deu- 
terons is such that only elastic scattering is possible, then 


one can apply the unitarity relations,‘ in virtue of which the 
number of quantities to be measured is reduced to four. 
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ae ve sin? £<T 99 (9) — Ve sin (Tx (9)>} 
4.2 (Toe (9)> {5 (1 + c0s* 8) (Tae (9)> + 7 Sin 28 Tas (9)) 


+4 Ssinre Too (rt, (24) 
[Fu@=9+5h@=9 —h (= F)]/ 
= — (21) [, (e =0) —1, (¢ ==) sin (Qn ncotd) 


+21 + cos (4nncot9)] <T os (9)) {5 (1 + cos?) <Tos (9)> 
+ Fin 2 Ta (> +4 V Ssin®s Too (9)>}. 


We note that with the choice of Ht indicated 
above we have 


= Inn(g/2—1). (25) 


Thus we have obtained six relations — Eqs. (22) 
and (24). Of course, not all these relations are in- 
dependent of each other, but they are sufficient for 
the determination of <Ty>, <To>, <Ta>, 
and <T». >. Having determined these quantities, 
and knowing also the expression I)(¥#), we shall 
have five equations for the seven unknown quanti- 
ties in the scattering amplitude. 

We have examined in detail the case of a field 
directed along the y axis. If the field is directed 
along the x axis, i.e., parallel to the plane of the 
first scattering and perpendicular to the momentum 
of the deuteron after the first scattering, then no 
new information is obtained about the scattering 
amplitude (beyond that obtained in the case of the 
field parallel to the y axis). The same is true 
for the case of an arbitrary direction of the field. 

Thus, although measurement of the double elas- 
tic scattering in a magnetic field does give addi- 
tional information about the scattering amplitude, 
this information is still not sufficient to determine 
it completely. 

Accordingly we see that double elastic scatter- 
ing in a magnetic field gives less information than 
simple triple scattering (the latter gives complete 


information about the scattering amplitude). This 
is due to the fact that the magnetic field leaves un- 
changed the absolute value of the polarization vec- 
tor, and also the sum of the squares of the com- 
ponents of the tensor <Tyy>. 


APPENDIX 
According to Eq. (12) 
a! (t) = exp [iS-hE] » (0) exp [— iS-hg]. (A.1) 


Expanding exp [+iS-hé] in a power series in € 
and using the formula for reduction of tensors of 
third rank in S; to tensors of lower ranks, 


or Sa Si: = LEpmt Si Sn SF lEmni ys Si aia Skn Siz aes iSgmn, (A 2) 
we get 
exp [+ She] = 1 +i (S-h)siné 4 (S-h)? (cos & — Ia 3) 


Substituting Eq. (A.3) into (A.1), applying Eq. (A.2), 
and recalling that° 


p (0) = 1/3 + Me P: Si + Tir S; Se, 


one readily obtains Eqs. (14) to (16) of the main 
text. 
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It is suggested that the appreciable difference between the mean lifetime of the A particle 
as measured in cosmic ray or in accelerator work is due to the existence of the =? hyperon. 
Based on this assumption a rough estimate is made of.the lifetime and relative production 


probability for the =° hyperon. 


lw spite of the large volume of phase space avail- 
able, the decay = —-n+ 77 has not as yet been 
observed. The absence of this decay has led Gell- 
Mann and Pais to suggest that decays involving 
strongly interacting particles are governed by the 
|AS| =1 selection rule, which forbids decays in 
which “strangeness” changes by two units.! This 
rule requires the “strangeness” of = tobe —2, 
since it decays into A’ and a7 of total strange- 
ness —1. It then follows from the well known re- 
lation Q=I,+N/2+S/2 that the =-hyperon is 
an isotopic doublet, i.e., that besides =” (1, =-3) 
there also exists =? (I, =+3). The main mode of 
decay of this particle will apparently be =? — ” 

+ n°, which is hard to observe. However, as was 
already noted by Okun and Pontecorvo’ the selec- 
tion rule |AS|=1 is no more than a working hy- 
pothesis. The apparent validity of this rule is a 
natural consequence of the fact that all known 
strange particles (with the exception of =) are 
assigned the values S=+41 and consequently 

|AS| =1 is the only possible change in strange- 
ness in the decay into “usual” particles. It should 
also be noted that within the framework of the Gell- 
Mann and Nishijima scheme the possibility exists 
of assigning a strangeness S = —3 to the cascade 
particle which would lead to an isotopic singlet. In 
such a case the selection rule would have to be 
changed to permit decays with |AS|=1, 2 and 
forbid {AS|/= 3. 

Consequently the observation of the = hyperon 
is of particular interest since it would, in a sense, 
confirm the selection rule |AS| = 1. 

In connection with the possible existence of the 
=O hyperon we want to call attention to the appre- 
ciable difference between the mean lifetime of the 
particle as measured in cosmic ray work: 

T'\) = (3.5297) x 101° sec, and as measured in 


accelerator work: Tj) = (2.8 + 0.1) x 107!" sec.* 
In the first case it is possible that in addition to 
IN particles produced directly, particles from 
the invisible decay =? — + 7° are also registered. 
Furthermore, as a rule, the primary reaction is not 
observed and so the two types of Ny particles can- 
not be distinguished. It is clear that this circum- 
stance will cause an apparent increase in the meas- 
ured 7’? as compared with the true lifetime, the 
increase depending on the relative production prob- 
abilities (followed by decay) of = and A’ par- 
ticles. At the same time, A° particles produced 
artificially by accelerators are “pure” since the 
production of =? particles is energetically impos- 
sible. It is to be noted that in those few “cosmic” 
events for which the primary interaction is strongly 
coplanar with the A decay as seen in the chamber, 
the measured 7,0 has also turned out to be mar- 
kedly smaller: (2.14 73:8) x 107! sec.? However, 
coplanarity cannot be used as a criterion for “pur- 
ity” of the A’ at high energies, since in such a 
case the A’ from the decay of =° will be very 
nearly collinear with the parent = -hyperon. 

The probability that a A’ resulting from the 
decay of =° will be observed in a given time in- 
terval dt; (or in a corresponding distance dlj) 


is given by 


Thre a; ty 
dp; = f,dt; = B; Syn ese [exp (— ae) — exp (— al dti, 
where TA? and 70 are the mean lifetimes of the 
and =° hyperon, respectively, and Bj is a nor- 
malization coefficient. In this manner, without go- 


*These numbers represent a weighted average of results 
published in 1958: 7,. from 425 analyzed events, t’,. from 
207 events. The latter number does not include 25 events 
published in reference 3, for reasons given below (their inclu- 
sion would have almost no effect on our results anyhow.) 


863 


864 aos: 


ing into the details of the statistical method of de- 
termination of T,),4 it can be shown that the 
starting probability distribution of all particles 
will actually be not 


1 fe 
=e ; OX are — dt;, 
dP Il A; exp( a) 
as was assumed in the analysis, but rather 
n és 
(URE os Il A; exp (— a) dt; 


t=1 


mn 


. Tro t, hi t; \ 
xT] Bi =—*—[exp(——+) — exp(— +) | ate 
FREE) ee A° =° A 


where n and m are the number of A”’s produced 
in the primary interaction and resulting from de- 
cays of = respectively.* At the same time, the 
mean lifetime was determined on the assumption 
that the time dependence of the IN decays is given 
by a pure exponential. Clearly, the exponent of 
the exponential best approximating the true distri- 
bution function will depend on the relative number 
of = particles (q = m/n) and on their lifetime. 
A rough estimate of q and 750 can be obtained 
from a comparison of 1,0 with the true lifetime 
as measured in the accelerator work. 

For this purpose we find those values of q and 
T=0 which make the distribution function 


(a) 


hipaa p lat ler 


approximate as well as possible the exponential 


f(t) ~exp(— x) (b) 
(see figure) (the effect of the normalizing coeffi- 
cients Aj and Bj has been ignored). The values 
of q and 750 obtained in this manner turn out to 
be reasonable: q =0.1 to 0.2, and Ti (At LONG) 
x 107! sec. Indeed, there is at present no reason 
why the production cross sections of = and =? 
should differ drastically. On the other hand, it is 
known that the number of = produced in cosmic 


*We ignore the small difference in the velocities of the 
E° and the A° produced in the decay. 
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log f(t) 


v4 
N 

Se A°-decay distribution 
18 \ function a) f’ (t)ae— 02; 
vN tao = 4-10 *° sec b) f(t) 

| \ \. ~exp (—t/7’) = 3.5-10° 
10 be x sec c) f(t)~ exp (—t/A°), 

eS Ni tA° = 2,8-10°*° sec. 


Q5 


x 
Yo Ee ol 
10 t,sec 


rays amounts to 0.1 of the number of observed 
under similar conditions,’ which agrees in order 

of magnitude with q. As regards T=0, one would 
expect, from an analysis of the isotopic spin states 
produced in the decays of =~ and =’, that 

THO / Ta- =2 if the decay interaction transforms 

in isotopic spin space as a tensor of rank 3, or 
that T=0/Ta- = % if the transition is pure |AI| = 
*¥, .8 Consequently the value for T=0 is reason- 
able since experimentally Tz-= 4.6 x 107?° sec. 
it is our opinion that the above-mentioned fact 


T 


favors the existence of the neutral cascade hyperon 


= although, understandably, the possibility of 


some systematic error cannot be excluded. 
In conclusion the author expresses his gratitude 
to M. I. Podgoretskii for valuable comments. 
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The correlation between the polarization of conversion electrons and the direction of electron 
emission in the preceding B decay is treated. The entire calculation is done taking account 
of the electric field of the nucleus. Conversion can occur in any atomic shell. In particular, 
the nuclear electric field has a significant effect in K conversion. It causes the appearance 
of an appreciable transverse component of the polarization in magnetic transitions, and sig- 
nificantly increases the magnitude of the polarization for electric transitions. 


Because of non-conservation of parity in B de- 
cay, the residual nucleus will be polarized in the 
direction of emission of the electron. The £-de- 
caying nucleus is assumed to be unpolarized and 
the direction of emission of the neutrino is not re- 
corded. Thus if the @ decay is followed by inter- 
nal conversion, the conversion electrons should 
have a definite polarization. This phenomenon, for 
the case of K conversion and omitting effects of 
the nuclear electric field, was treated by Berestet- 
skii and Rudik.! The electric field of the nucleus 
has a marked effect on the internal conversion 
process and causes a large change in the conver- 
sion coefficient. The nuclear electric field should 
therefore also have a marked effect on the polari- 
zation of the conversion electrons. 

We write the initial wave function of the electron 
which undergoes conversion in the form: 


ae ie (7) Qi Pe 
aes, ‘ 2 

Pas (7) Qf an (E11), 
where ay (n) is a spinor surface harmonic hav- 
ing components 


(Os = Cry ane (fl), 
(=2j)—1, x=(l-—l')(Gi+ dios 


(1) 


in which a pg are Clebsch-Gordan coefficients 
and Yjm is a spherical harmonic. Throughout the 
paper, we use the system of units in which h=c=1. 
The wave function of the emitted electron is a 
solution of the Dirac equation which, at infinity, is 
a superposition of plane and outgoing spherical 
This function was found in reference 2, 


waves. 
and we shall write it in the form (2) 
; Qs? 
9,7)%l2 aI lQx, (FT 2Me r/r r) : 
o, = ME DOW (O)e Bae ees exp {—i8,}, 
V pre2 folaMs faa) QU (r/r) 


where n is a unit vector in the direction of the 


emerging electron, & is the polarization of the 
electron; Sx, (r) and fx» (r) are the radial parts 
of the Coulomb functions, normalized to a 6-func- 
tion in the energy scale; the phase OK» approaches 
—1(l,-1)/2 as z—0. 

The matrix element for the conversion process 
can be written in the following form:? 


Utne = >, | (Tym, | ON | Torts ye (By ayer (3) 


o finer = \ 2B np, d 


Here (1m, | int |Iym,) is the nuclear matrix ele- 
ment for the transition, Ijm, are the spin and spin 
projection of the nucleus before conversion, I,m» 

the spin and spin projection of the nucleus after the 
conversion, I is the nuclear spin before the £-de- 


(3a) 


r 
cay, a is the operator of the interaction of the 


electron with the field of the multipole. 
ator has the following form: 


BY = G; (or) aY ja (/r), 


This oper- 


BY Pik. 
Bim aos At G;( 


Yja(t/r) (4) 


+ VF Gia lor a¥ isa, w(t/2. 


X=0 for magnetic transitions and ‘pes =1 for elec- 
tric transitions. In addition, @=(g oy where the 
o’s are the Pauli matrices; w is the energy of the 
transition; 


G; (x) = x) /Vx 


(H(t) is a Hankel function); oe is a vector 
spherical harmonic with contravariant components 
equal to 


(2n)i HY), 


U. iM 
(Yjim) a Gir M—wjlu Ap M—u- 


The properties of vector spherical harmonics were 


865 


866 
studied in Ref. 3. 


The density matrix with respect to the spin states 


of the conversion electron has the form 


= \ (A) | * 
ie > Cran (ym, | Qim | T31My) 
, 1 
My, IM , Me 
1 


M, M’ 


(5) 
(Lym, | QM | Torts) (BUM) (BE) a1- 


The expression for the matrix pm mj which char- 


acterizes the state of polarization of the nucleus 
after $-decay was found in reference 1: 


bet 4 < a) jie a my 
a 21, + i! on or jv ce ONS) me, pl 


where v' are the spherical components of the 
velocity vector of the B particle: 


0 , 
‘nym 
1 


ol, 8) 


ivy) /V 2; 


== tl —— 

7y(0) — Bit ees ( | 
VU =U Vv - eee | 0 

2) ! V2 orm 


and a is a constant which determines the angular 
distribution of 8 particles in the decay of polar- 
ized nuclei with spin I, and average value <]jz,> 
for the spin projection, which make a transition to 
a state with spin I. 

For allowed transitions, and for the S, T, A 
and V interactions, the value of a is: 


a = [c, + (Ze*/ev) c9] /(1 -+6/2), 
CAG == 2 Re {(CrCr a CC's) | Mer 2 Myr 


= as (CrCs + Crs — CaCy — CaCy) MrMont 


Co. = 21m ‘ (CrC 4 + CrCa)| Mor yr 


—— {| (C rCy ae CrCy a GiCe, = CCs) MrMer} 
bt = 2W1 — (Ze)? Re {(CrC a + CrC'a)| Mor /? 
+ (CsCy + CSCy) | Mp 2}; 


C= (CrP +iCrP+|[Cal?+1Ca??)| Mor ? 
+ (|Cs? +|Cs[? + 1Cv |? +1 Cy) | Me |; 
1 4) if =I 
hy = 41 ia le | 
(We el be EE 


The matrix element of the multipole moment can 
be expressed as 


(Lym, | Qui | lam.) = OCs iM: (7) 


The general expression for the polarization vector 
<o> of the conversion electron must have the fol- 
lowing form: 

<e> = a(v-n)n+ 6{v — (v-n)n}, 


(8) 


where a and b are constants. 
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We note that the matrix pm,mj can be written 
as in Eq. (6) and the polarization expressed in the 
form (8) only for allowed transitions and for first 
forbidden Coulomb transitions. 


MAGNETIC TRANSITIONS 


w, and % from (1) and (2) and the operator 30), 
we get , 
(Bya)an (9) 
ew ents pas [Qjeih, (Mee [Rin § aly _(S)o¥sh (F) 
V prea; 3 fol 


~ ash (£)ovma (2) at (2) a} 


dy (t 
x Qh (=) do 


We have introduced the following notation for the 


radial integrals: 
Rix, = Ve (r) &x, (7) Gj (wr) 7°? dr, 
(10) 
Ron — \ ae (9 Fas (9G; (or) dr 


We shall use the system of mutually orthogonal 
vector spherical harmonics 


yo = = Vijm, 


De ey 
EA Yi, ita M+ V Hay 


Aree = nY jm. 


yy = iia, m, (11) 


ay and a t) are transverse vectors, so that 
mat (n)-n= ay (n)-n=0. They are related to 


one another by 


i¥S, = [n x YOU). (12) 
The following useful formula holds for oe 
Yim =LY¥ jn /ViGF1) (L=—ilrxV). (18) 


In calculating the angular integrals in (9), we 
make use of formula (13), the self-adjoint charac- 
ter of the operator o-L, and the formulas: 


a LOHh = {iG+N—1b+1)—3h 08; (aay 
ony (n) = Q45} (n); (15) 
Y im, (n) Vainn (n) (16) 


= Ci tii Dieueon 
oe a Tears | Cr 10; Ore Se lame Yim (n n). 


In carrying out the summation in (9) we use Racah’s 


formula (cf., for example, reference 5): 
2,atB ncy 2 
| Gee bB Care d,7- PaO NO re 


(17) 
= (2e + 1)" (2f + 1)"* C&L.) y-aW (abcd; ef) 
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in which W (abcd; ef) are Racah coefficients. 
After performing the integration and summation 
in (9), we get 
(Bimar = y O,.W (lofolir; */2 i) 
JoloM 
x Ce i Ci: MCT ue. 


a8 1s, Afq—2 (al): (18) 


/ 22402 
para C+) Ch+DCHN 


iG t) poss “Rin, + Ran). 


Substituting from (6), (7) and (18) into formula (5), 
dropping irrelevant common factors, and summing 
over all values of M, M’, My, Mog, Mg, mu, we 
find for the density matrix: 


Pee = (A + 2A48) Be" + 2 V 2RAgCo? 22511, eV 2, ve (tn), (19) 


where 
A =X | au)? (Zin + 1) (Ci 4)? W? (laialaiss "a i), 
jele 
_V2t! 7 Gt) + ht 1) —h Ugh: 4) 
Ay Silla 
: hViG+ 
x > (— je telentg cei 
ke ts 


x (Qjx+ 1) (2is +) (Cip o)? W (laieliiss 7/2) 


RaW AC yilitas ed) W (isisse VIN Gale Ye tis, Vs), 


(20) 
= ajo a FG +1) + i = 1) — Te (ls --4) 
A= ¥ Ape hViG+D 
ecie da e, a 
Je, 1p, Is 1, 
x V (2le +1) (Ql F 1)(2je + 1)(Zis + 1)C Ghose iso; b0 


SOW. (Loiolifass You), Willaielalatu taf) 


XW (jsjo'/2?/23 1l3) W (lojz 23/2; ols) W (ifjeis: 1j,). 


We choose the z axis to be along the direction 
of the velocity of the 8 particle. Then formula 
(19) can be rewritten as 

3 bia sire (21) 
A+ A,— A,(3cos?4— 1), —3A,sin 6cos 4 
Ks 3A, sin § cos 9, A— A, +.A,,(3 cos? § — 1) 
where 6 is the angle between the directions of 
emergence of the @ particle and the conversion 
electron. Knowing the density matrix P¢¢’, itis 
easy to find the polarization of the conversion 


electrons: 
(o> = Sp Pe /Sp P; (22) 
(oy =a(v-n)n + b{v—(v-n)n}, 


—2A,)/0A, 6=(Ai+ Az) /vA. 


(23) 
a= (A, 


Forthe .K* shell’ (1; ='03°j; = 8) x; = —1); "using 
formulas (23) and (20) and inserting the values of 
the Clebsch-Gordan and Racah coefficients, we 
find 
és) Sy ile Yn toe pei D) 
2j (j + 1) Is (L-+| aR?) 


x (ven)n + Vij +1) Req (v—(ven)n)}, 
(24) 
if) ges 
Vili aS 1) {R,, -—j st Ry, -j (Ry, j+1 ot Ky pu) exp (i (S;44 <37 3_;))} ’ 
(j ne 1) (Ry —/ at Rol —/) Ae f (Ry, +l ae Ry ey) Xp (i (S544 . 3_;)) 


Let us consider two limiting cases. 

(1) Small Z. In this case the electric field of 
the nucleus can be neglected. Then the radial in- 
tegrals are calculated explicitly and, using (24), 
we get the same value of the polarization as was 
given in reference 1. 

(2) Large Z and low energy of the conversion 
electron, so that p,/mZe? « 1. In this case, 
| Ry, jr + Ro, jt1 | «K | Ry, -j + Re, -j|, and we find 
for the polarization the expression 


iG+1) adh) bee + 1) 
227+ DN 


Kay Sue 
(25) 
< {((v-n) n+ j(v—(v-n)n)}. 

We note that the formulas (24) are valid for any 
shell, so long as x, =-—1 for the electrons in the 
shell. In particular they are applicable to conver- 
sion inthe LI shell. We also give the formulas 
for conversion in the LII shell (or in any shell 
With Kyl ly ois hae): 
iG Ah a) ake Were) 


Clep S=SC2 eo, OR 
2j(j + 1) te Ce alii) aonb) 


x {(v en) n+Vj(j+)) Re eu (v—(v «n)n)}, 
(26) 


WO = VIG4EN 


U5, —j—1 te Ry er he (Ra. J ap i ) exp tt (3; iota: 8_ py )} 


AR, og & Ry 2) (Rye Rp) ex, == a 
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Substituting the electron wave functions 4, and 
w». from (1) and (2) and the operator Bu into 
(3a), we get 


(B Pay = So ol iY fh, (m)Je exp {i8,} dV 4 


Pr=2 jyl,Me 


\* ‘ (15) (1) 
x Reats, \ OY QU, do Ra, ve ( OQ Y jy Qhe do| 
-Y; 


a ‘* (27) 
a Vie [Rs, 1 \ Oy bo” 


Qty (i) |! 
— R, »\ 2 jaMa® * Yj, j—1, MS2; 44, dol; . 


j,i-1, Monn, do 
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We have introduced the following notation for the 
radial integrals: 


IRE Si at 1 G;( 
Revere \ Gil (or) fx. (r) fe (r 
Rs —i\G;- (or) fa (1) Ba (Nar, 


(Or) x. (7) Bx, (1) 2 dr, 


(7) 72 dr; 
(28) 
Roa — 1) Gj (r) Bas (0) fr, (Par. 


Now let us calculate the angular integrals. For 


the first pair of integrals over angle, we get: 


Wes: (hy) ahs (ly) yy () 
\ QieMY jmQim, do = \ QQ tat jm Qi iy, do 


=7eVGi+ DCh+ DOTY (29) 


= hp i>M> be ee 3 
x Cis; jpCrm, iM W (jLrj2 "Ia; loft). 


To calculate the second pair of integrals over angle, 


we write 
Yim = Vat i 


Using formula (13) and the commutation relations 
for the Pauli matrices, we find: 


fied (1) 
PET { Yim. 


Your +Y (30) 


(0° Yj, j—1, m) (0+) = V xt p tim + Vi@Qith rae 
(31) 

“AV CIA Grea pana gee in arr ee 
(o£) (¢ ¥) .0) = V peta Vi@itt). ease 


Using formulas (31), (14), (15), and (16) along with 
the fact that the operator o-L is self-adjoint, we 
find for the second pair of angle integrals: 


(t)* 
\ igs Y;, a On tad 


1 
VaVili+)) Oh +)H1+2—* —_) 


Kn Comm Gini: 
(32) 


Y O((le)* + () 
\ Q5M9 “Yj, J-1, MQ: ie do 


1 7 : af os ‘ 
=7RE ViCh+ Nh + )(1—=—*) 


/ 


cn jC em imW (jlrjs*/ /25 ; lof;). 


Substituting the results of the angular integrations 
in (27) and using the symmetry properties of the 
Clebsch-Gordan and Racah coefficients, we find an 


expression for (By, )o, Which differs from (18) 


only in the replacement of 7; by 1, and of ax, by 


B. V. GESHKENBEIN 


eb X2 aie Ry, Xz 
(33) 
am Rs, | exp {16,,}. 


_ Ao 2+ DCA +1) Ch + 1) 
be = WV + 1) pees 


— (14 25") Ren + (I 


We can therefore immediately write the formula 
for the polarization of conversion electrons in an 
electric transition: 
{o> =a(ven)n+6{v—(v-n) n}; (34) 
a= (B,—2B,)/vB, 6=(B, + B2)/2B, 
where the quantities B, B,, and By, are gotten 
from A, A;, and A, by making the substitution 
described above. 
For the polarization of conversion electrons 
ejected from the K-shell, we get the expression 


IG+N+N(h+N—h (+4) 


ee eee) aa 
x {(ven)n + Vj (i+) Re ae '(v—(v-n) n)}; 
of — 1 O41) Ry pont Re, per F2Re, jo) + 
Vide) (8s nt Re Sa en (36) 
+1 (Ro,p+ Ry j —LE* Rg, | —= Ro, j) oP CBj;— 3p 
ss —(R, j+R, ; 2 oJ AP ERB yy) 


In the free electron approximation, the radial 
integrals can be calculated explicitly: 


Rs, x, = (2nZe?m)"* a aT i; 
Ra, Go Rg, Ve a 0; 
ISS itera (2nZe?m)'" oer tak 6; —6_j4 = 0. 


Substituting these values for the radial integrals 
into (36), we get 


q eile ] 2e9 


j+tie—m (7) 


after which we find from (35) the same value for 
the polarization as in Ref. 1. 

For high Z the radial integrals cannot be found 
explicitly, and must be computed numerically. We 
ai for Z=80, a table of the values of Vj(j+1) 
x1 


As we see from a comparison of the table with 
formula (37), the electric field of the nucleus also 
has a significant effect on the polarization of the 


x 


@/m 
ae 0.3 0.5 6| 07 1 
4 4.6 3h..3) 225 PAG) 
2, Biol! PAS AAD, 1.4 
3 Bie Daa? 1.6 |1.04—0.27% 


1) calculated using values of the radial integrals 
which were kindly communicated to us by L. A. Sliv. 
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conversion electrons in the case of electric transi- 


tions. Formulas (35) and (36) are applicable to con- 


version in any shell with Kk, =-—1. In particular 
_ they are applicable to conversion in the LI shell, 
except that the radial integrals will be different. 
For conversion in the LII shell (or any shell 
with x,;=1), we find for the polarization of the 
conversion electrons 

és) glo e ot-1), 
27) + A+ I ae PD 


s (38) 
x (ven) n+ Vi + 1) Re aur (v —(v-n) n)}; 
4 


amare 


F 4l 2j+1 
(Rs; + Rj cif Re 7 as j Roi) ay 
gt SERA A { 2j+1 \ 
(Rai Rani +—-Rs5_7 + Lo Rely ia 
J J 
= aA ot) (Rs i441 + Ry jaa =e 2Rs j44 )exp {i (Bj44— 8_,)} 
— (Rg jaa + Raja — 2K 5,741) exp 4 (8j44 — 8) 


x 


In conclusion I express my sincere thanks to 
Profs. V. B. Berestetskii and A. P. Rudik for pro- 


posing the problem and for advice, to Academician 
A. I. Alikhanov and V. A. Liubimov for interest in 
the work and for discussion, and to Prof. L. A. 

Sliv who provided the values of the radial integrals. 
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The oscillations of an electron fluid are treated 


on the basis of the Landau theory of the 


Fermi fluid.! The oscillations reduce to longitudinal plasma waves, transverse electro- 


magnetic waves, zeroth sound, and spin waves. 


]., In treating the oscillations of a degenerate elec- 
tron fluid on the basis of the usual theory of such a 
fluid one can deal with longitudinal plasma waves, 
and also with transverse electromagnetic waves.” + 
The treatment includes the interaction between the 
electrons caused by the electromagnetic field. Such 
a treatment, however, is valid only under the condi- 
tion that the interaction between the electrons is 
small in comparison with their kinetic energy. In 
the opposite case the correlation of the particles, 
and in particular the exchange correlation of the 
electrons, leads to important changes in the kinetic 
equations.° 

The general theory of the degenerate Fermi 
fluid has been examined by Landau,! and the use 
of such a theory for the electron fluid has been 
discussed in an earlier paper.® We examine below 
the oscillations of a degenerate electron fluid on 
the basis of the Landau theory. The analogous 
problem for the uncharged degenerate Fermi fluid 
has been discussed in references 7 to 9. 

2. For our study of the oscillations of a degen- 
erate electron fluid we use the kinetic equation for 
the quasi-particles, which has the form® 


—_ 2 de On On Os 1 /de on On Os 
ae Viale: + (5 ne a 2 (= dp ' ap x) 
on lone de on Oe 7 A 
| te = 
+e oe +2 5 (las Hae + Sp lap A) =F a) 


where n is the density matrix, ¢€ is the Hamilto- 
nian function of the quasiparticles, and [¢€,n] is 
the commutator of these quantities; these are all 
matrices in the spin space. J is the collision op- 
erator. The field strengths obey the Maxwell equa- 
tions: 


div E = 4neSp, \ dp’én, 


OE 4 an 
curl H Soa <= SPo \ op ee + 4x6 rot Spo dpsn, 
diy, H=0, curlk 1 ORs 0, (2) 


cmon 
870 


where o are the Pauli spin matrices (ojo, + 
00; = 26jk), and On is the nonequilibrium con- 
tribution to the density matrix. For small devia- 
tions from the equilibrium state 

és (p, r) = — 8 (oH) 

+ Spor \ (¢ (, p’) + (39") b(p. p’)} 8x (p’, 1) dp’. 
Here the spin-orbit interactions have been neg- 
lected. 

It is convenient to use instead of n the distri- 
bution function f =Spn of the particles in the 
phase space of the coordinates and momenta, and 
the vector function o = Sp Gn of the spin density 
in the phase space. 

Then (cf. reference 7), recalling that emp = 
dmn€1 + Smn€2, we have: 


(3) 


Of, der Of der OF 4 dex 96 _ dex ac 
Ot Op or Or Op op; or, or; Op, 
ap eats: af 025; OS se 
tS Po dae lS <H| ap Te elalxH] a =! (4) 
do, (1, 0’ dey of 9 
at +(3 ¥)o— (} ge) e+ = leexo] + (36 sn) es 


of oO 
op. Or 


Salah ar) ee te (Es 5p)? 
t+ ella Hla)e—z(lext]a)e=i ©) 


In the equilibrium state, on the assumption that we 
can expand in powers of the constant field Hy) and 
keep only the first-order terms, we have: 


Oe, 
Op 


oO 
op 


e20 = — BHy + \dp’d (p, p’) 20/0’) (6) 
In virtue of the fact that 
(6) 
o = ts F205 (7) 


Equation (6) is an integral equation for €99- Itis 
easy to see that the solution of this equation has 
the form* 


*It is assumed throughout that the Fermi surface has the 


shape of a sphere. 
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29 = — 1 (p) Ho, 2 mn 
hive Gane a, P= P = DAP: (cosy), (11) 
iy al aoa 
1 (p) = ae a0 ee i [} (Po, Ps) — P(p, pi} where x is the angle between the vectors p and 
at =1 p’, we get the following dispersion equation for the 
ar sage U Fo {do 0’ (Po, P a . (8) determination of the frequencies of the character- 


For a momentum equal to the limiting momen- istic oscillations of the electron fluid: 


tum py of the Fermi distribution Eq. (8) gives an 8.8 An? 5 ah 1 \ \rmm' 

expression agreeing with that obtained by Landau.! ie i ae (- sic 7) pa 
The oscillations of the degenerate electron fluid, 

regarded as small deviations from the equilibrium — 0 (ee 

state, can be described by kinetic equations obtained 


oe mm’ 


4(n’ ae i) N incr 


Ln m'? 


from Eqs. (4) and (5) by neglect of terms of the Bre tarapaeerg 7 Nn 4) cos Op 
order of H?: 
{ Ys Wa ea = ae 
a3 a 4 sin Ogee (y/ WS Sin — my) ays mre 
Hs (v2) (1 — Shan) beet + pointes / ERLE AT wa 
+ £vxHy] 2 eae (4) ae SME ee 
aoe. 0 Ofo 2y (Pp) of (i= ib ee eee) 
+7) (80 — 3° be,) — — ; ; 
+(v x)( Nand *) ee Se,| + 4 sin a,eien(J/ ae cae + 2) Nea 
+ ([vxHy] =) (80—$ pes 12 be») = sep (5%) 
— Cre eA ym ais |} Ae, aby Nae 
Here* fe: e 4 
Vv = 0e,/Op, 4 Amietc2  8rpr [tg seb 
321 (p, r) =| ep, Pap, dP’, area ra aE Ra 
(Op —lep 
82 (P, tr) = —pH+\¢ (p, p’)Se(p’, r) dp’. x cus OVinv +55- sin Nini) +5 sin, | 


3. Of the various types, we first single out the 
oscillations that are not accompanied by changes 


+3"(1+ 4h) 802 Onto + Bnet + Bn,—a)Nie | = 0, (12) 


of the spin distribution function. We then get the where @=evH)/cp, 6k and ¢k are the angles 
following equation for the nonequilibrium contribu- fixing the direction of the vector k, and, finally, 
tion 6f to the distribution function, which describes 
such oscillations: NO \ do¥r (8, ) 
— {wd Phevet ive Ca tes, ; _, , ante 
iwef +( sap hes OF at i a x fexp| — Flot = — kv cos, cos6)) — 1} \ dy’ 


? 


x exp iS ([- iw + 2 + ikvy cos 8% cos 6] (p—¢’) 


Ofo 4mierc? 


as ara {eV \ap’e/’ = & \dp'vv’ (87-5 a5 ie Lo be 9) 


= — =f — F282, — \< (8p — be, 5. Of ie (13) 
¥ (9) — ikvy sin 6, sin 9 [sin (¢z — ») — sin (ge — 9’] » Yn (0, ¢’). 
Here it is assumed that the dependence of of on 
the time and the coordinates has the form 
exp (—iwt + ik-r), and in addition it is assumed 
that there is no constant electric field. 
When we represent 6f in the form of a series 
of spherical harmonics (with the polar axis directed 
along Hg), The frequencies wnm correspond to definite 
of = Ofo > Fa, mY” (0, 9) spherical harmonics, which are approximately in- 
Oe i dependent of each other. With increasing values 


Equation (12) has a simple solution in the long- 
wave region, where the condition kv) « {% holds. 
In this case we get* 


A 
am = m2(1+ gat) +0 (#4). (<li <n). 4) 


n,m 
SEE of kvo, however, the different harmonics are 
m we n+ (n Ne \) em m 
SST ey Fes ae esas yt P,, (cos 6) (10) Bo Seed ct 
*In what follows we suppose + sufficiently large and 


neglect the frequency of collisions. We note that the fre- 
quency corresponding to n=1 is the resonance frequency of 
*Hereafter H is the alternating magnetic field. the cyclotron resonance in the region of the normal skin effect. 


and set 
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more strongly coupled to each other, and it is then 
impossible to find solutions like Eq. (14). 

Let us analyze the simplest case of oscillations 
under the condition Hy =0. Then by orienting the 
polar axis parallel to k and taking T—%, we 
get instead of Eq. (12) 


Ban’ mm! + iR09 5; os ; | Ce Nanda 
a V eae Cees Nav | 1: ao om : ae BoBavoNne 
+ S81 + FE) bn Bo + Bin + 8a) Nw” |= 0, 15) 
and here 
Nit = Ona | OT. a) 


From this we see that the waves with different val- 
ues of m are independent. Furthermore, the terms 
in Eq. (15) that arise from the charge of the electrons 
are important only for waves with m =1 and play 
no part for the oscillations with m>1. Therefore 
the theory of the zeroth sound in the electron,fluid 
for waves with m > 1 is just like that for the case 
of He®.%® In particular, iffor i>2 all the Aj 

are zero, then the dispersion equation for the zeroth 
sound with m = 2, which determines the speed of 


sound svp = w/k, has the form 
4 1 abe 5 1 
7 iam toate deat Oke +(%—1)[1— zine}. 


(17) 
The case m=0 corresponds to the plasma os- 
cillations considered in reference 10. For them 
let us here look in more detail into the case in which 
only A, is different from zero. In this case we get 
from Eq. (15): 


fe Asst ee eee 


A; \\ s 
poems (+S) [1— gin 


2 s—1 
(18) 

In the region w > kvy we get from this the dis- 

persion equation of the plasma oscillations: 

Ay yoke 32n7 "piu, 

rae “PR % 


Ax \ 


@? = w — 1+ : 


= Banh \ 


It is important to consider the question of the 
possibility of undamped longitudinal oscillations 
with frequency much smaller than the plasma fre- 
quency w ). For this purpose we can write Eq. (18) 
approximately in the form 


(20) 


Because of the fact that the left side is small and 
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the right side can be small only in the region { 


s > 1, where itis ~(1/3s”), Eq. (20) has no 
solutions with w «K W. 
out that A, is not too large in comparison with unity 

Let us now consider the transverse oscillations 
m=1, again supposing that only A, is different 
from zero and that t— ©. Here we have from 
Eq. (15): 


1— $4 {f-@ 11} 


vats | 2 (21) 
D DA: C2R2 {1 (s? 1) 4 (s)} = 0. 


In the case in which the phase velocity Segre 
exceeds the speed of the electrons on the Fermi s 
face (s >1) we get w? = wh + c?k*, which corre- 
sponds to propagation of transverse electromagnetic 
waves in the electron fluid with the dielectric con- 
stant «€(w) = 1—w/w’. 

Let us now examine the possibility of propagation 
of waves with frequency much smaller than the plas- 
ma frequency (w,) and with phase velocity much 
smaller than the speed of light. 


Ar\[ 3 % ®o Ag 

(s*— 1) n(s)=1+(1+ Ep ibie a | (22) 
Because of the fact that the right member of Eq. (22) 
is positive and bounded (< 0.3), undamped solutions 
are not always possible. In particular, there are no 
solutions for w «K(vo/c) wo. The situation is par- 
ticularly simple in the opposite case, in which the 
inequalities 


=> (Uo/c) Wo 2 1 7a 


Oy >So S (23) 
hold and Eq. (22) takes the form 
(s?— DS) /g 2) Ay, (24) 


corresponding to oscillations of an uncharged fluid. 
Equation (24) has solutions only for A, >6. Calcu- 
lations of the coefficient A, for several metals,* 
carried out in reference 11, give A, < 3. There- 
fore we can suppose that for such metals a trans- 
verse zeroth sound can scarcely be possible. In 
principle, however, the possibility of the existence 
of solutions of Eq. (24) is of interest in connection 
with the possibility that in the range of frequencies 
given by the inequalities (23) there may be a band 
of transparency of the metal, with a real index of 
refraction. 

If the constant magnetic field is not zero, and 
Ho is parallel to k, the dispersion equation (12) 
can be put in the form: 


*The quantity A given by Eq. (19) of reference 11 is 


connected with A, by the equation A, = 3A. 


Here it is supposed through-- 


Then Eq. (21) gives ! 
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To bring out the part played by the constant mag- 
netic field let us consider oscillations correspond- 
ing to the conditions under which the dispersion 
relation (17) holds in the absence of a magnetic 
field. Then for the oscillations with m=2 we 
get: 
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In the long-wave region (kvpy K 22) we have 
from this 


(27) 


= 20(1+ 2){1+ (ae) }- 


In order for Eq. (27) to have undamped solu- 
tions, it is necessary that the inequality 


lo —2Q| >|] v9 


(28) 


(29) 


be satisfied. From this and Eq. (27) it follows that 
for negative A,, when Eq. (17) has no solutions, 
Eq. (27) also will have no solutions for wavelengths 
smaller than a critical value, which is of the order 
of magnitude v)/2. The same assertion also holds 
for cases less restricted than that in which only A, 
is different from zero. 

4, Let us now consider oscillations of the spin 
distribution function. Here we turn first to the case 
in which there are changes of the component of the 
vector function o parallel to the constant magnetic 
field Hy. Neglecting the collisions, we then have 
from Eq. (5’): 
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This equation is similar to Eq. (3), differing in the 
absence of terms coming from the alternating mag- 
netic field, and also in the fact that 6€7 appears 
instead of 6€, and df is replaced by doz. There- 
fore it is easy to verify that Eq. (30) yields the fol- 
lowing dispersion relation: 


(30) 
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where N™M’ is given by Eq. (13) for T— ~, and 


the coefficients By, are defined by the relation 
2 xp, 
Cane = v=¥= >) BnPn (cos x). 


n 


(32) 


In the long-wave region we get from this a simple 
expression for the frequencies of the spin oscilla- 
tions 
Be hv? 
onm=mQ(1+ sq) + (qr). (8a) 
In the region of shorter waves, for example in 
the case in which the wave vector is parallel to the 
magnetic field, the dispersion relation is like that 
obtained for the oscillations of the distribution func- , 
tion, with replacement of Ay by Bn [cf. e.g., Eqs. 
(27) to (29)]. 
Let us now turn to the case in which there are 
vibrations of the components of o perpendicular 
to the constant magnetic field. Writing o() = 
Ox + ioy, we get the following equation: 
0 0 2 
re bolt) {(v x) + — = (tv xHo] — yr. o\ i Y ae Ho} 
5 (34) 
x (st — 3 be(t)) =10; 


which leads to a dispersion relation differing from 
Eq. (31) only by the replacement of m’Q by m’Q2 
+ Q , where {= 2y(po)Hy/h. Therefore in the 
special case of long waves we have at once, as in 
Eq. (33):* 


B, k°ve 
oma = (ey + m2)(1-+ zt) + 0(q"). 
(35) 


In particular, for m=0 we have wo = + 26H)/h, 
which corresponds to the ordinary Bloch frequency. 
Let us examine in somewhat greater detail the 


*For 2 = 0 the spectrum obtained here corresponds to the 
spectrum of the spin waves of a paramagnetic fluid, as treated 
in reference 9 in the approximation of small By. I take this 
occasion to point out that in Eq. (2.16) of that paper the coef- 
ficients o, should be taken with the opposite signs. 
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case of short waves, on the assumption that only 
By is different from zero and that the wave vector 
k is parallel to the direction of the constant mag- 
netic field Hy. The dispersion equation takes the 
form: 


41 Ss stso+1 
—yeHl—Fhn| if 


S+ sy — 1 


where s = w/kvp, Sq = 29 /kvo. 
In the region of small wavelengths we have from 
this 


oO = Rvs => + Qo (1 -- By) {1 +- 0s O Bo Qe): (36) 


For positive By the frequency increases with in- 
creasing k. 

In the short-wave region kv) > Q) the disper- 
sion equatiqn takes the form 1/By)=7(s) and has 
solutions only for positive By. In the case of nega- 
tive Bo, on the other hand, it follows from Eq. (36) 
that with decrease of the wavelength the absolute 
value of the frequency decreases. Furthermore, 
in the case 1+1/By) <0 the frequency of the spin 
wave goes to zero for |k| = Q)/vo, according to 
the formula 


@ = + {2 — |b] oo [1 + exp (EF 2 VN (gay 


5. The oscillations of a degenerate electron 
fluid considered here are in a certain sense simi- 
lar to plasma waves, and correspond to excitations 
that obey Bose statistics. The same applies also 
in particular to the excitations of an electron fluid 
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in a magnetic field, with the spectra given by Eqs. 
(14), (33), and (35). Therefore the contributions 
of such excitations to the partition function will be 
decidedly different from the contribution of the | 
single-particle states, which obey Fermi statistics. _ 
| 
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Galvanomagnetic phenomena in strong fields are studied for metals with open Fermi sur- 
faces. Characteristic features of the angular dependences of galvanomagnetic parameters 
on the magnetic field direction are investigated and their relation to the topology of an open 
surface is determined. In particular, the possibility of resistivity saturation, previously 
established in principle! for certain orientations of the magnetic field relative to the crystal 
axes, and its quadratic increase for other directions are analyzed in detail. It is found under 
what conditions the resistivity can increase linearly with the field as a result of averaging 
over the orientations of the crystallites in polycrystalline samples. 


‘Tae theory of galvanomagnetic phenomena in met- 
als, developed in reference 1 for an arbitrary dis- 
persion law ¢€ =€(p) and an arbitrary collision 
integral, enable us to draw certain inferences re- 
garding the topology of the Fermi surface from the 
experimentally determined galvanomagnetic char- 
acteristics. When the Fermi surface is open or 
when it is located near open constant-energy sur- 
faces, the asymptotic behavior of the conductivity 
tensor Oj, in strong magnetic fields can differ 
essentially from its asymptotic behavior when the 
constant-energy surfaces are closed. Thus, for 
example, the asymptotic Hall coefficient for metals 
with an open Fermi surface can depend on the ori- 
entation of the magnetic fields with respect to the 
crystallographic axes, whereas for closed surfaces 
the Hall coefficient in strong magnetic fields is iso- 
tropic (if the number of electrons does not equal 
the number of holes). 

An even more important distinguishing charac- 
teristic of open surfaces is the fact that for some 
directions of the magnetic field the resistivity can 
approach saturation, while for other directions it 
can rise without limit (p ~ H’). 

In the present paper we investigate the galvano- 
magnetic properties of metals with different types 
of open constant-energy surfaces and determine 
the characteristics of the angular dependences of 
these properties. . 


1. GEOMETRY OF PLANE SECTIONS OF AN 
OPEN FERMI SURFACE 


For convenience we shali discuss only the con- 
stant-energy surfaces which have the form of an 
“undulating cylinder” (Fig. 1) and the surface which 
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is represented by a three-dimensional grid of undu- 
lating cylinders (Fig. 2). 

Such surfaces are of the most common type. The 
existence of the three-dimensional grid has been 
detected experimentally by Pippard? for copper, 
while Verkin® has found the undulating cylinder 
type for zinc. 

Further extension to arbitrary open constant- 
energy surfaces is not difficult, because the sec- 
tions of such surfaces by a plane pz =const may 
contain momentum-space trajectories (e€ = const, 
pz = const) of all possible types — closed and open 
trajectories, with or without the periodicity of the 
reciprocal lattice. 

The direction of the magnetic field will always 
be taken along the z axis. The set of magnetic 
field directions for which it is possible to have a 
band of open momentum-space trajectories is de- 
termined by the structure of the constant-energy 
surface. In the case of the undulating-cylinder 
type, open trajectories are encountered only when 
the magnetic field is perpendicular to the cylinder 
axis. Open trajectories are encountered much 
more frequently in the case of the three-dimen- 
sional grid. Figure 3 is a stereographic projection 
of the magnetic field directions for which open 
plane sections appear in-the case of the three- 
dimensional grid type of surface. There is a two- 
dimensional set (solid angle) of magnetic field 
directions for which open trajectories are possi- 
ble (regions I in Fig. 3). 

When the magnetic field direction coincides 
with one of the crystallographic axes open trajec- 
tories are possible only for certain isolated values 
of pz and do not contribute to the tensor Oj. 
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FIG. 1. Section of an “undulating 
cylinder” type of constant-energy sur- 
face by a plane pz = const. 


When the magnetic field is not along one of the 
crystallographic axes, we can have an entire band 
of open trajectories, integration along which con- 
tributes to oj,. A geometrical analysis shows 
that open trajectories appear, in particular, when 
the magnetic field direction is located in any prin- 
cipal crystallographic plane. 

When the magnetic field direction is not located 
in any principal crystallographic plane, the condi- 
tion for realization of a band of open trajectories 
(in the simplest case of constant-diameter tubes ) 
is 


b,cos¢ tand <d, b,sing tand <d; (1) 


where d is the tube diameter, H, ¥, » are the 
polar coordinates of the vector H_ in the coordi- 
nate system where the polar axis coincides with 
the crystallographic axis that is closest to the 
magnetic field direction (axis 3 in Fig. 2), and 
by, by are the periods of the reciprocal lattice in 
directions 1 and 2. In the general case of tubes 
with nonuniform diameter condition (1) is not exact 
and the boundaries of regions I and II (in Fig. 8) » 
are deformed. When only one of conditions (1) is 
fulfilled, the closed trajectories pass through sev- 
eral cells of the reciprocal lattice (region III in 
Fig. 3). 

A simple analysis shows that for a given mag- 
netic-field direction open trajectories in all cross 
sections pz = const have a common direction, 
which is the intersection of the xy plane perpen- 
dicular to the magnetic field with the nearest (in 
angle) principal crystallographic plane (open tra- 
jectories are always located in one of the principal 
crystallographic planes (100), (010) or 
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(001). This direction will hereinafter be the x 
axis. Thus the projections of all trajectories will 
be of finite length along the y axis (see Fig. 4). 
It must always be kept in mind that for a suitable 
choice of axes the magnetic field direction com- 
pletely determines the entire coordinate system. 


2. ASYMPTOTIC BEHAVIOR OF GALVANOMAG- 
NETIC CHARACTERISTICS IN STRONG FIELDS., 
TYPES OF SINGULAR MAGNETIC FIELD DI- 
RECTIONS 


In describing the motion of an electron we shall, | 
as in reference 1, use the quantities € and pz, 
which are conserved in a magnetic field, as well 
as the dimensionless quantity tT =t/T), which 
characterizes the position of the electron in the 
momentum-space trajectory ¢€ = const and in 
Pz = const. Here t, the time of motion along a 
given trajectory, is given by (c/eH) {dp /Vy 
(see reference 1), and T,) agrees in order of 
magnitude with the time required for the momen- | 
tum projection (py, or Py) of an electron moving 
along a momentum-space trajectory either to re- 
turn to its original value (when the trajectory is - 
located entirely within a single cell of the recip- 
rocal lattice) or to change by a quantity of the 
order of the reciprocal lattice. The latter case 
is possible for an electron moving along an open 
trajectory or along a closed trajectory which 
passes through a few cells of the reciprocal lattice. | 

To determine the conductivity tensor oj,, itis 
necessary to solve a kinematic equation which, 
after linearization for a weak electric field E, 
is of the form! 


FIG, 2 


BIG. 3 

FIG. 2. Constant-energy surface of the “three-dimensional 
grid” type. 

FIG. 3. Stereographic projection of magnetic field directions. 
The shaded regions (I) give the field directions for which a band 
of open trajectories exists. Region II has no open trajectories. 
Region III, bounded by dashed lines, represents the field direc- 
tions for which elongated closed trajectories exist (enclosing | 
many cells). 
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ty OY; 


Fog + OW id = Sole) us (2) 


where y; characterizes the addition to the equilib- 
rium function fy of the electron distribution: 


pS jority EB: d; 
W {f£}/t) is the collision integral, ty) is the mean 
free electron time, and |W] ~ 1, 
The electrical conductivity tensor oj, is given 
by! 
6p SSD the \ Ue dp. (3) 
Strong magnetic fields are understood to be those 
which satisfy the condition 


4o =i oy to oy H <1. (4) 


The characteristic field Hy is the field for which 
the characteristic time T) equals the mean free 
time ty). We shall hereinafter assume that condi- 
tion (4) is always fulfilled. 

When all closed trajectories are located within 
a single cell of the reciprocal lattice and the open 
trajectories possess the periodicity of the recipro- 
cal lattice, Eq. (2) can be solved by successive ap- 
proximations (as in reference 1), with the follow- 
ing representation of 4j: 


(5) 


As will be seen below, the expansion (5) is not al- 
ways permissible for open Fermi surfaces. Spe- 
cifically, this can occur when the momentum-space 
trajectory extends over a few cells of the reciprocal 
lattice. This is associated with the fact that the 
characteristic time of electron motion in the mag- 
netic field is the electron period of revolution along 
the trajectory (for a closed trajectory), which in 
the case of greatly extended closed trajectories 
that pass through a large number of reciprocal 
lattice cells can be comparable with or even much 
longer than the mean free time. Consequently, the 
character of the dependence of oj, on the magnetic 
field (that is, on yo = Hy/H) varies greatly with 
the magnetic field orientation and near certain sin- 
gular directions the expansion in powers of yy is 
not permissible. 

To simplify the following investigation, we illus- 
trate the foregoing for the case W=1 {that is, for 
the case in which collisions can be deperined by in- 
troducing only the relaxation time t)). Equation 
(2) then becomes 


_ lie (¢) U.. (6) 


For closed trajectories, as in reference 1, we 
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FIG, 4. Intersection of the plane p, = const and the “three- 
dimensional-grid” constant-energy surfaces €= €, (solid curves) 
and €= €, + 8€ (dashed curves). Closed trajectories of type I 
correspond to energy regions € < €,; trajectories of type II cor- 
respond to energy regions € > €,. Accordingly, opposite direc- 
tions are taken along these trajectories. These two types of 
curves are separated by open trajectories. The direction of an 
open trajectory is given by the angle ’, for which cos ¢ = 
cos (1 + sin’¢tan?d)"”, 


use the Fourier method to obtain 


of, == 227th? 
(7) 
de dpz, 


ko 


k . \ (7p, —k —k_k 
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where y=T/t), and T is the period of revolu- 
tion of an electron in a closed trajectory: 


T = (cleH) § dp./vy. (8) 


Near certain singular directions of the magnetic 
field (small ¥ in Fig. 1 and region III in Fig. 3) 
the trajectories are closed and greatly extended. 
To determine the basic angular dependence of oj, 
near these directions the angular dependence of y 
must be taken into account explicitly. In the case 
of an undulating cylinder with ’<«<1 we have T= 
aT) /3, y=ay)/s, a~1 for most trajectories 
and y ~ yy for the remaining trajectories. 

The contribution to ojz from the “stretched” 
trajectories will be 
5 Altty + Bie Tee 

R92 4 ay? ? ‘Gee Loerie hla (9) 


OF >= 
k=1 
where Qa, AK, BK also depend on the angles. Thus 
oj1 is a function of yp and also of yo /3. When 
&~ Yq) K1 it can be seen from (9) that the follow- 
ing expansion is possible: 
S11 = 3:1 (Yo, Yo/4) = = Liisa? ( (7,/9), (10) 
whereas the expansion given in (5) is impermissible. 
When W #1 the character of the angular de- 
pendence of oj, in (7) and (10) does not change 
qualitatively. 
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We have no further interest in the smooth angu- 
lar dependence of oj,, which results from the spe- 
cific form of the collision integral. We shall dis- 
tinguish only the steep angular variation of Oj; 
which is associated with the approach to the singu- 
lar magnetic field directions. 

When a two-dimensional region (solid angle) 
of directions of H exists for which there is a band 
of open trajectories, an analysis of the methods and 
equations of reference 1 shows that within this re- 
gion it is reasonable to use the expansion of yj in 
powers of yp) [expansion (5)] even when the open 
trajectories are aperiodic. The essential require- 
ment for this purpose is that the mean velocities 
(V¥,)A7, Guring the mean free time on each portion 
of the trajectory (that is, in the interval AT ~ 1/yo) 
should, to a very high degree of probability, differ 
very little from the mean value v; over the entire 
trajectory* (it must be noted, of course, that this 
condition is not fulfilled for greatly extended closed 
trajectories ). 

By means of the given expansion we can see that 
in the most usual case when, for a given magnetic 
field direction, all open trajectories have a common 
direction (taken along the x axis) Eqs. (14), (21), 
(29) and (54) of reference 1 are valid and, specific- 
ally, the resistivity increases quadratically with 
the field, p ~ H?. The foregoing statement refers 
to all surfaces considered in the present paper, for 
which more details are given in the following sec- 
tion. On the other hand, when open trajectories 
exist simultaneously for different directions (be- 
longing to the same or to different surfaces if there 
are several of these) all components of oj, and 
Pik approach saturation. 

When the open trajectories have a common x 
direction, the asymptotic value of the transverse 
conductivity component oyx is of the order of 
Yo ~ 1/H and, in virtue of Eqs. (21) and (23) of 
reference 1, can be written as 


25-38 OP, J (1) "i t \ 
Op = CHT 5 \ Oe \Cx (Pz,£) -— 2HT, fo (€) Put drdp.de, 
(11) 

where cl!) is obtained from the condition 
(pd = WiC. — se foe) py} =0 (12) 


[see Eqs. (16) to (18) of reference 1]. 

The second term is independent of the collision 
integral and is determined only by the geometry of 
the surface. The first term disappears for closed 
trajectories in virtue of the condition p (Opx /9T ) dt 


*This requirement follows from the fact that the expansion 
of Wj in powers of y, contains expressions such as 


F 
fj — %)dr and their iterations. 
0 
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=(. However, for open trajectories ‘ 
4 ( Op 
oy ~lim = \ 
) 1] 

Consequently oyx together with the Hall coeffi-| 
cient depends on the form of the collision integral 
and the magnetic field direction if the trajectories 
are not straight lines (in which case y(t) = 
yit)( €, P,) = 0). In this case the singularity in 
the angular dependence of the galvanomagnetic 
characteristics is the point where open trajec- 
tories disappear. 

In accordance with the above, the special mag- | 
netic field directions can be of at least three types: | 

(1) Magnetic field directions for which a band of 
open trajectories-exists form a one-dimensional 
set. This occurs, specifically, if there is an iso- 
lated direction of open trajectories. Examples 
are directions perpendicular to the axis for an 
undulating cylinder, and continuous curves con- 
necting regions I in the sterographic projection 
of directions of H for a three-dimensional grid 
(Fig. 3). 

(2) There exists a two-dimensional region 
(solid angle) of magnetic field directions corre- 
sponding to open trajectories. The singular direc- 
tions of the magnetic field in this case are the 
boundaries of this region. An example is given 
by the boundaries of the shaded regions I in Fig. 3. 

(3) In the open trajectory region there exists 
an isolated magnetic field direction for which the 
band of open trajectories disappears. An example 
is given by the directions of the principal crystal- 
lographic axes for a three-dimensional grid (%=0 | 
and similar points in Fig. 3). 

As has been shown above, in case (1) a strong 
angular dependence of ojj appears in the closed 
trajectory region as the singular line of magnetic 
field directions is approached. 

In case (2) when the width of the open trajectory 
band vanishes on the boundary of region I, then, 
as will be shown, a strong angular dependence of 
oj] appears inside this boundary (that is, in the 
open trajectory region). The same occurs in case 
(3). 

A more detailed discussion with specific exam- 
ples will be given in the next section. 


2 dt ~ b;,/To 0. 


Cha 


3. INVESTIGATION OF ASYMPTOTIC BEHAVIOR 
FOR SOME TYPES OF FERMI SURFACE 


a. Surface of the Undulating Cylinder Type 


When the magnetic field is not perpendicular to 
the axis of a constant-energy surface of the undu- 
lating cylinder type, all trajectories ¢ = const 
and pz = const are closed. 
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When the angle ¥ between the magnetic field 
directions and the plane perpendicular to the cyl- 
inder axis is not small, the period Ty of electron 
revolution through its entire momentum-space tra- 
jectory is much smaller than the characteristic 
mean free time ty: 


T9/to =~ To/tod K Ms 


Yo < 1. 
The conductivity tensor oj; and the resistivity 


tensor pjk in strong magnetic fields have the same 


asymptotic form as in the case of closed constant- 
energy surfaces (1): 


(axe To@xy YoRxz 
Sik =|) YoOyx Yo@yy YoQyz }; (13) 
Yo@zx Yo8zy Azz 
Ore Xo Oxy Ox 
Pik =| Yo Oyx byy BS 1 
14 
bzx bey 222 ( ) 


For 3’ > yp, the Hall coefficient is isotropic, 
independent of the form of collision integral, and 
inversely proportional to the volume between the 
cylinder surface and two adjacent crystallographic 
planes perpendicular to the cylinder axis. 

When 3~ y) <1 the electron period of revo- 
lution in the largest trajectory (Fig. 1) is com- 
parable with t) and oj, contains terms, which 
cannot be expanded in powers of yp since these 
terms contain yp in the combination y)/¥. 

We shall continue to take the z axis in the 
direction of the magnetic field, with the x axis 
in the plane of the magnetic field, and cylinder 
axis and the y axis perpendicular to this plane. 

Taking into account the angular dependence of 
the Fourier components of velocities vé in dif- 
ferent trajectories, we obtain for ojj, in accord- 
ance with Sec. 2, 


Cia Ph 
At sete 2 AO 
Doc. B92 ave! % xxV0s 
i) “0 
2 
y BEY ee 3 (15) 
Syy cnt 29 ¢ > 2 yy 
7 R29? + aye 


with similar expressions for the other components 
(a, Ar, Bk are coefficients independent of yo 
and J in first approximation). The second terms 
in (15) are associated with the trajectories which 
remain closed even when ¥’=0 (see Fig. 1). 

For small yj, #<«1 but arbitrary y)/3 we 
can retain only the first nonvanishing terms in the 
expansion (10). A simple analysis then shows that 
the conductivity tensor can be represented asymp- 
totically by the following general form: 


_ the finite values aj, (~); 


Vodxe (1) YoAxy(N) ore (x) 
Si =| YoAyx (N) Ayy(Q) — Ayz (%) (16) 
Yo2zx (7) zy (7) Azz (7) 


where 7 = Y)/¥. 

When ¥<yp (i.e., 7-0) aj, (7) tends to 
this correspond to 
Eqs. (29) of reference 1. On the other hand, when 
3 >> yo) the tensor ajk(7) has the form 


Axx(Q)  Axy(O) — axz (0) 
Qik =| Ayx (0) 047)? Ho) ? (17) 
az, (Q) —X_7] azz (0) 


where a; and a, are constants. It is easily seen 
that in this case (16) reduces to (18). 
Expressions of the form 


ay? + ay ntay? 


TA, 7 (18) 


a1 (4) = 
furnish a good extrapolation of ajz(1) correspond- 
ing to the structure of ojj. Here 
ab = ea ale 
In the special case of a right circular cylinder, 
Go (p? — p)/2my (pg is the cylinder axis) and 
W=1, Eq. (18) is exact and 


Axy (N) = — yx (N) = Axx (N) = F0/(1 + 4); 
Az2(%) = Ayy (N) = 9077/1 + "Ys 
Ayz = Ayz = — Agy = — Ax = 3on/(1 a ae). 
So == 2VA 3 (e7t 9/1). 


It must be noted that the singular character of 
ajJ() in the case of a right cylinder (specific- 
ally, the fact that azz(0)=0; axx(~) =axy(~) 
=0) is associated with the absence of undulation; 
then vz, =0 on each trajectory and there is no 
velocity component along the cylinder axis. 

For the resistivity tensor pjk we obtain 


Tobe (1) 1 08zy (0) ¥ 06x20) 
On = (0 *)ik = (Tobie (y) yy (0) Byz(") |, 
cia bzx (1) bzy (N) bzz (N) (19) 


where bj, = (a>) ie: 

When ¥<yy (1 > 1), bik = bik (~) are finite 
quantities, which are generally different from zero. 
In the limit ¥=0 (n=) Eq. (19) agrees with 
Eq. (54) of reference 1. 

When 3 >y¥) (1-0) the tensor bj, (7) be- 


comes 
Ul Dry (0) 71B2 
bin = ( (0) byy(0) bye 0) ; (28) 
7B» 6570): as 20220) 
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and the expressions for pjk reduce to (14). 

virtue of pik (H) =pki(—H) we then have bxy (7) 
= — byx (1); specifically, Dxy (0) = —byx (0) = 

if, axy (0). 

Equations (16) to (20) remain valid even when 
the Fermi surface breaks up into an undulating cyl- 
inder and an arbitrary number of closed regions. 
When additional open surfaces exist these equations 
remain valid for those magnetic field directions for 
which the sections of the additional surfaces are 
closed. 

Since in the expressions for oj,k and pjk the 
coordinate axes were selected in a special manner, 
it is of interest to write the expression for the re- 
sistivity with an arbitrary direction of the current 
(perpendicular to the magnetic field). This gives 
0 =p,, Cos” a + 9,, sin? a 


‘ 


— (p,, +9,,) Sin & cos « 


= gr Oa, (i) COS —47, 107 (m0) 
: (21) 
+ 6,,,(4)) sin «cosa + 6,, (7) sin’ a, 
where qa is the angle between the current direc- 
tion and the x axis. 
Taking into account the behavior of bj, (7) for 
n<1 and »> 41, we represent by, in the form 


ba ay = = DEA, 


1 + 22x? c(%), 


and for p we obtain 


By cos? « 


ae nan + A, 


i (22) 
where A, £;, A are smooth functions of the angles 
and c(7) is a smooth function of its argument 7 = 
y¥o/3, with c(0) =c() =1. 

Thus the basic dependence on angles and on the 
field as the singular line “=0 is approached is 
given by (22), or explicitly 

BH? cos? « 


OV — 
‘SH? + 2H? 


Thus as the direction ’=0 is approached there 
appears a quadratic rise of resistivity with the 
field, whereas in all other directions saturation 

is obtained in the fields H ~ H)/%. For a fixed 
field H there is a sharp maximum in the angular 
dependence of resistivity, the width of which is in- 
versely proportional to the field: 


Ad ~%= Jabyimin ks 


Since this maximum is very sharp in large fields, 
any averaging over the angles in the interval 63 

> >) (including ¥=9) leads to a linear rise of 

resistivity with the field: 


x Hcos? « 


(es = Say, — + A x= | SOL? ay, (24) 
0 
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In particular, when the resistivity is measured in | 
a thin polycrystalline wire with diameter of the | 
order of the crystallite size the averaged resistiv- | 
ity is observed: ] 

o= (x/In)H/Ho tA (254 
(the bar over x and A denotes averaging over | 
the smooth angular dependence in the equatorial | 
plane J=0). 

The linear law discovered by Kapitza* is pos- 
sibly associated with similar averaging. It must 
be emphasized again that because of the narrow- 
ness of the maximum the method of averaging does | 
not play an important part; specifically, averaging 
of the conductivity oj; followed by a transforma- 
tion to inverse quantities yields the same result. 

It must be noted that conclusions regarding the 
growth of resistivity near singular field directions } 
[Eq. (23)] remain valid in the presence of few sur-_ 
faces of the undulating cylinder type with differentis} 
directed axes (in view of the fact that for each of 
the singular field directions open sections occur 
for only one of these surfaces, which thus deter- 
mines the behavior of p and o). This can occur 
for cubic crystals, in which case the singular di- ~ 
rections lie in each of the three principal crystal-_ 
lographic planes and the averaging again gives the 
linear law p ~ H. 

The transverse component of the resistivity for | 
an arbitrary current direction x’ will be 


— 2 ‘se sD) rs. : 
Pyryr = Py, COS” & —p,, SiN? & ++ (p,, —0,,,) Sil & COS a. 


Hence for the Hall coefficient with an arbitrary 
current direction we obtain 


yx (H) ~ Pye (—H) Bye (tt) + bye(— 2) 


a 2H =e 2H, 


where Ro, the Hall coefficient for 3 > yp, is in- 
dependent of the angles and the field: 


Ro = byx(0)/ Ho = 1/nec 


(n is the number of electrons per cell) and b(n) 
is a smooth function of 7 with 


6(0) = 1; 6 (00) = dyx (00) / byx (0). 


The characteristic angular dependence of the 
Hall coefficient on field direction for a fixed H 
(the rotation diagram) is shown in Fig. 5. R= Ry 
everywhere except for a narrow region near J =0,, 
the width of which decreases with the field: A’ ~ 
Yo = H)/H. In this region the asymptotic behavior 
of the Hall coefficient depends on the specific form | 
of the collision integral and cannot be expressed | 
simply. | 


re eT ee aty 
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FIG. 5. Dependence of R 
on the angular coordinate 3 
of H (rotation diagram) for the 
undulating-cylinder type of 
surface. 


| 
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b. “Three-dimensional Grid” Type of Surface 


It has already been indicated that this surface 
(Fig. 2) possesses all of the types of singularities 
enumerated in Sec. 2. Specifically, the portions 
of the equatorial lines which do not belong to re- 
gions I in the stereographic projection of magnetic 
field directions (the heavy continuous lines in Fig. 
3) are singular lines equivalent to the directions 
%=0 for surfaces of the undulating cylinder type. 
Region III surrounding this line contains strongly 
stretched closed trajectories; the entire analysis 
and all results of the preceding section can be 
applied to this region. The part of / is played 
by the angle between the magnetic field direction 
and the nearest principal crystallographic plane. 

Singular directions of another type are found in 
the boundaries of regions I and II (Fig. 3) as well 
as the principal crystallographic axes. Before in- 
vestigating these it must be noted that region II 
contains only closed trajectories located within 
the limit of a single cell while region I contains 
open trajectories in addition. Therefore the stand- 
ard asymptotic forms (13) apply to region II up to 
its boundary and the steep angular dependence oc- 
curs only on the inner side of this boundary. 

The asymptotic behavior of the conductivity 
within region I can be most conveniently investi- 
gated by considering separately the contribution 
to each component of the conductivity oj, (Eq. (3)) 
from the band of open trajectories and from all 
other simple closed lines. It will be remembéred 
that the contribution from simple closed trajector- 
ies is given by (13). 

To determine the contribution from the band of 
open trajectories we first note that the magnetic 
field direction ( inside region I) uniquely deter- 
mines the single common direction of all open tra- 
jectories (the intersection of the plane perpendicu- 
lar to the magnetic field with the nearest crystallo- 
graphic plane). By selecting this direction as the 
x axis we obtain a picture similar to the previously 


881 


discussed case of an undulating cylinder with the 
magnetic field perpendicular to its axis (#=0). 
Therefore the corresponding contribution to oj, 
is given by (16), where, however, instead of aj; (7) 
there are constants which are generally proportional 
to the width of the band of open trajectories (when 
this is small). The width of the band of open tra- 
jectories becomes zero on the boundary between 
the regions I and II and also in the directions of 
the principal crystallographic axes. Near these 
singular directions the width is generally propor- 
tional to #, which is the absolute value of the 
angle between the magnetic field and the I-II boun- 
dary (or the direction of the nearest crystallo- 
graphic axis). 

Therefore near the singular directions, retain- 
ing in ojx the principal terms in the small param- 
eters Yo and &, we obtain 


VeAxx Yoaxy ox 
Cif fe Veayy + 9'C2 Toyz + 9'Cs | 5 (28) 
Yolex olzy + 9C3 Azz 


where ajk, cj are smooth functions of the angles 
and are generally quantities of the same order of 
magnitude. 

For the reciprocal tensor pjk we have with the 
same accuracy 


Bux + bo [ve Vou Dn xe + be /%o 
Cea Thy yx byy byz 


ex ar 62.8 |X, Dzy bea (2 9) 


(bjk are smooth functions of the angles with bxy = 
1/axy ). 

To determine the resistivity for an arbitrary 
current direction and a perpendicular field direc- 
tion, the components of the tensor pj, must again 
be transformed as in the preceding section [Eq. (21)]. 
If q@ is the angle between the current direction and 
the x direction indicated above, the resistivity p 
is given by 


= 15 2D Bax cos? % + yt cos « sin & (Dyx + Oxy) 
+ by, cos? «& + by, sin? «. 


Assuming that with accuracy to terms ~ Yo, 


byy = —byx, we have for H > Hy (¥9 <1) 


0 = ® Oey (H [ Ho)*cos? a + A (30) 


(A is a smooth function of the angles which is in- 
dependent of H). 

Thus in regions I the resistivity grows quad- 
ratically, disappearing at the boundaries and at 
the centers of the regions. In the current direc- 
tion cos @=0 (perpendicular to the direction of 
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FIG. 6. Angular depend- 
ence of p near singular 
points of types I, II, and II. 
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open trajectories) the resistivity also tends to 
saturation. 

It follows from Eqs. (22) and (30) that in very 
strong fields (H > Hy) the angular dependence 
of the resistivity near directions of the three sin- 
gular types given at the end of the second section 
will have the form shown schematically in Fig. 6. 
A characteristic resistivity rosette containing all 
three types of singularities is obtained by rotating 
the field in a plane that passes through one of the 
crystallographic axes but does not lie too close to 
a crystallographic plane such as the (110) plane 
(Fig. 7). The experimental plotting of these an- 
gular dependences in different planes enables us 
to determine the nature of the singular points and 
thus to “probe” the entire Fermi surface. 

We note that all the results obtained remain 
valid when a metal possesses an arbitrary number 
of closed Fermi surfaces in addition to one open 
surface. 

As was shown in reference 1, the asymptotic 
behavior of oy, together with that of the Hall co- 
efficient R in the case of simple closed trajec- 
tories is independent of the form of the collision 
integral and is associated only with the geometry 
of the Fermi surface. We are therefore able to 
calculate R in region II as well as close to singu- 
lar points of the discussed type. 

By means of Eqs. (11) and (12) and by taking 
into account the invariance of the distribution func- 
tion under transformations associated with the 
translational symmetry of the lattice, we obtain 
for field directions close to the crystallographic 
axes 


2ec b,cos@ + by sino 


Sys = — Fa \V — Amind yb, [1 a d 


sin | cos 3 


min 


+u(%, 9) (31) 


where V is the total volume of the tubes in one 
cell, dmin is the minimum diameter of a tube in 
the direction of a crystallographic axis, ¥, g are 
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the angular coordinates of H (see Fig. 2), and ; 
u(#, ”) depends on the specific form of the colli- 
sion integral W, being given by the integral 


u(9, ¢) = —2b,\p, (p,) dp, 


taken only over open trajectories. The magnitude 
of Py (pz) is determined from the condition (12): 


W (CDP) = W110) sp Pu (P=) = W {fo spre Po ol. 


When #=0 the open trajectories disappear and 
u(v, 9) =0. For small ¥ we have u(v, 9) ~ d; 
for constant tube diameter u decreases more 
rapidly than # and this term in (31) can be neg- 
lected. | 
We can therefore make the following statements _ 
regarding the asymptotic behavior of the Hall co- | 
efficient. R = (py’x’(H) — py’x'(—H))/2H is inde-_ 
pendent of H but is a function of the angles and 

the form of the collision integral in regions I and 

III (Fig. 3). In region II 


R= 1 nee, 


(32) , 


where n= 2Vh~° is the number of electrons. Whea: 
the magnetic field is directed along a crystallo- 
graphic axis the asymptotic Hall coefficient is also 
determined only by the topology of the Fermi sur- 
face and is independent of the form of collision in- 
tegral. R can be written formally, by analogy with 
(32): 


SUNG i= hy OB (33) 


where the numbers nj do not equal the number of 
electrons n and are given by 


Ay =nh— 2hstdib5bs: Ny = h — 2h 3d,b,bs; 
Nz = n — 2h 3d3b,bo; 


d;, d,, dj are here the minimum diameters of the 
tubes in the directions of the crystallographic axes 
ae Os 

An interesting fact must be noted. As shown in 
reference 1, the concepts of “electrons” and “holes” 
can be introduced only for closed surfaces. In the 
case of closed trajectories on open surfaces we 


(34) 


FIG. 7. Rotation diagram 
(p = p(®)) with three types of 
singular points. 
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can also speak in some sense of two types of mo- 
tion depending on the direction in which a trajectory 
is traversed (for closed surfaces this direction 
differs for “electrons” and “holes”). On an open 
surface, however, the direction at a single point 
may depend on the magnetic field direction (that 
is, on the direction of the intersecting plane). 

This occurs in the case of the “three-dimensional 
grid” (Fig. 4). Therefore the “number of carriers” 
of types I and II depends on the magnetic field di- 
rection and is not invariant. 

From this point of view the quantities n, in 
(33) can be interpreted formally as differences 
between the numbers of such carriers, in the form 
n= nl - me, although we naturally cannot speak 
of any division into “holes” and “electrons”. 

The authors are indebted to M. I. Kaganov for 
valuable discussions. 


Note added in proof (October 7, 1958). An an- 
gular dependence of the resistivity which becomes 
linear as the result of averaging, has been deter- 
mined experimentally very recently by Alekseev- 
skii and Gaidukov [J. Exptl. Theoret. Phys. (U.S.S.R.) 
35, 554 (1958), Soviet Phys. JETP 8, 383 (1959)]. 


! Lifshitz, Azbel’, and Kaganov, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 31, 63 (1956), Soviet Phys. JETP 4, 
41 (1957). 

2h BR: Pippard, Phil. Trans. Roy. Soc. (London) 
A250, 325 (1957). 

Eee Verkin, Doctoral Dissertation, Khar’kov 
State University, 1956. 

4p. L. Kapitza, Proc. Roy. Soc. A123, 292 (1929). 


Translated by I. Emin 
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Electron cascade curves in copper are calculated for primary electron or photon energies 
10’ < E < 10'* ev by the method of moments. The calculation is performed with account 

taken of the dependence of the total photon absorption coefficient on energy and of Ruther- 
ford scattering of the charged particles. A brief analysis of the numerical results is car- 


ried out. 


ly experimental work on cosmic rays one uses 
copper or iron ionization chambers shielded by 
absorbers made of different materials. Thick lay- 
ers of copper or iron are sometimes used as ab- 
sorbers. For the purpose of analyzing the results 
obtained with such apparatus it is necessary to have 
quite accurate cascade curves in copper and iron* 
for primary electron or photon energies Ep. 

Cascade curves for copper have been calculated 
by the method of moments.! In calculating the mo- 
ments of the distribution function {Np (Ep, 0, t)}P»E 
for electrons with energy greater than zero at depthyt 
t in a shower generated by a primary electron or 
photon of energy Ej), by means of recursion for- 
mulas,” we took into account the energy dependence 
of the total photon absorption coefficient o(E) as 
well as Rutherford scattering of charged shower 
particles. o(E) for different E was taken from 
Heitler’s book.? The expression for the “equilib- 
rium” spectrum taking account of scattering, which 
served as the zero moment, was taken from the 
paper of Belen’kii and Maksimov.? The cascade 
unit (t-unit) in copper was taken to be 11.6 g/cm? 
with the critical energy 8 = 16.6 Mev. Results for 
the first two moments t(€9, 0) and t? (9, 0). with 
primary particle energiest ¢€) from 2 to 1.4 x 10° 
are given in the table. gf 

The values obtained for t and t? were used to 
plot cascade curves. In earlier papers! a method 
was presented for computing cascade curves and 
the energy spectrum of particles generated by pri- 


*Z of copper is ~ 10% different for that of iron, so that the 
derived cascade curves can also be used for calculations of 
cascade processes in iron. 

tIn cascade theory depth is measured in the so-called 
“cascade unit” of length. 3 

te is the particle energy measured in units of B/q, where 
B is the critical energy for the given material and q isa 
constant equal to 2.29 
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mary electrons or photons, for not-very-high en- 
ergies in both light and heavy substances. In the 
present paper we shall compute cascade curves 

for copper over a broad energy range of the pri- 
mary particles. Therefore in selecting a weighting 
function we must use more information regarding 
the behavior of the cascade curve. Cascade curves 
for a primary photon are approximated by means 
of polynomials which are orthogonal in the interval 
(0, ©) with the weighting function* 


w(t) = y'+1 tle JT (i + 1). (1) 
Here y = 0.376 is the minimum value of the total 
photon absorption coefficient in copper. We deter- 
mine i by equating the first moment of the weight- 
ing function to the sought distribution function. The 
ordinary theory of orthogonal polynomials* was used | 
to construct an orthogonal system of polynomials 
with weighting w(t) in the interval (0, «). 

Figures 1 and 2 show the resulting curves. It 
may be noted that for €) ~ 1 we obtain i<1. In 
this case dN/dt |t=) = ©, so that it is more con- 
venient to assume i=1 and to determine y ac- : 
cordingly. For €)=2, 6, 10, and 14 we obtain 
y = 0.64, 0.55, 0.51, and 0.47, respectively. The 
series obtained in this way converges rapidly and 
{Np yr for €)= 14 practically coincides with the 
value obtained with y = opin. 

The cascade curves for a primary electron were 
approximated by means of polynomials that were 
orthogonal in the interval (0, ©) with the weighting 
function 


w(t) = (a+ tye“ i (PG + 1) + ar’). (2) 


Here i and a are determined by equating the 


*For convenience in subsequent calculations, the weight- 


ing function w(t) will always be assumed to be normalized 
to unity. 
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FIG. 1. Cascade curves in copper for a primary photon. 
The numerals over the curves denote the primary photon en- 


ergy in units of B/q. 
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FIG. 2. The same as in Fig. 1. 
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FIG. 3. Cascade curves in copper for a primary electron. 
The numerals over the curves denote the primary electron 
energy in units of B/q. 
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FIG. 5. Cascade curves in copper 
for a primary electron with several 
values of 5). Curves 1 were calcu- 
lated by the method of moments, 
curves 2 from the equations of 
Belen’kii and Maksimov’ and curves 


3 from Ott’s’equations. © 


first moments of the weighting function to the value 
t(€9, 0) of the sought distribution function and from 
the boundary condition {Np(¢€o, 0, 0) }P =1. 

The resulting curves are shown in Figs. 3 and 4. 
For €) ~ 1 we obtain 0<i<1. To avoid obtain- 
ing an infinite derivative at t =0, in the first few 
curves we assume i to be equal to the nearest in- 
teger, after which a is determined. As in the case 
of a primary photon the series converge quite rap- 
idly, owing to the proper choice of a weighting func- 
tion that provides a good representation of all essen- 
tial features of the distribution function. We note 
that by means of only a slight complication this 
method can be used to obtain cascade curves that 
are more exact for small values of t. For this 
purpose it is sufficient to introduce one additional 
parameter into the weighting function. The values 
of this parameter can be determined from the boun- 
dary condition at t=0 for the derivative of the 
cascade curve with respect to t, which can be ob- 
tained from the equations of the cascade theory. 

An investigation of the computed functions (see 
reference 1, for example, which contains a detailed 
analysis of similar functions) shows that in the 
present case over the entire interval of primary 


energies and depths with the exception of the first 
cascade unit the error in the cascade curves does 
not exceed 10%. 

It is of interest to compare our results with the 
cascade curves of ordinary shower theory® which 
do not take into account the energy dependence of 
the total photon absorption coefficient nor Ruther- 
ford scattering, and with the cascade curves ob- 
tained for copper from the approximate formula 
of K. Ott (see reference 6). Figure 5 shows that 
curves 1 and 3 are in good agreement around the 
maximum, while curves 1 and 2 differ by a factor 
of 1.5, with the difference diminishing as ¢€, in- 
creases. In the first few cascade t-units the 
curves differ by a factor of about 1.3. The tails 
of curves 1 and 3 [where N(t) ~ 1] differ by a 
factor of 1.4 to 1.7. Thus Ott’s approximate equa- 
tion® satisfactorily describes the development of 
the cascade process in copper only in the vicinity 
of the shower maximum. Bernstein’ solved the 
cascade equations by successive approximations, 
the zero approximation being that obtained by using 
asymptotic expressions for the cross sections of 
elementary processes.° A correction was calcu- 
lated by means of Bethe and Heitler’s more exact 
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approximation for the cross sections. However 
the results are valid only when there is little dif- 
ference between the exact and asymptotic cross 
sections and become incorrect when Z ~ 30. The 
tails of curves 1 and 2 differ by a factor of 2.5 to 
4.5 and the difference increases with ¢€,) as in the 
case of curves 1 and 3. 

Belen’kii® obtained the following equations for 
the position and number of particles of a shower 
maximum: 


tn =1, Nm =(Eo/@)22(P—FY™ (8) 


A comparison of the values of ty and Ny, for 

the curves of Figs. 1 to 4 with the values calcu- 
lated from (3) by means of the table shows that 

(3) can be used for ty when ¢€,) > 10? and for 

Nm when €) > 10°. The accuracy of (3) is some- 
what diminished for cascade curves from a primary 
photon. 
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The part of the mutual friction force in superfluid helium due to the scattering of phonons 
by vortex filaments is calculated. It is shown that the phonon part of the mutual friction 
force becomes comparable with the roton part at temperatures on the order of 0.5°K. 


Ir has been shown by Hall and Vinen! that in ro- 
tating helium II there exists a force of mutual fric- 
tion between the normal and the superfluid parts of 
the liquid. To calculate this force it is necessary 
to study the scattering of the elementary excitations 
that make up the normal part of the liquid, i.e., of 
the phonons and rotons, by the vortex filaments. 

At temperatures above about 0.6°K the phonon part 
of py is considerably smaller than the roton part. 
Because of this, at such temperatures the entire 
mutual friction force is due to the rotons. Calcu- 
lations of this part of the friction force have been 
carried out by Hall and Vinen? and by Lifshitz and 
Pitaevskii.? At the very lowest temperatures, how- 
ever, the number of rotons decreases sharply, and 
the contribution of the phonons to the mutual fric- 
tion force can become important. 

To calculate this contribution we must use the 
ordinary hydrodynamical equations to calculate the 
scattering of sound by a vortex line. We point out 
to start with that the theory given below is essen- 
tially based on the smallness of the dimensionless 
quantity 


vy == hk /mc = hw / mce?, (1) 


where k is the wave vector of the phonon, w is 
the frequency, c is the speed of sound in the he- 
lium, and m is the mass of a helium atom. The 
main part in all phenomena is played by the phonons 
for which hw ~ kT (xk is Boltzmann’s constant), 
so that we have for pv: 


yv~xl /mce? 4.1027, (2) 


i.e.. v~ 0.02 for T~0.5°. Physically the quan- 
tity v is the ratio of the distance from the axis of 
the vortex at which the speed would equal the speed 
of sound to the wavelength of the phonon. 

We write out the hydrodynamical equations: 


Ov /Ot + (v-V)v + Vp/a=0, (3) 
Oo /Ot + divev = 0, (4) 


and take the velocity v inthe form v=v)+tv’, 
where vy is the velocity of the liquid around the 
vortex 


Vo = (a /m)[Bxr]/r° (5) 


(B is the unit vector along the axis of the vortex),- 
and v’ is the velocity in the sound wave. We use 
similar expressions for the density p and the 
pressure p: p=p)+p’, DP=po)+p’. Lineariza- 
tion of Eqs. (3) and (4) in the primed quantities 
leads to the equations of propagation of sound in 
the presence of the vortex: 

Ov’ 


, , 2 , Vv , 
a ae Nore V)v'—(v “V) vos Me OS ie (6) 


Bye Y 
2 


SE toy div Vaal Ve Vanes (7) 
We now put v’ =v; + v2, where v, = (k/k) Vv; X 
ei(k-r-wt) is the velocity in the incident wave,* 
v, that in the scattered wave; and similarly we put 
“Pt $02 "and {p= pi ey 
We now make the assumption, the correctness 
of which will be verified later, that at all relevant 
distances the scattered wave is weaker than the in- 
cident wave. This enables us to treat the scatter- 
ing by perturbation theory, i.e., in the Born approx- 
imation. 
We further note that at all distances much larger 
than h/mc ~ 0.5 x 1078 cm the condition Vo Kec 
is satisfied, so that the change of density in the vor- 


*Since the component of a wave propagated along the vortex 
is not scattered, we can confine ourselves to a discussion of 
waves in the plane perpendicular to the vortex line. Accordingly 
in all formulas r, k, and so on are two-dimensional vectors. 
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tex is relatively small, Apy «K py, and can be evalu- 


ated from Bernoulli’s equation: 
Apy = C *Apy = — pyv? / 2c? = p (# / me?)?, (8) 


It can be seen from Eq. (8) that near the axis of the 
vortex the change of the density of the liquid is 
quadratic in the “perturbation” vy, and conse- 
quently in the Born approximation we can regard 
po» P and c as constants in Eqs. (7) and (8). A 
detailed calculation shows that the terms coming 
from the change of density would make a contribu- 
tion to the scattered wave containing an additional 
factor of the small parameter hk/mc. Thus we 
have (from now on we shall always write p in- 
stead of pg): 


a = Vp (V0) Vi ve ViVi (9) 
O09 3 
a1 + odivv. = — v,+Vo,. (10) 


Eliminating the velocity v, from Eqs. (9) and (10), 


we get an equation for po: 
(11) 


Apo + Rb. = C70 {R? (Voev,) — ik V (V,-Vi) — div [(v1-V) vol}. 


As is well known, the solution of the equation 
Ap + be = Q(r) 


(A is the two-dimensional Laplacian operator ) 
that contains only an outgoing wave at infinity has 
the form* 


(12) 


o(r)= —Z\ HP lr—r'Qwryar’ (18) 
cH) is the Hankel function). Solving Eq. (11) by 
this formula and using integration by parts in the 
terms containing the divergence, we get: 


i k2 , Daal 
ge (r) = Ab {5 \ Hg? (|r —r"|) (Vor va) ar 


(14) 
— div \ H® (klr —t’]) (+k (vorva) + 6? (va) vp) ar']} . 


First let us convince ourselves that the condi- 
tion for the applicability of the Born approximation, 
which we have used for the calculation, is actually 
fulfilled. For the validity of the Born approxima- 
tion it is necessary that the condition 


(15) 


ee 
Pe f1 


hold at such distances as are of importance in all 
the integrations. It is clear that the region Yr’ ~ 
1/k is the important one for the integrals of Eq. 
(14). But for r~ 1/k 


02 ~ (hk / mc) p1 << fay (16) 
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which indeed justifies the approximations that have 
been made.* 


Let us now find the asymptotic expression for 
p2 for 


r>h~I1/k 


(A is the wavelength of the phonon). To do this 
we use the asymptotic formula 


Hy (RR) = V2/xikRe”™™, R>1/k. 


for r>>1/k values r’ <r are the important 
ones in the integrals. We have approximately 


(17) 


r—r’|2r—r'-n; 
| (18) 


Hy" (ke|r — 8" |) V2] nike exp (ikr — ik’-’) 


(k’ = kn’ = kr/r_ is the wave vector of the scattered 
wave). Substituting Eq. (18) into Eq. (14), we find 
(19) 


Here q=k—k’, and 
Vv. = [eM vodtr’. (20) 
We can calculate the integral in Eq. (20) most 
simply by using the fact that 


divv, =0, curl v, = 2x" 3 (r), (21) 


By the relations (21) one can easily find (Vg) 
and Vq X44; and consequently also Vg: In fact, 


(Vqrq) = (ae. Vv @r 
(22) 


== i\vo+Ve'®*aPr a i| e*" div v,d’r = 0; 


[Vq x q]= \ iv. x q] et Pr (23) 


= —i\ IvxVe"] d'r=—i\ 0" curl vodr=—2ni +g, 


We take the vector products of the two sides of 
Eq. (23) by q. Thus we get 


ah 
2ni —- [4x B] = [qx [qxVq]] — 9?Vq 
or, using Eq. (22), 


Vq = 2n = i[pxal Gime: (24) 


*We note that p, < 1 also at all distances down to those be- 
tween atoms. In fact, as can be seen from Eq. (14), for small r 
we have p, ~fi/mcr, i.e., p, Kp, for r~ a. 
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Substituting this expression into Eq. (19), we find: 


(25) 


2 
re 


Pre peat, 2k? \ (k+ [Bxk’]) 
2 Vise 7) k 
Differentiating, we obtain the velocity in the 
scattered wave 


= Ke 2 né*’ & sinecose 
— - 


© WV Snier m sin® (@f2) ” 


(26) 


where is the angle between k and k’. We note 
that for values of g close to zero v2 increases 

as 1/y. This means that the Born approximation 

is not valid for small scattering angles. Such angles, 
however, are unimportant for the calculation of the 
friction force. 

The effective scattering cross section for the 
sound, per unit length of the vortex filament, is 
given by: 
sin? © cos? 9 

sin* ( / 2) 


IE ENG 
edn $(RY atest an, an 


Let us now introduce the “transport cross section” 
gts \ (1 — cos ¢) ds. 


The physical meaning of this quantity lies in the 
fact that the momentum transferred to unit length 
of a vortex in unit time by a sound wave of energy 
density E,) is given by 


o*E, sin? 9 (28) 


(where # is the angle of incidence of the sound 
wave on the plane perpendicular to the axis of the 
vortex). Integrating, we find 


Gwe (th?) aC") ke: (29) 


Let us now go on to the calculation of the phonon 
part of the mutual friction force. The energy den- 
sity of the phonons of given frequency and direction 
of motion is E) =fhwdN, where dN is the number 
of phonons in unit volume. When the relative veloc- 
ityis U=VR- vi, (vR is the velocity of the nor- 
mal part near the vortex filament, and vy, is the 
velocity of the filament), dN has the form 
it ak 


dN = exp {i (@ — k-uy/ xT} —1 (27) 


(30) 
HK keuyehOlXT atk 


Bee a WE (eho et ee 4)2 (27)* 


(dN) is the phonon distribution for u=0). 

Projecting the momentum transfer (28) onto the 
direction u and integrating over the angles, we 
get for the friction force: 


L. Po PITAEVSEIL 


kAdk 4 
(che |*T __4y2 (2m) ° 


elke oer 


F= 


3? “\ * 
Bo ck 
Let us insert here the expression (29) for o* and 
make the change of variable fhke/«T =x. Then 


o 
See (Cae \ 
~~ 8 (2n)® hee7m? 
9 
The remaining integral reduces to a Riemann zeta 


function. We get finally: 


xoe* 


‘(e* — 12 


F dx. (31) 


iixT 


3n4510(5) («Tu 5! (5)-135 
8(2n)8 Wem? 1287 Cm? Pnp 


= 42 


nph 


F= 


ge 82) 


As for the lift force, it is zero in this approxima- 
tion, because of the symmetry of the scattering in 
the Born approximation. 

The effect calculated here can be important only 
at low temperatures, at which the free paths of the 
elementary excitations (and therefore also the vis- 
cosity of the normal part) are large and py « p. 

In this case we can neglect all effects associated 
with the viscosity and the Magnus effect (cf. refer- 
ence 2), and simply assume that U=Vy—Vg. Then 
formula (32) gives directly the coefficient B in the 
Hall-Vinen expression for the mutual friction force: | 

By = 42%T /ame? = 0.42T. (33) 

Noting that the phonon and roton coefficients Bph 
and By; give the total coefficient B by the formula . 


= (Benn awe Byp, ) Rs Pn a) 


(for pn Kp), and recalling that By ~ 1, we see 
that Bph can be of importance only at tempera- 
tures < 0.5°. Such experiments are of course very 
difficult, but they are of interest for testing the 
theoretical ideas about the vortex filaments. 

In conclusion the writer expresses his gratitude 
to Professor E. M. Lifshitz and Academician L. D. 
Landau for aid in the work and for a discussion. 
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To investigate the emission of electromagnetic 
waves by charged particles in dielectrics and de- 
celerating media, we consider the kinetic equa- 
tions for systems of electrons and oscillators of 
the transverse electromagnetic field, It is as- 
sumed that the charge of the electrons is compen- 
sated by a uniformly distributed background of 
positive charge. 

A state of the system in question is determined 
by the coordinates and momenta of the electrons 
and the coordinates Q, and momenta Py, of the 
field oscillators with the various wave numbers k. 
We introduce a distribution function f(q;,..., 
MON, Pi.-->> PN, Qk,---, Pk,.--.,t) which gives 
the probabilities of different states of the system. 

To obtain the kinetic equations for the first elec- 
tron distribution function f,(q, p; t) and the first 
field-oscillator distribution function Fy; (Q,, Px; t) 
we construct a suitable chain of equations connect- 
ing distribution functions of different orders. The 
approximation of the higher distribution functions 
in terms of the lower is carried out in the same 
way as in the paper of Bogoliubov and Gurov.? 

If the initial distribution of the field oscillators 
is the equilibrium distribution and the electrons 
are in near-equilibrium state, we get for the dis- 
tribution function f,; an equation of the Fokker- 
Planck type in the phase space: 


1 


Ofsehf oP £Oha. 
ot m oq 
(Cah OP 1 ; ? lq—a’'| 4 
elt, 7 ee s ait) 
c aaa {ph (a’, P c/V ee 
¢ gradgy divg, [pf (a”, p; ¢—|q—q’ |Ve /c)] yi ‘\a ‘dp Ol 
x \ lq’—q" | AU SE Op 
0 Of 0 
Sis Bap Op, ap ap (Afi), (1) 
where the diffusion coefficients Bag and the sys- 


tematic friction coefficient A are given by the 
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following expressions: 


exT 


ke 
Bop = = fe (o — =) Aradgpak, 


2 


Serr) (on — SP) aularp)dk, oy = 2k. (2) 
In Eq. (1), n is the number of electrons in unit 
volume, and e€ is the dielectric constant of the 
medium. The region of integration in the last term 
of the left member of Eq. (1) is restricted by the 
condition |q—q’| < c(t—t))/e'/?, which comes 
from the fact that we are considering the problem 
in which the distribution functions of the electrons 
and field oscillators are prescribed at the initial 
time ty); therefore, owing to the finite speed of 
propagation of the interaction, the change of the 
distribution function f; at the point q at the time 
t can be affected only by the states of the electrons 
at distances less than or equal to c(t—ty yet? 
from the point q. In Eq. (1), only the interaction 
of the electrons with the transverse electromag- 
netic waves has been expressed separately. 

The coefficients Bagg and A are nonvanishing 
only when the condition for Cerenkov radiation is 
satisfied. The coefficient A gives the decelera- 
tion of a particle with momentum p by the field. 
After integration the expression for the deceler- 
ating force takes the form 


(e/c)? ve — c?m?/p?e) OpdOp 


A= 


and agrees with the well known expression of the 
theory of Cerenkov radiation.» 

We note further that in the equilibrium case 
the Maxwell distribution satisfies Eq. (1). 

Under the inverse conditions, with the electrons 
in equilibrium and the oscillators close to an equil- 
ibrium state at the initial time, we get for the dis- 
tribution function of the oscillators an equation of 
the Fokker-Planck type in the phase space of the 
coordinates and momenta of the field oscillators. 
In the equilibrium case the solution of this equa- 
tion has the form: 


Fo = Aexp {— Pj/2«T — OnQg/2xT }. 


By means of this equation we get the averaged 
equation for the coordinates of the oscillators. 
For example, for a uniform distribution of the 
electrons this equation has the form: 


Qk + 270k + 270 = 0; e=\QeFi (dQedPs), (3) 


where 


2 — 2 2: 
Q? = oF + OF 


We have also considered the more general case 
in which neither of the subsystems (electrons and 


892 


electromagnetic oscillations) is in a state of ther- 
mal equilibirum. The results obtained will be ap- 
plied in the study of the radiation emitted from 
electron beams passing through decelerating sys- 
tems. 

We take occasion to express our gratitude to 
Academician N. N. Bogoliubov for his interest in 
this work. 
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‘Tae effective cross section for the elastic scat- 
tering of particles with spin 2 by a heavy Coulomb 
center can be found by analogy with the theory for 
electrons (see reference 1). The relativistic wave 
equations for free particles with spin 2 can be writ- 
ten, taking into account their irreducibility to the 
Hamiltonian form, (see, for example, references 

2 and 3) 


(vi tx*p=0, (1) 


and in first order perturbation theory, the effective 
cross section for elastic scattering of particles with 
spin 2 and charge e from a heavy nucleus with 
charge ze becomes 


5 (k’ — k) dk’, 


4z%eth, |  G(ko + &,) 
i (2) 


chek \ (k—k’)*(k +2’) 
1 , , t+ +77 , , 
G == DDB BBB / Bo ygB BB y,B. (3) 
Sa aH 
Here and in the following primed quantities refer 
to the final state of the particle, after scattering. 


The matrix y, and the matrix A of the in- 
variant bilinear form for spin 2 particles are 
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known; they are of the thirtieth degree. The other « 
three matrices yg are easily found from the 

“coupling” formulas found by Fedorov,? and the 
irreducible representations of the Lorentz group,” 
use being made of the relations Yg =i Bhat Ya]; 
where the I°% are the infinitesimal operators of 
the representation. 

In calculating the quantity G, it is not neces- 

sary to know the matrices 7 explicitly. The 
wave functions can be classified by their spin pro- 
jections and normalized by their charge, p*Ay4~ = 1. 
(the normalization ~*A~=1 leads to the same 
final result) with the help of the method proposed 
by Fedorov,‘ using an invariant form. In this meth-_ 
od, we do not use the functions Brg, which describe: 
the state with rest mass my, and projection of spin 
on momentum s, but use instead the matrices T = 
QypBg, where ap = a4= P4(@)/P4(K), Bg = 
Qs (S)/Qg(s) can be determined by the minimal 
polynomials of the operator a =ikpyz and the 
operator S = (i/2| K|) dqpol? "oy (Qs, BengiSere 
2, 3) which projects the spin on the momentum 
of the particle: 


P (a) = a8 (0? — x*) = (4 x) Py (x) =0, (4) 
Q(S) = S(S* — 1) (S? — 4) = Qs(S)(S —s) = 9. (5) 
The method of reference 4 leads to the formula 


a 
= (k,/5Ro) 2 Sp (%, Aygo’, AvaB.,)/Sp («Arf a, AyaBL). (6) 


Even with this method, the calculations involved 
in finding G are tedious. In calculating the traces 
which occur in the numerators and denominators of 
the terms in G, itis helpful to remember the struc- 
ture of the matrices Bg and of the other factors. 
The matrices By are quasi-diagonal, while each 
of the matrices a’, Ayt, a’ AYa, a ,Ayp can be 
written as the sum of two matrices in such a way 
that each of the terms arising from multiplication 
have zero in the quasi-diagonal part corresponding 
to the quasi-diagonal part of By. All five denomi- 
nators in the fractions of (6) turn out to be differ- 
ent (in the nonrelativistic case they are all equal 
to 5ky)), but it is much easier to calculate them 
than the numerators. 

Equations (2) and (6) give the following formula 
for the differential elastic scattering cross section: 

22r2 


ic On ee 
960e4 (1 — Se? + 4e4)? sint (0/2) 


{(7 — 1422 — 166e4 


+ 72266 — 418 4 8326! + 756212 + 64el4) 4 (2 — 1) 

x (3 — 15e® + 15st + 412° + 66028 — 576c!0 — 198612) cos% 
+ 4 (2? —1)?(— 1 4 Ye? — 28ct 4 4926 — 45e8 + 16610) 

x cos*6 + 4 (es? — 1) [(1 + 222 — 4404 4. 14 (8 + 211e8 + 50e19)) 

++ (8-1) (1 — Ge? + 3let + 276% — 50s") cos*6] cos 6} da.) 
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where «= E/E), E is the initial total energy of 
the particle, Ey = mc? is the rest energy, ry = 
e*/mc? and dQ = sin ddédg. 

In the nonrelativistic case (k « Ky, K) (7) gives 
the classical Rutherford formula, while in the ex- 
treme-relativistic case (kK <k, ky) only transi- 
tions in which the final states have spin projections 
s’ =+2 are important and 


sue) 


e? cost dQ. (8) 


The effect of the field due to the electron cloud 
around the nucleus can be evaluated with the 
Thomas-Fermi method;! for no screening (qa > 1) 
the result is 

22 


a 0 
ds = —Ta (1 — 5e® + 4e*)? sind (0,2) 


(7 — 148? — 166s 
+ 722e° — 4]e® + 832c!0 + 756212 + 64e!4) dQ, (9) 
_ while for maximum screening we have 

0.322"!s ht 


ce (1 — 4e?)? m3c4 


— 4]e® + 83210 + 7562!? + 642!4) dQ. 


ds = 


(7 — 14e? — 16684 + 722° 


(10) 


At low velocities (p « nz!/3/2a), ay =n /m,e*; 
Me = rest mass of the electron) there is total 
shielding at all scattering angles and we must use 
formula (10), but can neglect the small quantities e: 


do = (2.24z'lsh#/reetmict) dQ. (11) 


At high velocities (p > nz!/3/2a,) the screen- 
ing effect is noticeable only at small angles @, 
defined by! 

sin + <hz'ls/2agp. (12) 
Hence for large velocities and at angles satisfying 
(12), formula {10) should be used, while at angles 
not satisfying (12) the proper formula to use is (9). 

In the extreme relativistic case (when the con- 
dition p > hz'/3/2a, will be satisfied if m => mg) 
we need consider only higher order terms in e, 
and for small angles satisfying (12), Eq. (10) gives 


do = (1.28 2*hs*nt/r2mict) dQ, (13) 


while for angles which donot satisfy (12), Eq. (9) 
reduces to 
Brest 


240 sin® (0/2) dQ. 


For ¢€ close to unity, Eq. (9) gives the classical 
Rutherford formula (for p > iz’/3/2a, and sin 6/2 
> hz'/3/2ayp). 

Iam deeply grateful to Prof. F. I. Fedorov, un- 
der whose guidance this work was carried out. 
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We consider a totally ionized plasma (neglect- 
ing collisions) confined in a narrow magnetic tube 
by an axially-symmetric magnetic field (the axis 
of the tube is the axis of symmetry of the magnetic 
field). Assuming quasi-neutral motion of the 
plasma along the tube, we can write the hydrody- 


namic equations:'!» 
Ou od W eH 1 a 
ke hes ne 
mF +0%)=— 7 — (QW yn), 
on 6 
ay + ay (7) =9, (1) 


m=m+m, Wi =WretWi, Wy =WyetWuz. 


Here the subscript e refers to the electrons and 
the subscript i refers to the ions, W, and Wy 
are the mean energies due to thermal motion of 
the electrons (ions) (perpendicular and parallel 
to the tube); n=N/H is a quantity proportional 
to the number of electrons (ions) per unit length 
of the tube, and N is the density per unit volume. 
We consider two modes of longitudinal compres- 
sion of the plasma along the magnetic tube. 

(a) Isothermal compression. Let W, and Wj 
be constant in time and over the length of the tube, 
with W, > 2W, (the latter condition can be rea- 
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lized by using a magnetic field which increases 
sharply). The magnetic field is assumed to be 
of the form: 


(2) 


At a given time the density distribution is given by 
the expression: 


(xy = expla? 202): 


N/Ny = (1/%) exp [— (bp? — 1) x? 2a?}, (3) 


where w(t) satisfies the equation: 
b+ (W ,[ma*) (» — 2W \/W 14) = 0, 
PO) =1, $(0)=0. @) 
It follows from Eq. (4) that ~ is a periodic func- 


tion of time (period T) which varies between the 
limits 7%, and 1. As an approximation we have: 


if ee tor, Wyi2Wije= 1, 
~\5(W,/ma%y for W,/2W,s>1; ©) 


for W,/2W,~1], 


for W,/2W,>1. 


ee ee 6) 


exp(— W,/4W ;) 


According to Eqs. (3) to (6), the plasma undergoes 
periodic longitudinal compression at the point of 
minimum magnetic field and expands to a uniform 
distribution of density Np. 

(b) Adiabatic stratification when a magnetic gra- 
dient, which is periodic along the tube, is turned on 
quasi-statically. Let the magnetic field be of the 
form: 

(x, t) = H,(t) — Hz (t) cos (xx/a), (7) 
y(t) > 2 (t), H2(0)=9. 
We neglect the inertia term in Eq. (1) and intro- 
duce the adiabaticity equations:! 


W /H = Wi o/Ho, Wy (rn? = W jo/n. (8) 


The density is: 


(n/t)? = A+ Bcos(xx/a), B= (W 1o/3W 40) Ae (t)/Ao, 
(9) 
(2/x)(A+ BYPE(k)= 1, k2?=2B/(A+ B), 
where E(k) is a complete elliptic integral of the 
second kind. At a given time 
n Tv TX 


No meee |cos Za 


(10) 


According to Eq. (9) the plasma is stratified along 
the magnetic field, forming bunches which are con- 
centrated about the points of minimum magnetic 
field. 

In conclusion we wish to thank Professor Ia. P. 
Terletskii for his interest in this work. 


1 Chew, Goldberger, and Low, Proc. Roy. Soc. 
(London) 236, 112 (1956). 
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Translated by H. Lashinsky 
264 
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er a charged particle moving in vacuum along 
the positive z direction pass through a plate of 
thickness a made of a material with dielectric 
constant ¢. We proceed as in reference 1, the 
only difference being that in the region z<0 the 
radiation field will consist of reflected waves only, . 
and the field in the region z >a of waves moving’ 
in the positive z direction, while inside the plate 
there are both kinds of waves; we then get for the 
Fourier components of the radiation field in the 
spaces before and after the plate the formulas 


” ei x € 4\2 yl 
Eot (k) = 553 & {( ea 5} Cea 
i il ; 2 
“b (+ on =) pete + — etteal 4 (1) 
p et € 4 as 
EY (kK) = Ie op (+ — xe) eyes 
( 4 , 2 ; 
TGS Peat, -Bealiad (2) 
where ; ; 
@ x 4 
ae Kes = Sex; 
(3) 
pete (fears 2 ee € 4 N2 
F=(= tae lee aes eiha 


a|  +#e/rA—v/o 

Bis k? — w? / c? 
X lee Tt ys Aa tee oO 
Biff 


k? — @?/ c? 


et koe he 


Rk? — wre | c2 


(4) 
+14 /me— v/a 


hk? — oe / c? 


Taking R >a, where R is the distance from 
the place the particle enters the plate (or where 
it leaves the plate) to the point of observation, we 
can obtain for the radiation emitted (as has been 
done in reference 1) a formula agreeing with that 
obtained by Pafomov.2* We only remark ‘that the 
formula given in reference 2 does not hold for 
a <R. In this case we can obtain (cf. reference 1) 
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from Eqs. (1) and (2) a formula that has no zeroes 

in the denominator. 

In the extreme relativistic case, setting xe? 
«<a<R, we get for the radiation emitted back- 

ward the expression 


Weer =o 


2 2 VemAn \e 
ore ae (7) 


\ 


(5) 
if €(w) is constant in the frequency interval 

(W4, W2) In this same case we get for the radia- 
tion emitted forward the formula (5), but without 
the last factor, on the assumption x/| ¢4/?- 1 lx 
a< R (xX is the wavelength of the radiation divided 
by 2m. 

It can be seen from the formulas (1) and (2) that 
there will be no Cerenkov radiation if a «x. If, 
on the other hand, *<a<R, then in finding the 
paths of steepest descent one must take into account 
the exponents appearing in Eqs. (1) and (2), and the 
result is that at a given point in the field we shall 
have bands of Cerenkov frequencies given by the 
relations 


uv. a s cos? 6 
— sin 4 (1 — 
2 R Ve()—sin®6 


)< V (o/c = (o) — 1 


a t cos? 0 
R Ve(o) — sin? 0 ) ‘ 


Bo 
<> sin 4 ( 1 (6) 
where @ is the angle between R and the perpen- 
dicular to the plate, while s = 2n+2, t=2n+1 
_for the Cerenkov radiation emitted backward, and 
-s=2n+1, t= 2n for the radiation emitted forward 
(n is a nonnegative whole number). The backward 
flux of Cerenkov radiation through the area between 
p and p+dp will be given by 


[1—e V 1+ (o/c)? (1 —)]4” 
[t+eV 1 + wer i—aers 


" co ra 
dW hp2 
cS 4€ S 
er \ 


s V (e—i)(i+ or (1 —2)) 
x (iat =) —1) ode, (7) 


and for the forward radiation we have 


[ie VIF wera" 
(1peVis wierd alee 


x = N+ (jes e)) ode. (8) 
For a <R the intensity of the Cerenkov radiation 


goes to zero. 
The writers are grateful to A. Ts. Amatun’ and 
I. I. Gol’dman for interesting discussions. 
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*V. E. Pafomov has informed us that there are misprints in 
Eq. (2) of reference 2: the exponent of the second term in 
square brackets should have the plus sign, and the exponent 
of the third term the minus sign. 


Tee Garibian, J. Exptl. Theoret. Phys. 


(U.S.S.R.) 33, 1403 (1957), Soviet Phys. JETP 6, 
1079 (1958). ; 

aidan ae Pafomov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 33, 1074 (1957), Soviet Phys. JETP 6, 
829 (1958). 
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lgonerntonetn polarization of particles is a con- 
sequence of the nonconservation of parity in weak 
interactions. A study of the radiative decay 1 — 
Ti +p+y_ shows that parity is not conserved also 
in mixed interactions. 

In the four-component-neutrino theory the equa- 
tion for the decay has the form 


Dy = (eg/he) $xD™ (twAT) Pu. (1) 


Here Yu» dp, Yn Au are the respective wave 
functions of the p» meson, the neutrino, the 7 
meson, and the y-ray quantum, and D is the 
Dirac operator. The longitudinal polarization of 
the » meson and the neutrino is taken into account 
by means of the projection operator op/p; its char- 
acteristic values (Ss, or S)) describe the longi- 
tudinal polarizations. Sy = 1 (s,=1) corresponds 
to spin in the direction of motion of the ~ meson 
(neutrino), and Sy 2 > 1(s, =-—1) to the opposite 
spin direction. The circular polarization of the 
y-ray quantum is described by means of the polari- 
zation vector 


a, = {B +il [nxB}} (V2, 


where f is a unit vector perpendicular to n= K/K; 
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hk is the momentum of the quantum. 7=1 corre- 
sponds to right-circular polarization (spin directed 
parallel to the motion) and J= -1 to left-circular 
polarization (spin opposite to motion) of the y-ray 
quantum. 

In the case of a m meson at rest we get the fol- 
lowing expression for the decay probability: 


2 k? dk, sin 0 dO L 
dW = C8 on (acess feck sullo + sll 
Om ‘wu 


Here the upper sign is for decay occurring with the 

emission of a neutrino, and the lower sign is for de- 
cay with emission of an antineutrino. The notations 

used are: 


f Re 


ATG 
oe 0 
O77 
K 2, \ ©) 
= 26 0 
i= — eM {k,, (1 — cos? 6) (1. = K,, ] 
Om Q Ky, 
—(Q— K,) Ron cos § + ae Re cos 4} 
k TT 9 
arse Rac pigssayeoh Raimi CRELSG Ven ds A 
where hk, is the momentum and heK,, the energy 


of the 4 meson, hckpz is the rest energy of the 
™ meson, @ is the angle between the directions of 
motion of the 4 meson and the y-ray quantum, 
and 


Q = (R2, + F,)/2k,, g = (2, — 2 )/2k,, 


y = K,—k, cos 8. 


In the expression (2) for the decay probability 
the last three terms are due to parity nonconser- 
vation, i.e., the longitudinal polarizations of the 
meson, the neutrino, and the y-ray quantum. 
If in Eq. (2) we carry out a summation over the 
directions of polarization of the 4 meson and 
the y-ray quantum, we get the well known expres- 
sion! for the decay probability of the ma meson. 

Summation only over the spin states of the p 
meson leads to the result of Bund and Ferreira.” 

To simplify the analysis of the formula (2) we 
suppose that the momentum of the w meson is 
very small (close to zero); then the momenta of 
the y-ray quantum and the neutrino will be anti- 
parallel. In this limit (k,, 0) 


ii = fa Row (Ron = Rou) / 2, 
fo = fs = Yoko 


where @ is the angle between the spin vector of 


(4) 


u (Ror = Rou) cos 4, 
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the , meson and the direction of motion of the { 
y-ray quantum. The analysis leads to the follow- 
ing results: 

(a) if the spin of the » meson is directed oppo- > 
site to the motion of the y-ray quantum (Ss, = — 1 | 
and cos 6 =—1), then the decay probability is dif- 
ferent from zero only in the case s,=1 and Jl=1, 
i.e., when the decay involves emission of a neutrino| 
and the quantum emitted has right-circular polari- 
zation; 

(b) if the spin of the » meson is directed alomm 
the direction of motion of the y-ray quantum ( Sy 
= 1), then we must permit decay of the 7 mascot 
with emission of an antineutrino (s, =-—1) anda 
y-ray quantum with left-circular polarization 
(1=-—1). We note that in this limit the probabili- | 
ties of the two types of decay are equal. 

From the above it follows that if the m meson 
decays with emission of a neutrino, then for small 
momenta of the » meson its spin must make an 
angle close to 180° with the direction of the quan- 
tum. In the case of antineutrino decay this angle 
is close to zero. Obviously this conclusion can be 
checked by measurement of the w-y correlation. 


1B. Ioffe and A. Rudik, Dokl. Akad. Nauk SSSR 
82, 359 (1952). W. A. Fry, Phys. Rev. 83, 1268 
(1951). T. Eguchi, Phys. Rev. 85, 943 (1952). 
H. Primakoff, Phys. Rev. 84, 1255 (1951). 

2G. W. Bund and P. L. Ferreira, Nuovo cimento | 
7, 246 (1958). 
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‘Tae “second moment” was first introduced in 
a paper of Lane, Thomas, and Wigner! as a quanti- 
tative criterion for the error committed when the 
nuclear Hamiltonian is replaced by the Hamiltonian 
of the shell model. 

Let H be the nuclear Hamiltonian and Hy the 
shell model Hamiltonian. Then H = Hy + Hy, where 
Hy is an operator which gives rise to correlations 


( 


( 


f 


: 


ia, 
i 
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"between single-particle states of the shell model. 
Further, let Hép = Epp, where the &, are 
Slater determinants describing the various nuclear 


‘ states in the shell model. The wave function of the 


nucleus for energy E, which satisfies the equation 


Hie = Edp, can be represented as an expansion in 
| the complete orthogonal function system bp: 


Ye = 2) Cy (E) 


b 


(1) 


Let us assume that the state Yr corresponds to 


_a State of the compound nucleus in the Bohr model, 


in which the wave functions in different channels do 
not interfere. This is equivalent to assuming that 
the phases of the coefficients Cp(E) are random 
(cf. reference 1 and 2). Thus the description of the 
state Wf in the Bohr model is incomplete, and the 
state can be characterized by means of a density 
matrix. In the state pp, the average value of Hy 
is 

(bz, Hobe) = ye (2 es. 


b 


(2) 


Since according to the assumptions of the model! 


the function | Cy(E)|* has a maximum at Ey © E,* 


(be, Hope) = E. (3) 


Comparing (2) and (3), we conclude that the state 
of the compound nucleus in the Bohr picture is a 
“mixed” state which can be characterized by the 
‘statistical matrix: 


Weo=|Co(E)I?, Wor =0, 648, (4) 


where, according to (3) the nuclear energy E is 
the average energy of the system having the Hamil- 
tonian Hp. 

In order to characterize the compound nucleus 
with excitation energy E by a temperature T(E), 
as was done by N. Bohr? and Ya. I. Frenkel,’ it is 


sufficient to assume that 
|Cy(E) ? ~ exp (— E,/kT), (5) 


where the nuclear temperature T is related to the 
total energy of excitation of the nucleus, E, by the 


equation of state of a Fermi gas at low temperature: 


= al. 

On the basis of assumption (5) it is easy to de- 
termine the “second moment” of the model,! which, 
by definition, is equal to 

W? (B) = >i (Ey — E)?! Cs (E) iS 
b 
Going over from a sum to an integral in (6) and 
using for the level density p(Ep) the expression 
found by Landau,” 


o (Es) = 21 (Ep) exp (S (Es) /R), 


2 
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where S(Ep) is the entropy of the nucleus on the 
shell model, and A(Ep) is a smoothly varying 
function, we get 


S(E,) 


W?(E) : 


4 2 Ey 
\atB (E — E,)? exp aay 4 dE». 


(7) 


Expanding the exponent in powers of (E-Ep) and 
stopping at quadratic terms, we find 


W2(Eby =A | (E— Ep)? exp [— (E — E,)?/ Q®(E)] dE,, © (8) 


where a 
1/ A(E) = Sexp[—(E — Ey)?/ 2°(E) aE, 
: 4 


~ Va 
Performing the integration in (8), we find 


Q2(E) E’k, 


Ss 2x pan 


Vinee 


0? (E) 


WE) = sa oay EtOH 


(9) 


= Zt rds 


0 


x=E/Q(E), (x) 


Ihe S655 Ih. 


— 
aw 


W? (E) = Q2(E)/2. (10) 


Formulas (9) and (10) give the dependence of 
the “second moment” on the excitation energy E 
and the nucleon number A (a ~ 0.07A)." Thus, 
for a=10 Mev! and E=8 Mev, W(E) =3.8 
Mev; if we take E=16 Mev, W(E) = 10.8 Mev. 
It is interesting to note that the value found for the 
“second moment” for E = 16 Mev coincides with 
the value which had to be postulated in a paper of 
the authors® in order to give a satisfactory descrip- 
tion of the parameters of the “giant resonance” in 
photonuclear reactions. 

A straightforward quantum-mechanical compu- 
tation of the second moment” has been made in 
several papers. In a paper of Vogt? the value 
W ~ 4.5 Mev was found, and in a paper of Brown 
et al.'® the value W ~ 7 Mev, etc. However none 
of the above-mentioned papers enables one to de- 
termine the value of the excitation energy cor- 
responding to their calculated values of the “sec- 
ond moment.” This makes it difficult to give a 
quantitative comparison of the energy dependence 
of the “second moment” found in the present paper 
with the calculations of these earlier authors. 


*Relation (3) would be exact if the equation (WE, HWE) 
= 0 were satisfied. 

tThe approximation in which relation (8) is valid is equiva- 
lent to the assumption that 


|C, \?e (Ep) = A exp[— (E — E,)*/ 2° (E)], 


which was used in reference 6. 
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lhe studies of radiative processes, use is made of 
ordinary perturbation theory, and also of the im- 
pact-parameter method (Weizsacker-Williams 
method). The opinion is sometimes expressed 
that the latter gives insufficiently accurate results.! 
But let us compare the results given by these 
methods. 

We consider deceleration radiation in collisions 
with atoms. 

Following Uberall! we write the bremsstrahlung 
cross section in the form 


co gq 
2 lad 

\ dq. 

0 "8492 loer 


231, Ode 


M—F@l 
Tee LE rere Rare 


= q@ 
¥ 1 os qe + 9, (& — 2) / 2e122 
(q.— 9, /281)? [gz — 9°, [2€2)? + 489°, |" 
(14+ €8)q% +2 

(9.— 7 [242 — 9°, /2e2)*+ 48%q°, |! 
Here ¢€;4, €2 are the initial and final energies of 
the electron, ¢€ is the energy of the photon (de- 
noted by k in reference 1), 6 = €/2e,e¢., h=m= 
c= 1. On the other hand, the impact-parameter 
method gives?*? 


(1) 


con 
2 
dk* \ 2 (p2 : =e 2\2 
JOE e + Rp 


= 2e =? 


ep e} Ry, (21—€) Re ey (1 — x : 


(2) 


here k? = k} + k%(e€ is the energy of the photon). 
In Eq. (1) let us replace the variable qz by qe = 
qdz- qi /2€, and expand the expression in square 
brackets in powers of (q; /mc ): 


26 255 Nees 
Le, 
q 


< Zz 


al n 
Te (1 aa £0 
qz 


8 (4 4+ 8) 
qe 


935? + 268° 


248° 
qa 7% So Sens 


qe qs 


+ 


4 

+| 183 | 4 
Comparing Eqs. (3) and (2) we see that the first © 
term of the expansion of the exact formula gives 
the result of the impact-parameter method (we 
have here q, =k;, qj =k*), and the second term 
is only a correction if qi <«< 1. Consequently, 
Eq. (2) agrees with the exact formula (1) only in 
the region qi << 1 (which corresponds to values 
of the impact parameter larger than h/mc). A 
similar treatment can be given for pair production. 

Let us now turn our attention to radiation and 
pair production in periodic structures. In refer- 
ence 1 a problem of this sort is solved for a chain 
of atoms [Eqs. (33) and (23)]. These formulas dif- 
fer from the corresponding formulas for collisions 
with a single atom (for example, Eq. (1)) by the 


factor: 
Gude | V a $°— (4e — — h) ; 


which gives the effect of interference in radiation 
or pair production in collisions with a chain of 
atoms. It is easy to obtain analogous formulas 
by the impact-parameter method. To do this we 
set rj; =ha in Eq. (4) of reference 2, where h 

is an integer and a is the direction vector of the 
chain of atoms. Integrating the crystalline factor 
with respect to ~ [Eq. (4) of reference 2] we get 


(4) 


4 


(3) 


ie 
fi 


‘ 
| 
| 


of variables qj, = 


A. G. 


binding energy ¢€ = 1.53 Mev), 
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| where we have set kia; + koa, + kja3 = kya cos 3 + 


k sin’ cos ~. We see that the factor obtained is 
similar. It must be noted that after the eases 
qos qi /2e, or gq, =qa,- qi, /2e, 
for bremsstrahlung and pair production, respec- 
tively, the factors (4) and (5) differ somewna, but 
ot to any ola degree if 6 > qi PAG 2 M05 
qi /2€, and 6< a7 26. 08S a Vee. for the 

two respective cases. 

We remark that when one takes into account 
thermal vibrations in the interference factor of 
the radiation these make the contribution? q) < 
h/(u?)'/?, where u? is the mean square deviation 
of the atoms from their equilibrium positions. Fur- 
thermore, on inserting the factor (5) under the in- 
tegral in Eq. (2) (or in the corresponding formula 
for the case of pair production) we arrive at a 
formula for radiation or pair production in colli- 
sions with a chain of atoms obtained by the impact- 
parameter method (when thermal vibrations are 
included there is an additional factor exp {—(k? + 


kt) u2} ) 
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Re ERENCE 1 treated the processes of diffrac- 
tive interaction of deuterons with nuclei. Obviously, 
diffraction processes (scattering, disintegration, 
and stripping) can also occur in the collision of 
other loosely bound light nuclei with heavy nuclei. 
The possible occurrence of diffraction phenomena 
must be taken into account in studying the interac- 
tion with heavy nuclei of beams of light nuclei 
which have been accelerated to high energy. 

There are several light nuclei whose binding 
energies against two-particle breakup are small. 
Thus, for example, Li® may be regarded as being 
made up of a deuteron andan a@ pape. (with 
Li’ is a triton 


plus an @ particle (€ = 2.52 Mev), Be? is Be® 
plus a neutron (€ = 1.64 Mev), Bl is Lie plus 
an a particle (¢ = 4.36 Mev), etc. Diffraction 


processes in the interaction with heavy nuclei of 


899 


If we now compare these formulas with the for- 
mulas for the inteference radiation obtained by per- 
turbation theory [Eqs. (41) and (42) of reference 1], 
we see that they are completely identical. An anal- 
ogous argument can also be carried through for the 
case of collisions of charged particles with atomic 
electrons (ionization losses). Here it can be 
shown that the exact quantum mechanical formulas 
go over into those obtained by the impact-param- 
eter method when they are expanded in powers of 
the parameter q ,R, where R is the radius of the 
atom and q, is the change of momentum in the 
direction perpendicular to the motion. 
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light nuclei which are made up of two relatively 
weakly bound particles can obviously be described 
in the same way as the diffractive interaction of 
deuterons with nuclei. However, the results of 
reference 1 cannot be used without change, since 
it was assumed in reference 1 that the deuteron 
radius Rg is considerably smaller than the nu- 
clear radius R. 

In the present note we calculate the total cross 
sections for various processes of diffractive inter- 
action of a deuteron with a black nucleus, assum- 
ing an arbitrary ratio of the radii Rq and R. The 
Coulomb interaction is neglected. 

To simplify the calculations, the wave function 
of the deuteron ground state is chosen to be Sees 
sian 


Got) = (2/rRa)"! exp] —2r?/a Ral , 7 


in which the constants are determined from the 


conditions f g(x dr = 1 and frgg(e dr = Rg. 


Using the general formulas of reference 1, one 
easily obtains the following expressions for the 
total cross section for all processes 0o;, the cross 
section oy, for stripping off a neutron, the cross 
section op for stripping off a proton, and the 
elastic scattering cross section de: 
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J? (2) 


ep eey tas s: t ns \ en sa = at}. 


0 


- «| , (2) 


Gamer \ 1° (6) Cd, 
0 
where we have used the notation q = 4R/V7 Rg, 
and the function I(¢) which enters into dg is 
defined by 
m™{2 


= \ exp(—g*(cosh + V 1—<sin*}) dy,o<l 


wT 


_— 

0 
10) a 3 arc sin (1/5) Pel tet 
=  \__ lexpl—4*(¢ cosp—V 1—<*sin*p)) 


0 
— exp(—q?(¢ cosp+ VW 1—<sin’p)*3] dp,C> 1. 


The cross sections for diffraction breakup og and 
absorption of the deuteron og can be found from 
the relations! 


Sq +o, = 3/2, Sat ontop =o /2. (3) 


Figure 1 shows the dependence of the various 
cross sections on the ratio R/Rg. 


ECs 
Whe 


FIG, 1 


In the limit of large values of the parameter q 
(q > 1), the following asymptotic formulas are 
valid: 
oe = wR? + (1 —1/V 2) eRRy, 
SS pi — TRRzg | 2, 


sa= Yo (Y2—1) eRRa, 
Sq = TR? —cRRz/ 2, 


OF id 27 R2 “b+ TRR4. 
(4) 


We note that for R/Rg ~ 2, the cross section val- 
ues given by the asymptotic formulas (4) are al- 
ready practically the same as the exact values 
found by numerical integration. 

Relations (2) and (3) also describe processes of 
diffractive interaction of weakly bound light nuclei 
with heavy nuclei if Rg is interpreted to be the 
average distance between the constituents of the 
light nucleus. 

The region R/Rg < 1 in Fig. 1 corresponds to 


the process of interaction of 7 mesons (or nu- | 
cleons) with deuterons at high energies, to which 
the diffraction model is also applicable. R should 
then be interpreted to be the radius of interaction 
between the ms meson and the nucleon. According 
to reference 2, for E, = 1.4 Bev this radius is 
R=1.18x 107% cm, i.e., R/Rg ¥ 0.5. Assuming | 
that q « 1, one can get the following approximate 
formulas: 


GC, on G7, 3q = 2nR* (1 — */sq°), 
Sp == Op = TR? (1 — GQ? /4), og = 1/,7RQ?, 
oy = 4x R? (1 — q?/8). (5) - 


The cross section og corresponds to elastic | 
scattering of the m meson by the deuteron, og 
to scattering of the meson accompanied by 
breakup of the deuteron, o, and Op to processes 
of inelastic interaction of the + meson with the 
neutron or the proton in the deuteron, and go, to 
the process of inelastic interaction of the 7 me- 
son with the neutron and proton. As a result of 
the diffraction the total interaction cross section 
of a fast m-meson with a deuteron is less than 
the sum of the total cross sections for interaction 
of the m meson with a free neutron and proton 
(eclipse effect®**). The diffraction also has the 
effect that the scattering of the + meson by the 
deuteron occurs mostly with simultaneous breakup 
of the deuteron (0g > de). 


i) 
on Re 


FIG, 2 


wy 


It should be pointed out that the. total cross sec- 
tions in the region R< Rg are strongly dependent 
on the choice of the wave function @gy(r) of the 
deuteron ground state. Figure 2 shows the total 
cross section o; for two choices of g(r). 
Curve 1 is for the Gaussian of Eq. (1) and curve 2 
for 9Y)(r) =Va/2n e-@°/r, where a = 1/2Rgq. 
On the other hand, in the region R > Rg _ the cross 
section values are practically independent of the 
form of the wave function of the deuteron ground 
state. 


‘A. 1. Akhiezer and A. G. Sitenko, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 32, 794 (1957), Soviet 


| Phys. JETP 5, 652 (1957). 


| 


( 


a 


LETTERS 


3 Eisberg, Fowler, Lea, Shepard, Shutt, Thorn- 


q dike, and Whittemore, Phys. Rev. DT 190 (1955) 


°R. J. Glauber, Phys. Rev. 100, 242 (1955). 
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THE SPLITTING OF A SMALL DISCONTI- 
NUITY IN MAGNETOHYDRODYNAMICS 


G. Ja. LIUBARSKII and R. V. POLOVIN 


Physico-Technical Institute, Academy of 
Sciences, Ukrainian S.S.R. 


Submitted to JETP editor June 30, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 1291-1293 
(November, 1958) 


In 1926 Kochin!? investigated the break-up of an 
arbitrary hydrodynamic plane discontinuity. In 
doing this he made essential use of the fact that 
either a single shock wave or a Single self-similar 
rarefaction wave can be propagated in each direc- 
tion from the initial discontinuity. 


In magnetohydrodynamics a discontinuity breaks 
up, generally speaking, in a considerably more com- 


plicated manner: up to three waves (shock waves 
or self-similar waves) can be propagated in each 
direction from the initial discontinuity. This is 


connected with the fact that in magnetohydrodynam- 
ics there exist three different types of stable shock 


waves? (fast and slow magnetoacoustic waves and 
magnetohydrodynamic waves) and two types of 
self-similar waves’ (fast and slow magnetoacous- 


tic waves). Because the different speeds of propa- 


gation, up to three waves of the types enumerated 
above may be propagated in each direction from 
the initial discontinuity. 

We note that the initial discontinuity is charac- 
terized by seven parameters — the discontinuities 
in the density Ap, in the entropy As, in the ve- 
locity AV and in the tangential component of the 
magnetic field AH;. Since each wave is charac- 
terized by one parameter, the initial discontinuity 
breaks up into seven waves, of which three are 
propagated to the left, three are propagated to the 
right and one — a contact discontinuity — remains 
stationary. As has been shown by Akhiezer et ales 


two waves of the same type move in such a way that 


the wave in the rear overtakes the wave in front. 
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Therefore waves of three different types must be 
propagated in each direction: in front there will be 
the fast magnetoacoustic (shock or self-similar ) 
wave, followed by the Alfven shock wave, and 
finally, the slow magnetoacoustic (shock or self- 
similar) wave. 

One should have in mind the fact that the self- 
Similar wave is a rarefaction wave,‘ while the 
shock wave is a compression wave.° 

The problem now consists of choosing the am- 
plitudes of these seven waves in such a way as to 
make a transition from the state to the left of the 
initial discontinuity to the state to the right of the 
initial discontinuity. For the sake of simplicity, 
we shall restrict ourselves to the case when the 
initial discontinuity is very small. Then all the 
secondary discontinuities will also be small. The 
relation between the discontinuities in the magneto- 
hydrodynamic quantities in the self-similar and 
the shock waves (in the case of low intensity) is 
the same as between the amplitudes of the corre- 
sponding linearized wave. We now State these re- 
lations: 

(1) Magnetoacoustic waves (shock and self- 
similar waves ) 

ADox = ¢ (us /9) AL, 
A@v, = — eH Hu, Ao | 4n0? (u, — V2), 


ADH: = wi H AD» /9 (ui — V2), 


A®s=0, APp= 


eae, 


where c is the speed of sound, V; is the tangen- 
tial component of the velocity of the liquid V, and 


V=H/V4m0, vp =t (V+ C4V(V? + 02)? — 402]. 


The plus sign corresponds to the fast magneto- 
acoustic wave, the minus sign corresponds to the 
slow one. For waves moving to the right «€ =+1; 
for waves moving to the left ¢« =—1. The differ- 
ence between the shock and the self-similar mag- 
netoacoustic waves is that in the former the density 
increases, while in the latter it decreases. 

(2) Alfven shock waves 


— eADH; / V4n0, 
AOH? = 0. 


AY vy; = 
AX’o, = Ap = Ake = 0, 
(3) Contact discontinuity 
Avs = Agty = Agtz = App = AcH, = A .lz = 0, 
Ace = (0p /9s)pAcs, Hx 0. 
The sum of the discontinuities of each magneto- 


hydrodynamic quantity at the seven new waves is 


equal to the initial discontinuity. We thus obtain 
seven equations in seven unknowns, on solving 
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which we obtain all the discontinuities. We give 
the expression for the discontinuities in the den- 
sity: 


Oy = = [Ap — (09 /9s),As] __ AH; 
fs a or 


2R U2 SW 


where 
R= V v2 = ¢*)?— 4¢2V7.. 


The formulas obtained above enable us to deter- 
mine the signs of A()p and in this way to deter- 
mine the type of wave into which the initial discon- 
tinuity breaks up. 

The authors express their gratitude to Profes- 
sor A. I. Akhiezer for a number of valuable sug- 
gestions. 


aNoen: Kotchine, Rendiconti del Circolo Nat. di 
Palermo 50, 305 (1926). 

21. D. Landau and E. M. Lifshitz, Mexaumia 
cusomubix cpex (The Mechanics of Continuous 
Media) Gostekhizdat, Moscow, 1954. 

3 Akhiezer, Liubarskii, and Polovin, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 35, 731 (1958), Soviet 
Phys. JETP 8, 507 (1959). 

4G. Ia. Liubarskii and R. V. Polovin, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 35, 509 (1958), Soviet 
Phys. JETP 8, 351 (1959). 

°R. V. Polovin and G. Ia. Liubarskii, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 35, 510 (1958), Soviet 
Phys. JETP 8, 351 (1959). 
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ON A METHOD FOR DETERMINING THE 
PARITY OF STRANGE PARTICLES 


E. I. DOLINSKII 
Moscow State University 
Submitted to JETP editor July 5, 1958 
J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 1293-1294 
(November, 1958) 


Sraee parity is not conserved in weak interactions 
that are responsible for the decay of elementary par- 
ticles, the intrinsic parity of particles may be deter- 
mined only from strong interaction processes. On 
the other hand, due to strangeness conservation, 
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only the relative parity of strange particles canbe , 
determined in strong interactions. This letter dis- | 
cusses an experiment by which the relative parity 
of K mesons and hyperons may be determined. 

Consider the process of absorption of a K™ me- | 
son from an s_ state by a polarized proton with the 
production of a Y hyperon (Y stands for A or 
x) and ma-meson: 


K°-+p-Yrr. 


In the following it is assumed that the spin of 
the K-meson is zero and that of the hyperon is 3. 
Let éx be the intrinsic parity of the K meson, 

— the relative hyperon-proton parity, L the 
orbital angular momentum of the relative hyperon 
— m meson motion in their center of mass system, 
and Pp the degree of polarization of the proton. 
Conservation of parity and angular momentum in 
process (1) leads to the relations: éKé = (—)bt 
and L=0 or 1. There are two possibilities: 

(a) €Ké=+1, hence L=1, and (b) éké =—1; 
hence L=0. 

It is easy to show that: (1) in both cases the 
hyperons are emitted isotropically; (2) the degree 
of polarization Py(@) of the hyperon emitted at _ 
an angle @ relative to the direction of polarization 
of the proton is: Py (@) = cos (20) Pp in case (a) 
and Py(@) = Pp incase (b); (3) the degree of 
polarization Py of the hyperon averaged over the 
emission angle 9 is Py =— Te Pp in case (a) and 
Py = Pp incase (b). Since parity is not conserved 
in the decay Y—N+7 (N Stands for nucleon), 
the possibilities (a)-and (b) can be distinguished 
and the sign of éxé determined by measuring the 
asymmetry in the angular distribution of the decay 
™ mesons. 

The experiment described can also be performed 
with polarized nuclei. Let the nuclear spin j be 
determined entirely by one nucleon N outside a 
closed subshell (or by a “hole” in a subshell) and 
suppose that as a result of capture of a K”™ meson, 
from an s_ state, a hyperon and a meson are 
emitted by this nucleon and the daughter nucleus 
suffers no recoil. Conservation of parity and angu- 
lar momentum leads then to the relations é Ké = 
(- y Ltt (Z is the orbital angular momentum of 
the nucleon in the nucleus) and L=j—% or j +. 
A simple calculation shows that for L =j-—#3, 

Py =P, andfor L=j+%, Py==P,/(j+1) 
where Py denotes the degree of polarization of 
the nucleus. Clearly, due to parity conservation, 
for a given j and J the two values Exé =4+1 

and —1 will correspond to different values of L. 
It should be noted that the indicated values of Py 
will be decreased due to the background of unpolar- 


(1) | 


| 
| 
| 
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_ ized hyperons resulting from the absorption of K™ 
mesons by nucleons from filled shells of the nu- 
cleus, however the sign of Py will persist. 

I am grateful to I. S. Shapiro for discussions. 


Translated by A. M. Bincer 
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HEAT OF MIXING OF LIGHT AND HEAVY 
WATER 


V. P. SKRIPOV 
Ural’ Polytechnical Institute 
Submitted to JETP editor July 4, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 1294-1295 
(November, 1958) 


Ir seems at first glance that the thermal effect 

in mixing H,O and D,O should be very small, 
since a mixture of molecules of different isotopes 
could be considered to a high degree of approxima- 
tion as an ideal solution. But account must be taken 
of the chemical interaction between the molecules 
of the initial substances: 


HO + D,0 = 2HDO. (1) 


A value K = 3.26 is usually taken! for the equilib- 
rium constant of the above reaction in the liquid 
phase. This means that when one mole of H,O 
and 1 mole of D,O are mixed, 0.95 moles of HDO 
is formed. 

The properties of the H,O and D,O molecules 
have been investigated in sufficient detail, but the 
same cannot be stated with respect to the molecules 
of HDO, since they always occur mixed with H,O 
and D,O. If the heat of mixing q of light and heavy 
water and the equilibrium constant of the reaction 
(1) are known, the heat of formation q’ of HDO, 
when H,O and D,O react in the condensed phase, 
can be determined directly, and certain conclusions 
can be drawn from this regarding the difference in 
the zero-point energies of the different isotopic 
forms of water molecules. 

The heat of mixing of: HO and D,O (99.7%) 
was determined in a hermetically sealed reversing 
calorimeter provided with a heater and a thermis- 
tor. A cooling of the system (by ~ 0.3°C) was ob- 
served on mixing (up to a molecular concentration 
of deuterium n# 0.5). The temperature of the ex- 
ternal container was adjusted to the temperature of 
the calorimeter. The correction for heat exchange 
did not exceed 2.5% of the magnitude of the effect 
observed. The thermal capacity of the system was 
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determined in the course of the experiment. 

As the result of experiments (at 24°C) the fol- 
lowing value for the heat of mixing (heat is ab- 
sorbed) was obtained for the case n=0.50, taking 
into account possible errors: gq = 7.92 + 0.25 cal/ 
mole. 

If we assume the equilibrium constant for the 
reaction (1) in the liquid phase to be equal to 3.26, 
we shall obtain for the heat of formation of 1 mole 
of HDO (not taking into account the effect due to 
the heavy isotope of oxygen o'8) the value q’ = 
16.7 + 0.5 cal/mole. This value can be compared 
with the results of calculations for the gas phase. 
To do this, we make use of the theoretically calcu- 
lated dependence of the equilibrium constant on the 
temperature,” and the well-known thermodynamic 
relation® 

Oink Of == AH RT Ng ® 
From this we obtain q’ = 34 cal/mole. A decrease 
in the heat of formation of HDO in the condensed 
phase, compared with the gaseous phase, may be 
due to a strong intermolecular interaction in solu- 
tion and to the associated change in the zero-point 
energies. 

I express my gratitude to V. M. Kostin for his 
help in carrying out the experiments. 


‘a I. Brodskii, Xumna u30ronos (Chemistry 
of Isotopes), Acad. Sci. Press, Moscow, 1957. 

21. Kirschenbaum, Heavy Water, IIL, Moscow, 
1953; 

3M. A. Leontovich, Brexenue B TepmoqunHamuKy 


(Introduction to Thermodynamics ) Gostekhizdat, 
Moscow-Leningrad, 1952. 
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MEASUREMENT OF B-y CORRELATION 
FROM ORIENTED NUCLEI 
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N. M. REINOV, I. A. SOKOLOV, and M. F. 
STEL’ MAKH 


Leningrad Physico-Technical Institute, 
Academy of Sciences, U.S.S.R. 


Submitted to JETP editor July 9, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 1295-1296 
(November, 1958) 


ly connection with the problem of nonconservation 
of parity, it has been shown by Dolginov! and oth- 
ers??? that in an allowed transition the investigation 
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of the angular correlation between the 6 particle 
and the subsequent y quantum emitted by an ori- 
ented nucleus can give the answer to the question 
whether the so-called combined parity is conserved 
in B decay. When there is interference between 
the Fermi and Gamow-Teller interactions, the shape 
of the correlation function depends essentially on 
the validity of the hypothesis of conservation of 
combined parity which was enunciated by Landau. 

One of the experimental difficulties in such 
measurements is the short time available for the 
measurements on nuclei which have been oriented 
at very low temperatures, because of the rapid 
heating up of the samples. In the first experiments 
on parity nonconservation‘ the asymmetry of the B 
radiation disappeared completely after 5 or 6 min- 
utes, and the actual time for the measurements may 
have amounted to only 3 or 4 minutes. 

In studying the correlation we constructed an 
apparatus for orienting nuclei in which measures 
were taken to increase the duration and statistical 
accuracy of the measurements. 

The principal source of heat loss is heat radia- 
tion passing through the light pipe which serves to 
transmit the light pulses occurring in the plastic 
scintillator for recording the f£ particles (Fig. 1). 
To absorb this radiation, the 6-micron thick alu- 
minum reflector over the plastic scintillator was 
covered by a copper foil of the same thickness. 
Heat absorbed by the foil was transferred to a 
helium dewar through the clamps and glass of the 
container. 


FIG. 1. 1) crystal of 2[C(NO,),] 
3[Mg(NO,),]- 24H,0,; 2) plastic scintil- 
lator; 3) light pipe; 4) aluminum foil; 

5) copper foil; 6) copper clamp; 7) Ballast 
salt; 8) vessel walls. 


Measurements were made of the asymmetry of 
the B radiation of Co introduced into a thin sur- 


face layer of a crystal of cerium-magnesium nitrate. 


The polarization of the nuclei alternately in the di- 
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rection toward the 6 detector and away from it 
was accomplished by means of a magnetic field 
along the axis of the vacuum vessel. The time 
during which the asymmetry of the radiation was 
close to its limiting value was about 20 minutes 
(Fig. 2). The degree of asymmetry of the 6 radi- 
ation in these experiments was approximately half 
that in the experiments of Wu et al., since the solid | 
angle for counting of the 6 particles was increased 
by approximately a factor of 20 and was close to 

27. In measuring the correlation, the decrease of 
the observed effect by a factor of 2 is more than 
compensated by the increase in statistical accuracy 
of the measurements. 

The Co*® isotope was first chosen for the in- 
vestigation of the 8-y correlation, but before the 
completion of our experiments it was shown that 
the interference term in the 8 decay of Co™® 
should be small® and that correlation measurements 
on this isotope do not allow one to draw any conclu- 
sions concerning the conservation of combined 
parity.® 

We have made measurements of the B-y angular 
correlation for oriented Co® nuclei. The prelim- 
inary data do not contradict the theoretical compu- 
tations made on the assumption of conservation of 
combined parity. We plan to study the B-y angu- 


lar correlation for Mn™” and v*® in which, ac- 


cording to data in the literature, the interference 
term should be markedly different from zero. 

The authors thank Academician A. I. Alikhanov 
and Prof. S. Ia. Nikitin for supplying the Co°®, 
A. Z. Dolginov for frequent valuable discussions 
and for preprints of his papers, and O. V. Larionov 
for the chemical separation of the Co°®, 
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EMULSIONS WITH DIFFERENT GELATIN 
CONTENT 


Iu. M. IVANOV and A. I. FESENKO 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 1297-1298 
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Fenians and Telegdi'»? and Gurevich et al.3 
have studied the asymmetry in nuclear emulsions 
in the angular distribution of electrons from the 
oO" decay to verify the failure of the parity con- 
servation law in weak interactions.* Their results 
for the asymmetry coefficient in the angular dis- 
tribution had a smaller absolute value than pre- 
dicted by theory. One of the reasons for this is 
ut-meson depolarization in the emulsion. The 
results of Chadwick et al.° indicate that the depo- 
larization effect is different for the two constitu- 
ents of the nuclear emulsion (silver halide and 
gelatin). 

The present work was undertaken to clarify the 
dependence of p*-meson depolarization on the rel- 
ative content of each constituent of the emulsion 
(by studying the “forword-backward” asymmetry 
in the electron distribution from jt-et decay). 
To this end a chamber was used consisting of lay- 
ers of the usual NIKFI type “R” emulsion and of 
layers of emulsion whose gelatin content by weight 
was 2, 3, and 4 times that of the usual emulsion. 
We shall refer to these emulsions as 2-, 3-, and 
4-fold diluted emulsions. The chamber was exposed 
to the mt-meson beam from the synchrocyclotron 
of the Joint Institute for Nuclear Research. The 
emulsion chamber was placed inside a magnetic 
screen (within which the field intensity did not 
exceed 0.08 gauss) to prevent precession of the 
spin of stopped + mesons due to stray mag- 
netic fields of the synchrocyclotron. 

The various emulsions were prepared at the 
same time and were from the same batch. The 
thickness of each emulsion layer was measured 
before and after exposure. 


905 


In the scanning process those m*-yt-et decays 
were registered for which the »*t-meson track was 
entirely within one emulsion layer. The direction 
of electron emission was measured relative to the 
direction of the »t-meson momentum at the point 
where the m* meson decayed. The plane perpen- 
dicular to this direction served as the dividing 
plane for decay electrons emitted forwards and 
backwards. 

The events in which the w* meson decayed 
within 50y from the surface of the unexposed 
emulsion were excluded in the processing of the 


results. The resultant data are given in the table. 
Emulsion|Number of er) 
dilution | 7 —e |getected ee 
factor decays lectrons| 

ll 2300 11 0.065+-0.041 
«2 2300 13 0.118+0.041 
«3 2300 21 0.140.041 
x4 1133 53 0.37-L0.06 


For each emulsion we calculated the ratio 
2(Np- NpF)/(NBt+NF) (Np, Ng is the number 
of electrons emitted backwards and forwards re- 
spectively ), which was taken to be the asymmetry 
coefficient A. The statistical root-mean-square 
error was taken to be 2/VN. It was assumed 
that the electron angular distribution is of the 
form 1+A cos 6, where @ is the angle between 
the initial directions of the ~-meson and electron 
momenta. In the first three types of emulsion the 
number of undetected decay electrons was less than 
1%. To exclude the comparatively large number of 
unseen electrons in 4-fold diluted emulsions it was 
assumed that all these electrons were emitted for- 
wards. Clearly, this lowers the asymmetry coeffi- 
cient. Nevertheless, as can be seen from the figure, 
the angular asymmetry tends to rise with the in- 
crease in the gelatin weight content of the nuclear 
emulsion. 


—2(Ng—Np)/(Ngpt+ Np) 
028 
024 
Q20 
Ob 
Qe 
008 
004 


xf x? x? x4 


Emulsion dilution factor 
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To allow definitive conclusions to be drawn on 


the dependence of the asymmetry on gelatin content, 


we are continuing the experiment to improve our 
statistics. 

In addition we processed 1198 mt-y*t-et decay 
events in 4-fold diluted emulsions containing tri- 
ethanolamine (C,H,OH)3N. The events in which 
the yt-meson stopped in the emulsion surface 
(the thickness of the end zones was taken as 50 u 
of unexposed emulsion) were excluded. The num- 
ber of unseen decay electrons was 10. In those 
cases the asymmetry coefficient equals 0.182 + 
0.058. 

The authors are grateful to Prof. I. I. Gurevich 
and to V. G. Kirillov-Ugriumov for interest in this 
work and advice in carrying it out, and to Z. 8S. 
Galkina, G. I. Polosina and A. V. Smelianska for 
help in emulsion scanning. 
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ly Autumn 1957 we measured the flux intensity of 
high-energy nuclear-active particles of cosmic ra- 
diation at 3860 m above sea level. 

The detector of nuclear-active particles con- 
sisted of seven ionization chambers surrounded by 
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lead (Fig. 1). Six chambers (1—6) 150 cm in 
length, 25 cm wide, and 15 cm high formed the 
upper part of the detector. This was shielded 
from above and below by ~ 45 g/cm? of lead. The 
dimensions of the lower ionization chamber (7) 
were 150 X 150 X15 cm. A graphite absorber of 
varying thickness (40, 63, 100 g/cm”), covered by 
2 cm of lead, was placed above the detector. This 
was intended to reduce the contribution of the elec- 
tron-photon component accompanying the nuclear- 
active particles. Five groups of cylindrical ioni- 
zation chambers were placed around the detector 
to record extensive air showers accompanying the 
high-energy nuclear-active particles in the depth 
of the atmosphere. The sensitivity and total area 
of these chanbers made it possible to detect all 
events in which nuclear-active particles were ac- 
companied by extensive air showers with total 
number of particles = 3 x 10°. 

The size of bursts in all chambers was auto- 
matically recorded whenever the ionization in both 
layers of the nuclear-active particle detector ex- 
ceeded that due to 1000 relativistic particles. An 
estimate of the energy of nuclear-active particles 
producing the observed bursts was facilitated by 
the fact that we could assume, from the ratio of 
radiation lengths in lead and graphite, that the 
majority of nuclear interactions occurred in the 
graphite, while the electron-photon component, 
originating in the decay of 7° mesons, multiplied 
in the layer of lead of a given thickness. Assum- 
ing that 30% of the energy of the nuclear-active 
particle is carried away by 7m’ mesons ina single 
nuclear interaction and in the ensuing nuclear cas- 
cade in a slab of graphite 100 g/cm? thick, we ob- 
tain from the electromagnetic cascade theory the 
following relation between the energy of a nuclear- 
active particle E and the number of relativistic 
particles N detected in the ionization chamber 
under 90 g/cm? of lead: 


E = N-10°/0.351n 0.015 N. 
This expression is valid for 5 x 10!! =< BE <2~x 


104 ev. 


An analysis of the experimental data showed 
that nuclear-active particles with energy = 2 x 
10'2 ev are accompanied in 81 + 3% of the cases 
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by extensive air showers with the number of par- 
ticles > 3 x 10°. Nuclear-active particles of 

> 1.5 x 10! ev are accompanied by such showers 
in 83 + 4% of the cases. This shows that the par- 
ticles are accompanied by extensive air showers 
almost independently of their energy. 
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O and A — data of reference 2. The energy of detected parti- 
cles and the detection efficiency was estimated for the data of 
reference 1 according to reference 2, and a correction for the 
difference of observation levels was applied. x) results of the 
present experiments. 


The integral energy spectrum of nuclear-active 
particles observed at 3860 m above sea level is 
shown in Fig. 2. The energy of the particles de- 
tected in the experiment was determined according 
to the relation given above. The detection efficiency 
was found by comparing the number of ionization 
bursts under layers of graphite of different thick- 
ness. It can be seen from the figure that, in the 
energy region 10 tol0* ev, the energy spectrum 
is given by the formula F(>E) ~ 1/E!-53+0.07 
which is in agreement with the energy spectrum of 
the primary cosmic radiation in the corresponding 
energy range.! 

It is interesting to note that considerably fewer 
particles with energy = 3 x 103 ey were found than 
it could be expected if the similarity between the 
spectra of nuclear-active particles and of the pri- 
mary cosmic radiation were extended to that re- 
gion. The probability that the discrepancy between 
the observed and expected number of nuclear-active 
particles with energy = 3 x 1013 ev can be explained 
by statistical fluctuations is less than 3%. This re- 
sult indicates clearly that the character of nuclear 
interactions changes at ~ 3 Xx 104 ev.2 According 
to this assumption, primaries of > 3 x 10'4 ev lose 
their energy on the production of secondary par- 
ticles in the first interaction and are absorbed in 
the atmosphere sooner than particles of lower en- 
ergies. 

In conclusion, the authors express their grati- 
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‘Tae cross sections for the elastic scattering of 
pions by light nuclei at energies above 30 Mev have 
been obtained experimentally. It was difficult to 
investigate the scattering of slower pions by the 
method previously used, although such data are re- 
quired to give a complete picture of interactions 
between pions and nuclei. Low-energy pion scat- 
tering is naturally studied in light nuclei, where 
the Coulomb forces are relatively small. We have 
investigated the elastic scattering of 5- to 22-Mev 
pions in carbon, using a 750 cm? propane bubble 
chamber.! The chamber was irradiated by a posi- 
tive pion beam from the synchrocyclotron of the 
Joint Institute for Nuclear Research. The investi- 
gated energy interval corresponds to residual pion 
ranges in propane from 0.125 to 2 g/om?. Pions 
were identified from t—pu—e decay after stop- 
ping in the working material of the chamber. We 
used 5675 photographs of tracks of pions stopped 
in the chamber in the analysis. We did not study 
star production by 5- to 22-Mev pions. It must 

be noted that the observed scattering of 5- to 22- 
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Mev pions is elastic. There is very little inelastic 
scattering of positive pions at such energies. For 
example, inelastic scattering on emulsion nuclei 
is practically zero at 30 Mev.2-4 We also have in- 
dications that inelastic scattering diminishes with 
decreasing energy in carbon.°?® 
We measured the angular projections of singly- 

scattered pions on the plane of the photographic 
film. Out of the 5675 pions, 75 were scattered in 
the given energy interval at an angle with a pro- 
jection greater than 15°. After taking Coulomb 
scattering into account we found that 31 particles 
underwent nuclear scattering. In order to deter- 
mine the nuclear scattering cross section in car- 
bon we took into account: (1) Pion scattering (Cou- 
lomb and nuclear) by hydrogen contained in the 
propane; (2) possible imitation of 7—pu—e decay 
by muons (10 to 20% muon admixture in the beam); 
(3) transmission of the chamber (unequal proba- 
bility that the chamber would register scattering 
at a given angle for different energies); (4) imi- 
tation of single scattering by multiple scattering, 
and also superposition of multiple scattering on 
single scattering. Special attention was devoted 
to determining the boundaries of the angular and 
energy intervals, and account was taken of the 
statistical transfer of particles to adjacent inter- 
vals due to inaccurate determination of angles and 
energies (the accuracy of measurement was 2° 
for angles and 10% for energies). Coulomb scat- 
tering in carbon and hydrogen was calculated by 
the Rutherford formula, which was projected on 
the plane: 

Oonee 
™ (PBCMey)” 


m0 8189 0 PE eh) SORE Tees 
dg sin @ rad’ 
where ¢ is the projection of the angle of pion 
scattering. 
The table gives the cross sections for elastic 
nuclear scattering of pions which were obtained in 
the present work as well as data taken from other 


Elastic scattering of pions by 


carbon 
Aneut ite 
* ar| scattering 
interval, |Sign of| inter- | cross seg la uthos 
Mev Pion |degrees| cm (nucl.) 
5—8 + | >15 14024-152 
8-15 | + | $15] 78-645 [| Our 
15—22 | + | S15 |56.0--32 f| data 
5—22 | + | S15 | 97427 
3 + | $10 | 96-430 [7] 
46 + | S 0 /182+46 [7] 
35—60 | + | $20 | 78423 [8] 
52—72 | + | S20 | 894-10 [°] 
68 + | S 0 111220 [7] 
90 — | >15 |2404+-30 [to] 
125 —° |) 20 |4792618 ine 
30 — | >410 |200432 [22] 
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authors. It can be seen that at 8 to 22 Mev the 
cross section does not differ within the limits of 
error from the result obtained at 33 Mev. At 5 
to 8 Mev a considerable growth of the scattering 
cross section is observed. It is significant that 
at these energies the pion wavelength already ex- 
ceeds the radius of the carbon nucleus. For a 
6-Mev pion x = 4.78 X 107!3 em _ whereas the 
radius of the carbon nucleus is R = 3.2 x 107'8 cm. | 
We know that in the limiting case, when the particle | 
wavelength x > R, the elastic cross section for a 
sufficiently high potential +V approaches 4 times 
the geometric cross section. (At low energies the 
potential is positive since repulsion occurs, as fol- | 
lows, for example, from work on mesic atoms.'%) 
The observed increase of the cross section can 
evidently be attributed to this effect. However, 
at 5 Mev the pion wavelength is still comparable 
with nuclear dimensions and in our case we must 
consider both S and P waves, especially since 
the angular distribution of particles undergoing 
nuclear scattering is directed forward. The en- 
ergy dependence of the cross section and the angu- 
lar distributions will be analyzed at a later date. 
We may note in conclusion that for the purpose 
of verifying the correctness of pion energy deter-. 
mination from the residual range we determined 
the energies of decay muons in 120 instances. The 
muon range in propane was 3.15 + 0.02 mm fora 
propane density of 4.00 + 0.05 g/cm? (at 67°C and 
pressure between 5 and 6 atmos), which corre- 
sponds to the muon energy E = 4.10 + 0.04 Mev. 
We take this opportunity to thank Prof. A. I. 
Alikhanian for his interest and Prof. V. P. Dzhele- 
pov for making the synchrocyclotron of the Joint 
Institute for Nuclear Research available. 
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‘Tins communication presents a comparison of 
experimental data on multiple particle production 
in nucleon-nucleon and pion-nucleon collisions at 
a few Bev with Fermi’s statistical theory.! In the 
calculations two forms of this statistical theory 
were employed (for details see the review paper, 
Ref. 2), — with and without account being taken of 
resonant nucleon-pion interactions through the in- 
troduction of isobaric states.’ The radius of the 
effective volume is taken to be f/uc = 1.4 x 1078 
cm. The methods developed in Ref. 4 were used 
to calculate the statistical weights. 

The table gives the experimental®»® and theoret- 
ical distributions of p-p coilisions at different 
energies according to the number of generated 
pions (W, is the percentage of cases with the 
production of n pions). 

Maenchen et al.’ investigated interactions be- 


tween negative pions and protons at 4.5 to 5 Bev 
and detected 61 2-prong events, 43 4-prong events 
and 2 6-prong events. The “isobaric” version of 
the statistical theory gives 64, 39, and 3 as the 
corresponding numbers, while the “nonisobaric” 
version gives 70, 35 and 1. 

The momentum spectra in the center-of-mass 
system which are given in Ref. 7 are also in good 
agreement with the isobaric version (Figs. 1 and 2). 


EIGrols Experimental’ 
(solid line) and theoretical 
(dashed line) momentum 
spectra of secondary charged 
pions in the c. m. system 


from 7-—p collisions at 4.5 to 
SeDevs 


Pexp = 0.54 Bev/c} Pineor = 6 


0.55 Bev/c; Not = 253 LESTER AE is 
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FIG. 2. Experimental ’ 
(solid line) and theoretical 
(dashed line) momentum 
spectra of secondary protons 
in the c. m. system from 77 
— p collisions at 4.5 to 5 Bev. 


Pexp = 0.74 Bev/c; Ptheor = 
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Pp, Bev/c 

We also calculated the distributions according 
to the number of secondary particles and the mo- 
mentum spectra for nucleon-nucleon collisions at 
an average energy of 20 Bev, for comparison with 
experimental results® on nuclear interactions be- 
tween cosmic-ray protons and Be, which in most 
cases can be regarded as nucleon-nucleon inter- 
actions. Unfortunately the experimental material 
does not permit a sufficiently reliable comparison 
of the experimental and theoretical secondary- 
particle distributions. However the momentum 
spectra for the experimentally observed multi- 
plicities agree within statistical errors. 

Our calculations confirm an earlier conclusion 
(from an analysis of data on p-p, n-p and 7-p 
collisions at energies different from those used 
here) that the Fermi theory including isobaric 
states gives a satisfactory description of multi- 
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plicities and momentum distributions of nucleon- 
nucleon and pion-nucleon collisions at a few Bev. 
The Fermi theory neglecting isobaric states gives 
poorer agreement with experiment. It must be 
noted, however, that angular distributions of par- 
ticles in the given experiments do not agree with 
predictions from the Fermi theory. 

In conclusion I wish to thank I. L. Rozental’ and 
E. L. Feinberg for their interest in this work, and 
N. G. Birger and S. A. Slavatinskii for a discussion 
of the cosmic-ray data. 
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PARAMAGNETIC ABSORPTION IN PAR- 
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Fe(NO3)s3 ° 9H;O 
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For the case of paramagnetic absorption in par- 
allel fields there exists a phenomenological theory 
due to Shaposhnikoy.! Experimental curves ob- 
tained by Garif’ianov? and Sitnikov? support this 
theory. However, Smits et al.“ have experimentally 
found a more complicated dependence of the absorp- 
tion on the field at 10° to 10’ eps and at 20°K. Ku- 
rushin® obtained similar curves for Mn(NH,).(SO,)o° 
6H,O and Mn(NO;).°6H,O at 9.3 x 10° cps and 
room temperature. In this note we report the 
results of measurements of the paramagnetic 
absorption in parallel fields in powdered salts 
Fe(NHy) (SO4)g°12H,O0 and Fe(NO3)3*9H,O at 
Ora <710" cps and 295°K. The measurements were 
made with a radiospectroscope consisting of a 
klystron generator connected by a waveguide to a 
reflecting rectangular resonator operating in the 
4 mode. 

The absorption curves of x”(H) have the fol- 
lowing maxima: in the case of Fe(NHy)(SO4)o° 
12H,O (curve 1 in the figure) at a constant field 
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of 1600 Oe, and in the case of Fe(NO3)3° 9H,O 
(curve 2) at a constant field of 2600.0e. To ex- 
plain this shape of these curves, it is apparently 
necessary to develop further the theory of spin- 
spin relaxation. 

The investigation was suggested and directed 
by K. P. Sitnikov. 
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I N connection with the discovery of heavy antipar- 
ticles (antiprotons and antineutrons) there have 
been several papers discussing the possibility that 
antiparticles have negative gravitational mass.!»?3 
The attractiveness of such a hypothesis lies in the 
fact that it enables us to understand the absence of 
antiparticles in our stellar system and its vicinity,‘ 
since the gravitational repulsion of matter and anti- 
matter would be a mechanism assuring their spa- 
tial separation. 

It is of interest to discuss the degree of agree- 
ment between the hypothesis of antigravitation and 
present physical theories and experimental facts. 

1. Experiments on the deflection of positrons 
and antiprotons in magnetic fields provide evidence 
that the inertial masses of antiparticles are positive 
(if we regard it as established by the fact of anni- 
hilation that the electric charge of the positron is 
positive and that of the antiproton is negative). 

2. According to present ideas, physical phenom- 
ena in a set of antiparticles must go on in just the 
same way as in a set of ordinary particles (invari- 
ance of the laws of motion with respect to combined 
inversion). This leads to the result that the inertial 
masses of particles and antiparticles must be of the 
same sign, i.e., positive. In the opposite case, two 
antiparticles interacting gravitationally would fly 
apart (independently of the sign of the gravita- 
tional mass), in contrast with the behavior of or- 
dinary particles. These same considerations re- 
quire us to suppose that the gravitational masses 
of antiparticles are proportional in magnitude to 
their inertial masses, as is true for ordinary par- 
ticles. 

The considerations presented in these two points 
indicate that the inertial masses of antiparticles 
must be positive. If this is so, the hypothesis of 
negative gravitational mass for the antiparticles 
is in obvious contradiction with the general theory 
of relativity (the principle of equivalence). 

3. Acceptance of the hypothesis of the negative 
gravitational mass of antiparticles also leads to 
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a number of additional difficulties, connected with 
the existence of bosons (particles with integer 
spin). According to the present quantum theory 
there is for bosons no difference between particles 
and antiparticles. Remaining within the framework 
of this theory, we may suppose that all bosons have 
gravitational masses of the same sign. We then 
have two possibilities: either the gravitational 
masses of bosons are different from zero, or they 
are equal to zero. In the former case it is not 
hard to show that by using the phenomena of in- 
terconversion of bosons and fermions (creation 
and annihilation) in a gravitational field we can 
arrive at a violation of the law of conservation of 
energy. The second assumption contradicts the 
usual interpretation of the observations on the de- 
flection of light in the gravitational field of the Sun, 
and the observations of the gravitational shifts of 
spectral lines in light coming from white dwarfs 
and other stars. The hypothesis that bosons are 
divided into particles and antiparticles with dif- 
ferent signs of their gravitational masses does 

not agree with the observed angular distribution 

of the photons in three-photon annihilation of an 
electron and positron. 

4. From what has been said it can be seen that 
acceptance of the hypothesis of negative gravita- 
tional mass of antiparticles would require radical 
changes in our present physical ideas. Owing to 
this, a direct experimental determination of the 
sign of the gravitational mass of antiparticles 
seems extremely desirable, despite the enormous 
difficulty of the experiments in question. One such 
experiment could be the observation of the “fall” 
of positrons in the gravitational field of the earth. 

The writers are deeply grateful to Prof. D. I. 
Blokhintsev and F. L. Shapiro for helpful discus- 
sions. 
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We measured the range of nitrogen and beryllium 
ions in air in the velocity interval form 8 x 108 
cm/sec to 11.5 x 10° cm/sec, using a cloud cham- 
ber filled with a mixture of air and water vapor 
under a pressure of 15 cm Hg before expansion. 
The N{f?, Ni?, Ni{®, and Bef? ions, accelerated 
by a 72 cm cyclotron, were bent by a focusing mag- 
net and, after traversing a celluloid film 35 to 40 
ug cm~ thick, entered into the working volume of 
the cloud chamber. An electrostatic deflection 
scheme was used, activated by the governing sys- 
tem of the cloud chamber to ensure the entrance 
of the particles into the chamber at the exact in- 
stant of expansion. 

The ion velocity was determined from labora- 
tory data on the calibration of the focusing magnet, 
expressed in terms of the dependence of ME/Z? 
on I (M, E and Z are the mass, energy and 
charge of the ion, I is the current in the coils 
of the focusing magnet). The error in the velocity 
determination did not exceed +3%. 

Ions of molecular deuterium Df were acceler- 
ated in addition to nitrogen and beryllium. Com- 
parison of the ranges of nitrogen and beryllium 
ions with the range of deuterons obtained from 
the decay of molecular deuterium ions allows the 
determination of the ranges of nitrogen and beryl- 
lium in air under normal pressure. The range of 
deuterons in air under normal pressure was de- 
termined from the range-energy relations in 
Segre’s book.! The air equivalent of the film was 
taken to be 0.045 cm in agreement with the data 
on a particles. The error in the determination 
of the range of nitrogen and beryllium ions does 
not exceed +5% and is due, mainly, to straggling 
in the range of deuterons and of the ions under 
study. The measured values of the range in air 
of the Ny, Nis, and Beg ions are given in the 
table. 


Ion | Nyse Be, 
vx107 cm/sec] 8.2 9.0 1002 Mtoe 8.2 8.9 | 
Rair cm | 0.66 | 0.78 | 0.88 | 4.13 | 0.69 | 0.78 | 0.85 | 


The results for Nj? and Nj} are in good agree- 
ment with the data of Reynolds and Zucker® on the 
range of Nj, in the photoemulsion, if the emulsion 
stopping power is assumed to be the same for ni- 
trogen ions and a particles of equal initial veloc- 
ities. | 

An estimate of the ranges by the Knipp and Teller © 
method for y=1.15 (vy is the ratio of electron to | 

/ 


ion velocities at which capture and loss of a given 
electron have equal probabilities) shows that the 
range of Beg ions at v = 8.5 x 10° cm/sec should 
be smaller by about 10% than the range of Ny, ions 
with the same initial velocity. 

The measured ranges of Beg ions at v = 8.2 
and 8.9 x 10® cm/sec exceed the corresponding 
ranges for Ny, ions by 12 to 15%. This discrep- 
ancy is apparently explained by a peculiarity in 
the electronic shell structure of the beryllium 
atom whose successive ionization potentials are 
9.3, 18.1, 153 and 216 v (the corresponding 
values for nitrogen are 14.9, 29.4, 47.4, and 
77.0 v). Due to the strong binding of the K 
electrons the beryllium ions will have an anoma- 
lously low effective charge through a considerable 
part of their range, which explains the increase in 
the range. 

I wish to express my gratitude to the cyclotron 
crew consisting of Engineer-Physicist G. V. 
Kosheliaev and operators A. A. Danilov, V. P. 
Khlapov and M. S. Merkulov for their part in the 
completion of this work. 


rE. Segre, editor, Experimental Nuclear Physics 
(Russ. Transl.), vol..1, MUG, 1955. 


= Barile, Webeler, and Allen, Phys. Rev. 96, 673 
(1954). 

Sap i Reynolds and A. Zucker, Phys. Rev. 96, 
393 (1954). 

7, Knipp and E. Teller, Phys. Rev. 59, 659 
(1941). 
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ly the systematic scanning of a photoemulsion 
stack irradiated by K™ mesons (see reference 1) 
we found four cases of mesonic decay of hyper- 
fragments in 619 ox stars, of which three could 
be identified. The necessary data on the tracks of 
the hyperfragments and particles emitted in their 
decay are given in the table. 

Event 1. The hyperfragment comes from a star 
of the 2+ K™ type and decays “in flight” into two 
charged particles. The tracks of the hyperfrag- 
ment and the secondary particles are coplanar. 
The decay kinematics and the measurements are 
in agreement with either of the decay schemes: 
aH? — He? + x7 


sH'— Het+ 7 (a), (b). 


For either scheme we calculated the angle 6 be- 


tween tracks (F) and (2) from the angle between 


tracks (F) and (1) and from the range of (1), 
and compared it with the measured angle O0meas, = 
41.4° + 1.6°. For scheme (a), 0 = 38.4° + 4.8°; for 
scheme (b), 9 = 35.7° + 5.8°. The time of flight of 
the hyperfragment, calculated from tables,” equals 
2.1 x 107!! sec for scheme (a) and 2.0 x 107" sec 
for scheme (b). 

Event 2. The hyperfragment comes from a star 
of the 4+ 1K” type and decays into a secondary 
three-pronged star with coplanar prongs. The 


THE: EDITOR 913 


analysis shows that the decay is according to the 
scheme ,jHe>—Het+p+7. The binding energy 
of the A particle is B, = (1.8 + 0.7) Mev. 

Event 3. The hyperfragment comes from a star 
of the 5+ OK™ type and decays into a two-pronged 
star. The presence of scattering at the end of the 
track indicates that the decay occurred after stop- 
ping. Detailed analysis allows determination of 
the decay scheme as ,He4— He? + 7 +n. The 
binding energy is Ba = (0.6 + 0.6) Mev. 

In calculating the range of the particles we used 
the shrinkage factors determined according to ref- 
erence Sip ki=sr2e7 300) LI 2.68) One ancae2moilieer 
0.07 for events 1, 2 and 3 respectively. We used 
7 protons from the decay xt pe w for events 
1 and 2 and 6 protons for event 3. 

In calculating the particle energy and binding 
energy we used the range-energy relations of 
Barkas,‘ the decay energy of the A’-particle from 
the work of Friedlander et al.,° and nuclear masses 
from reference 6. 

Additional criteria exist for the identification of 
events corresponding to the nonmesonic decay of 
hyperfragments as follows: (1) In the formation of 
a 2 according to the reaction K +N—2+7+Q 
the energy release is Q ~ 100 Mev. Hence if the 
energy release ina ox star is known to be larger 
than Q, the emission of a x is excluded (if one 
ignores the possibility of two-nucleon capture of 
the K™ meson). (2) The presence of a m meson 
ina o,K star excludes the possibility of emission 
of another ma meson, since reactions with emission 
of two ma mesons have small probability. Taking 
into account these additional considerations, we 
found two hyperfragments undergoing nonmesonic 
decay among 427 ox Stars. 

The authors are grateful to Z. P. Golovin and 
G. S. Malyshkin for performing the measurements, 


Range Final iden Particle en- 
ei trag- ‘inal lden- | ergy, in Mev 
3 8 Raper AR pele 6 Ao Z tification of (at the point 
>| {R, & giing, h 1 ; 
co Le the particle jof production) 

} ( j a 

He 757 +11.4 0 AH! or AH?) 30.1 or 27.6 
1 61 (48) 194.7 <2 |He* or He] 10.4 or 9.3 
2) e105 +36.6 143.4 4 ™ 62.6 or 49.4 

PN de 26 —-66.4) 0 AHe?® : 
1 29 Bs) ONT S255..8) sano 8| P45 ra A On, | ese, He* 6.4540. 45 
2 S181 | or WAG ese lyase eft Zot es Oap heme [in| Te 13.24+0.24 
3 1184] 26 AGe 1 |=—Ole eds HS4se0hnOke p 15.42-+0.23 

erat de 181 1.8 7 14 vl 0 AH#* 8.9-40.4 
1 19 die 0.5)+14 if 270 2 He? 4.36=-0.30 
2 | 14635) 73 166 {—23 1 90 Ghat —1 io 29.0+0.2 


B) Inclination angle of the track to the emulsion plane in degrees. The angle 
is taken as positive for particles going towards the emulsion surface and as neg- 
ative for particles going towards the glass. ¢) Azimuth angle in degrees measured 
counterclockwise from the hyperfragment track. AR, AB, Ag) errors in the measure- 


ment of R, B, 9. 
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and thank the authors of reference 1 for making 
their material available. 
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‘Tue study of the radiations from highly deformed 
nuclei provides material for further development 

of the collective model of the nucleus. The isotopes 
of lutecium are very interesting from this point of 
view. Recently a series of papers have appeared!~4 
concerning the neutron-deficient isotopes of Lu, 
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but these data do not give a clear picture of the ‘ 
decay of these isotopes. Further investigations 
are necessary for this purpose. 

We have studied the conversion spectrum of the 
isotopes of the lutecium fraction separated from a 
tantalum target irradiated with fast protons (660 
Mev). The separation method was described ear- 
lier.» The measurements were made with a prism 
8 spectrometer having an instrumental halfwidth 
of ~ 0.1% and with a double-focusing spectrometer 
with an instrumental halfwidth ~0.25 to 0.30%. The 
spectrum of conversion electrons contains a large 
number of lines belonging to Lu!® (half-life ~1.5 
days), Lu!”? (~2 days), Lu'™ (~8 days), Lu 
(~6.7 days), and Lut (~200 days ).14% The as- 
signment of the lines to the various isotopes was 
made on the basis of the half-life. Because of the 
small difference in lifetime, the separation of the 
lines of Lu!®? and Lu!” is very difficult and was 
not completely achieved. It could be established 
from the measurements that the lines associated 
with Lu!” (84.19 kev, 193.3 kev) decay with a 
period of ~2 days. Lines having a lifetime less 
than that of the Lu‘”? lines were assigned to Lu 
The comparatively small difference in the half- 
lives of Lu! and Lu!” also prevented a unique 
assignment of transitions to one or the other of 
these two isotopes. 

Table I gives the energies of y transitions 
whose conversion lines decay with a period of ~ 
1.5 or 2 days. Table II gives the energies of the 
y transitions with period 6.7 to 8 days. The en- 
ergy of the transitions was determined from the 
energy of the K and L conversion lines. The 
accuracy of the energy determination if ~ 0.1%. 
In those cases where only the K line or the L 
line was observed, the energy of the transition 
is given in parentheses. 
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1 Bobrov, Gromov, Dzhelepov, and Preobra- 
zhenskii, Izv. Akad. Nauk SSSR, Ser. Fiz. 21, 940 
(1957) [Columbia Techn. Transl. 21, 942 (1957)]. 

2 Gromoy, Dzhelepov, Dmitriev, and Preobra- 
zhenskii, Izv. Akad. Nauk SSSR, Ser. Fiz. 21, 1573 


TABLE I. Energies of y transitions in the spectra of Lu!®, Lu!” 


| | | 
Energy of Energy of | Energy of | Energy of 
No. y transi- No. y transi- || No. y transi- No. | y transi- 
tion in kev tion in kev | tion in kev ice in kev 
ii 24.23 7 110.9 13 (286.5) 19 (543.8) 
2 62.65 8 156.8 14 (290.9) 20 (i595: 1} 
3 70.54 9 165.0 15 (369.2) 24 (937.7) 
4 | 84.19 10 191.2 16 378.4 22 (1453) 
5 87.30 11 193.3 17 (419.8) De (1481) 
6 (91.83) AD 283.0 18 (457.2) 


+ 


Half-life for Nos. 1, 2, 5, 7, 8, 9, 10: < 2 days; for Nos: 4, 11:~ 2 days. 
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TABLE II. Energies of y transitions in the spectra of re i tee 


Energy of ae 
No. Yy anet: Identifica- No. Eee: Identifica- 
tion in kev tion, A tion in kev tion, A 
( (55.71) 25 594 
2 66.70 \71 26 625. 
3 72.33 27 620.6 172 
4 75.85 171 28 666.9 (174) 
oO 78.70 172 29 (O58 6) 
6 (85.55) 30 697.2 
7 90.55 172 31 yD 171 
8 91.30 171 32 739.1 47 
9 MP7 33 766.7 
10 181.4 172 34 780.2 
iW 23.3 172 35 809.2 172 
12 269.9 172 36 838.9 171 
13 279.8 172 37 (853.1) 
14 3937 (172) 38 899.8 (172) 
15 372.3 39 914.0 172 
16 399.7 172 40 (927.6) 
17 4ANO.4 4A (985.7) 
18 485.9 (171) 42 1002 172 
19 490.4 43 (1020) 
20 (498.6) 4A (1074) 
21 (SND 45 1094 172 
22 527.9 (172) 46 (1103) 
23 (535.6) 47 (1139) 
24 539.5 172 


(1957) [Columbia Techn. Transl. 21, 1562 (1957)]. 
3 Gorodinskii, Murin, Pokrovskii, and Preobra- 
zhenskii, Izv. Akad. Nauk SSSR Ser. Fiz. 21, 1004 
(1957) [Columbia Techn. Transl. 21, 1005 (1957)]. 
4Mihelich, Harmatz, and Handley, Phys. Rev. 
108, 989 (1957). 
5 Preobrazhenskii, Lilova, Dobronravova, and 
Teterin, 7Kypu. neopr. xum. (J. of Inorg. Chem.) 


ON THE PENETRATING COMPONENT IN 
EXTENSIVE AIR SHOWERS 
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Submitted to JETP editor July 31, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 1310-1311 
(November, 1958) 


I N reference 1 Kazarov and Andronikashvili de- 
scribe their experimental apparatus and the re- 


sults obtained from their investigation of the energy 


spectrum of the penetrating component of extensive 
air showers. We give here certain additional data 
which, together with the results given in references 
1 and 2, provide the basis for a number of conclu- 
sions. 

We investigated the penetrating component at a 
depth of 127 m water equivalent (m.w.e.) using 


1, 2294 (1956). Preobrazhenskii, Kaliamin, and 
Lilova, 2Kypu. Heopr. xum. (J. of Inorg. Chem. ) 
2, 1164 (1957). 

6G. Wilkinson and H. G. Hicks, Phys. Rev. 81, 
540 (1951). 
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two detectors identical with that described in ref-_ 
erence 1. One of the detectors was placed directly 
under the selecting system while the other, which 
had been placed at our disposal by M. F. Bibilashvili, 
was located 45 m from the first. The apparatus was 
directed in such a way that coincidences were reg- 
istered between the master pulse and either of the 
detectors. 

The data showed that out of 302 registered show- 
ers with a mean number of particles N= 2-85 x LO 
there were 23 showers accompanied by triggering 
of the detector located at 45 m. We used these data 
to calculate the penetrating particle density p 
from the formula given in reference 1. The result 
was p,, = 0.077 + 0.018 m™’. This density refers 
approximately to the distance 45 to 50 m from the 
shower axis. Calculations yielded only a small 
correction to the effective distance mainly because 
of the angular distribution of extensive shower axes. 

In their investigation of the lateral distribution 
of the penetrating component at 61 m.w.e. fora 


shower with N = 3 X 10° Andronikashvili and 
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Bibilashvili’ obtained py = 0.77 + 0.027 for the 
penetrating component density at 45.5 m from the 
shower axis. 

A comparison of the densities in both cases en- 
ables us to determine the exponent y of the pene- 
trating component energy spectrum at ~ 46 m from 
the shower axis. Assuming that 


Pu (> £) = A(E + 1.5), 


we obtain y=1.15 + 0.41. We note that in refer- 
ence 1 for an effective distance of 28 m the energy 
spectrum exponent is y= 1.09 + 0.21. This can 
serve as an indirect verification that the effective 
distance from the axis was obtained correctly in 
reference 1. 

Our data also permit us to draw certain conclu- 
sions regarding the lateral distribution of the pene- 
trating component at 127 m.w.e., at which depth we 
know the penetrating component density for two dis- 
tances from the axis: py =0.2040.02 at r=27m 


and py = 0.077 + 0.018 at r=45m. Assuming that 


at this depth, as at 61 m.w.e.,” the lateral distribu- 
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N. V. VOLKENSHTEIN, M. I. TURCHINSKAIA, 
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Ir is known! that, close to the stoichiometric com- 
position Ni3Mn, the Ni-Mn alloy become ordered 
with a sharp dependence of the physical properties 
on the degree of order in the arrangement of the 
atoms. Particularly remarkable is the appearance 
of strong ferromagnetism at the maximum degree 
of long range order. Thus, for example, the satu- 
ration magnetization Ig of the alloy exceeds the 
Is of pure nickel by 50%.? According to the data 
of Kaya and Kussman,} Ni3Mn_ in the disordered 
state is not ferromagnetic at room temperature. 
Our investigations show that it already becomes 
ferromagnetic at liquid nitrogen temperatures 
with Ig = 1350 Oe. 

Determination of the Curie temperature was 
made from data of a precise measurement of the 
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tion obeys a law of the form py (xr) =a exp.[- ar’] P| 
we can use our data to determine the parameters a 
and a of this distribution. Our calculation gives 

a =0.34+0.01 and a = 0.0074 + 0.00011. 

Our data give 30+5m as the half radius R 
of the muon distribution at 127 m.w.e. It is in- 
teresting that the data for 61 m.w.e. in reference 
2give R=34+3m. 

In conclusion we wish to thank Prof E. L. An- 
dronikashvili and M. F. Bibilashvili for their inter- 
est and for their participation in a discussion of 
the results. 


GE. Kazarov and E. L. Andronikashvili, | 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1528 (1957), | 
Soviet Phys. JETP 6, 1182 (1958). 
2&. L. Andronikashvili and M. F. Bibilashvili, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 403 (1957), 
Soviet Phys. JETP 5, 341 (1957). 
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temperature dependence of the electrical resistiv- 
ity. As is seen from Fig. 1 the Curie temperature 
© is equal to 110°K. 
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A detailed examination of the magnetization 
curves at various temperatures down to that of 
liquid helium shows that the character of the 
magnetization has a series of peculiarities. First, 
the commutation magnetization curves la and 2a 
(Fig. 2), plotted at 20.4 and 4.2°K right after cooling 
the specimen from room temperature, run consid- 
erably below curves 1b and 2b, taken on a repeat 
magnetization after preliminary demagnetization 
by commutation from the maximum field to zero 
at the temperature of measurement, #6. 7at 20:4 
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and 4.2°K respectively. Such an unusual character 
of the curves can be explained by a large energy 
of magnetic anisotropy. 

Repeated demagnetization and magnetization at 
the measurement temperature again leads to curves 
1b and 2b. Secondly, the strong difference of the 
magnetization curves at 20.4°K from the magnetiza- 
tion curves at 4.2°K is remarkable. The latter run 
considerably below the former up to a field of 


18,000 Oe and do not reach saturation there. Kouvel, 


Graham, and Becker? attribute the specific magnetic 
properties of these alloys to the occurrence of a 
ferrimagnetic structure. It seems to us that the 
data which they present is insufficient for such a 
judgement. 

Measurements of the coercive force at 77.8 and 
20.4°K have shown it to increase by one order of 
magnitude, from 140 Oe at 77.8°K to 1000 Oe at 
20.4°K. Such a strong increase attests to the sharp 
temperature dependence of the magnetic anisotropy 
constant. 
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LyvEsTIGATIONS of the radioactivity of Bi?!° 


have established that in addition to RaE (Tip = 
5 days, Egmax = 1170 kev) there is a long-lived 
isomer of Bi2!9 which emits qa particles with an 
energy of 4935 + 20 kev and Ty, = 2.6 x 108 


A final conclusion about the nature of the mag- 
netic properties of the alloy Ni;Mn in the disor- 
dered state can be made only after a precise de- 
termination of the magnetic anisotropy constant 
and after a neutron diffraction analysis to deter- 
mine the character of the sublattices and to estab- 
lish the antiferromagnetic interaction, if such exists. 


1s. Kaya and A. Kussman, Z. Physik 72, 293 
(1931). 

24. P. Komar and N. V. Volkenshtein, 
Vsnecrua cexkropa dbu3vk0-xHMMYeCKOrO abaya | 
MOHX AH CCCP(Report of the section of physico 
-chemical analysis, Inst. Org. and Inorg. Chem. 
Acad. Sei..U.S.S;R.) 26,5105 (1945) 

3 Kouvel, Graham, and Becker, J. Appl. Phys. 
29, 518 (1958). 
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years.' In the present work we have investigated 
the decay of long-lived Bi?!°. 

The a-particle spectrum was studied using a 
pulse ionization chamber filled with a mixture of 
argon (90%) and CH, (10%) at atmospheric 
pressure.° The half-width of the line from the 
a particles of Pu2?, with energy 5150 kev, was 
30 kev. We investigated an enriched and purified 
sample of Bi*!° with a specific activity of 14000 
a@ decays per min. per mg. The source area was 
25 cm® and the thickness of the active layer was 
10 microgram/cm?. 

The measured a spectrum of Bi is shown 
in Fig. 1. In addition to the previously observed 
a particles with energy 4935 + 10 kev, we found 
new a-particle groups with energies of 4900 + 10 
and 4640 + 30 kev. The relative intensities of these 
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three qa transitions are 60, 30 and 10%, respec- 
tively. 

We also found that about 10% of the @ decays 
are accompanied by y radiation. The y rays 
were studied using a spectrometer consisting of a 
Nal (Tl) crystal, a FEU-13 photomultiplier and 
a single-channel pulse-height analyzer. The reso- 
lution of the spectrometer for the 660-kev line of 
Cs!" was 8.5%. The measured y spectrum of 
Bi2!0 is shown in Fig. 2. Analysis of the curve 
shows the presence of y transitions with energies 
of 260 + 10 and 300 + 10 kev, and relative inten- 
sities 1 and 0.4. The line at 72 + 3 kev is due to 
the characteristic radiation of thallium. The iden- 
tification of the small peak near 40 kev requires 
further investigation. It is possible that this maxi- 
mum is due toa y transitionin Tl2°*, which should 
be highly converted. 

To confirm the assignment of the observed y 
rays at 260 and 300 kev to transitions of the ex- 
cited T12° nucleus, we studied a@-y coincidences. 
The q@ particles were detected in zinc sulphide 
and the y raysina Nal (Tl) crystal. The re- 
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solving time of the coincidence circuit was 5 x 107° 
sec. We established that the y rays with Ey = 
300 kev and E.,= 260 kev are in coincidence with 
the Bit! particles. 

The results give grounds for assuming that there 
are excited states at 40 and 300 kev in TI2°, The ob- 
served qa and y transitions can be explained on 
the basis of the decay scheme shown in Fig. 3. 

The authors express their deep thanks to E. G. 
Grachev, N. B. Obel’skaia, V. K. Makhnovskaia, 
and L. Ia. Rudoi for radiochemical elimination of 
radioactive impurities from the source and for 
preparation of the samples. 
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3Tu. I. Filimonov and G. A. Petrov, Izv. Akad. 
Nauk SSSR, Ser. Fiz. 20, 1434 (1956) [Columbia 
Techn. Transl. 20, 1311 (1956)]. 
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lr follows from Furry’s theorem! that the decay 


of a photon into two photons in vacuum is impossible. 


For decay into a larger number of photons the sta- 
tistical weight of the final state goes to zero (from 
the laws of conservation of energy and momentum 
it follows that the photons produced in the decay 


must have the same direction of motion as the orig- 


inal photon). Therefore an interesting question is 
that of the possibility of spontaneous decay of a 
photon in a homogeneous external field into two 
photons. Since such a field cannot be regarded 
as a perturbation, one must use the causal Green’s 
function that takes account of its presence. 
Schwinger has shown? that in the presence of a 
weak constant electromagnetic field the electron 
Green’s function (in the system of units h=c=1) 
is G(x, x’)= 4 (x, x’) S° (x—x’), where 


fo) 
e oh ei aGks (6) ie 
Se(x) = =a = {m— ae cin F in| 


Ser)? 


12 


1 
xX exp (i —im*s an] , ) 


OR Aa) =X) i (ax, [Au (x”) + ae Fuy (x" — “| : 


where ojk = (i/2)[Yk, Vil, Fik = 9Ak/0xi — 
8A; /8x_ is the tensor of the external field, m is 
the mass of the electron, € >0, Yq are the Her- 
mitian Dirac matrices, and {a, b} = ab+ba. The 
function (1) can be used under the condition eF/ m? 
«1, which is obviously always fufilled. 

In the momentum representation the function (1) 
has the form 


al m— p 


a (27)* im? --+ p?— te 


+t AS(p), (2) 


Eva 


nm —p \ 3 
Gn (4 ") 


AS(p)= inl’ ik, (met p? ie)? ’ 
where p =iYgPa: 

Furry’s theorem will be valid also in the pres- 
ence of a constant external field if under the trans- 


formation of charge conjugation 
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T 


Y>y=—1', 1.e., aS Ya, > — Yea (4) 


we get the relation S°(p) = S°’(p) =S°T(—p). It 
is easy to show that actually AS(p) — AS’(p) = 
-ast (—p); that is, Furry’s theorem does not 
apply, and we can consider the decay of a photon 
into two photons in a homogeneous magnetic field. 

The corresponding element of the scattering 
matrix has the form 


Sac ae ( dX" X.d"X3 Sp A (x1) G (Xo, 3) 


xA (Xa) G (X2, Xe) A (X3) G (%4, Xs), (5) 


Aa (%2) = (2) / V 20) exp (iROx;), 


where Aq (xj) is the matrix element for the ab- 
sorption or emission of the i-th photon with the 
four-momentum ki) and the polarization vector 
e(t), w; is the frequency of the i-th photon. 

The calculation of S3; in the momentum repre- 
sentation leads to the expression 


m4 54 (1) — 2) _ 2) 
Je = 9 e° 


<a 2 
V 8a, 0203 m 


X H([k,xei] — [kpxe.] — [k3xes]). (6) 


From this it is easy to calculate the total proba- 
bility of decay of the photon in unit time: 


ae 5 e?\3/ e Na 

Mass TraaY re) (i [ks ]) fogs (7) 
In relativistically covariant form and in ordinary 

units Eq. (7) has the form 


Wises ee Fes) = (8) 
where py) is the Bohr magneton and a = e*/4rhic 
is the fine structure constant. 

The writer expresses his gratitude to L. E. 
Gurevich for suggesting the problem and for help 
with the work, and also to V. M. Shekhter for helpful 
comments. 


‘w.H. Furry, Phys. Rev. 51, 125 (1937). 

2 J. Schwinger, Phys. Rev. 82, 664 (1951) (Rus- 
sian translation in collection: Latest Developments 
in Quantum Electrodynamics, IIL 1954). 
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Dourtevov and Iarytsina! have shown that in 
the B decay of Ag!!°* (T ~ 250 days) y rays 
with energies of 1.67 to 2.26 Mev are emitted, 
whose intensity is ~ 8 X 10~* quanta per disinte- 
gration, if one assumes hy = 1.8 Mev. We under- 
took an investigation of the y radiation of Ag!!°* 
with energies greater than 1.6 Mev, using a gamma 
hodoscope. The method and the construction of the 
apparatus have been described earlier.?»? 

The source was a neutron-activated silver pow- 
der sample (7.62 g) contained in a glass test tube. 
The measurements were done 4 to 9 months after 
the preparation of the source. The source activity 
at the start of the measurements was ~ 700 mCu. 

The measurements were carried out at mag- 
netic field intensities of H = 700, 730, 760, 810, 
and 865 oersteds. The data on energies and inten- 
sities of the observed y lines, as well as the H 
values at which the lines are observed are given 
in the table. The figure shows the shape of the y 
spectrum of Nee for H = 760 oersteds, after 
subtracting the background. The resolution of the 
spectrum into components was done taking account 
of the dependence of the apparatus line shape on 
hv and H. In resolving the spectrum we also took 
account of the contribution from bremsstrahlung 
(both internal and external) which is produced in 
the target because of the presence of a 8 transi- 
tion with endpoint ~2.88 Mev. The computation 
of the experimental spectrum of the bremsstrahl- 
ung was made on the assumption that the hard B 
transition constitutes 3% of the total number of 
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al i 2225 24 25 
decays. In the region of 2.15 to 2.35 Mev, (H= 
865 Oe), the bremsstrahlung contribution reaches 
~ 25% of the observed effect. 

The errors in determining the relative intensi- 
ties are due to inexact knowledge of the spectral 
sensitivity, statistical errors of the measurements, 
inaccuracy in resolving the spectrum into compo- 
nents, and in the case of the y rays in the region 
2.0 to 2.5 Mev to error in estimating the brems- — 
strahlung contribution. The portion of the spectrum 
in the region 2.05 to 2.30 Mev cannot be uniquely 
resolved into components because of the smallness 
of the effect and the relatively large statistical er- 
ror of the measurements (~+50%). The results 
of one method of resolution are given in paren- 
theses in the table. 

Our measurements permit evaluation of the ab- 
solute intensity of the observed y rays if one as- 
sumes in accordance with the data of Dzhelepov, 
Zhukovskii, and Kondakov* that the intensity of the 
1.506 Mev line is 1.46 x 107! quanta per disintegra- 
tion (cf. column 4 of the table). However this eval- 
uation can only be done approximately, since the y 
spectrum of Agtt0* has three close lines with en- 
ergies 1.48, 1.506, and 1.56 Mev and relative in- 


I, quanta/disintegration 
hy (Mev) ue at Miss tbe Relative inten- ee ea be seer Es 
y line is observe sity I/I,,91 IlReg, ack coe = gamma hodo- 
0.146 scope 
1.48—1.56 700 58700 
1.5—1.56 730 —_ 
1.76-+0.04 700; 730; 160-++30 6.0-10-4 5.9-10-4 
760; 810 
1.91+-0.03 700; 730; 100 3.7-10-4 3.6-10-4 
760; 810; 865 
a 760; 810; 865 6+3 2.3-10-5 2rowOne 
2. 865 
(23) 865 ~2 7-10-8 MslO=s 
2.46-++0.05 810; 865 ~0.85 3.41-410-6 3.1-10-6 
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_ tensities* of 6:15: 1.3, which are not resolved in 
measurements with the gamma hodoscope. 

The fifth column of the table contains rough 
values of the absolute intensities of the hard y 
lines calculated starting from the known activity 
of the source, the coincidence counting rate for 
the individual lines and the efficiency of the gamma 
hodoscope. As one sees from the table, the inten- 
sity values obtained by the two different methods 
are in agreement. 

Preliminary data on the results of the investi- 
gation of the hard y radiation of alae were 
presented by us at the Seventh Annual Conference 
on Nuclear Spectroscopy in 1957. 

The authors express their profound gratitude 
to V. A. Krutov for valuable advice and help in 
computing the bremsstrahlung spectrum of the 
i gt 10% radiation, and to N. D. Novosil’tseva for 
providing the source. 


1B. S. Dzhelepov and I. A. Iarytsina, Izv. Akad. 
Nauk SSSR, Ser. Fiz. 20, 343 (1956) [Columbia 
Techn. Transl. 20, 314 (1956)}. 

2B. S. Dzhelepov, Izv. Akad. Nauk SSSR, Ser. 
Fiz. 21, 1580 (1957) [Columbia Techn. Transl. 21, 
1569 (1957)]. 

30, V. Chubinskii, Izv. Akad. Nauk SSSR, Ser. 
Fiz. 21, 1583 (1957) [Columbia Techn. Transl. 21, 
1572 (1957)}. 

4Dzhelepov, Zhukovskii, and Kondakov, Izv. 
Akad. Nauk SSSR, Ser. Fiz. 21, 973 (1957) [Colum- 
bia Techn. Transl. 21, 975 (1957)]. 
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